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Progress of blocking objects is challenging to verify due to the possible dependencies between progress of
concurrent threads. Existing program logics for progress verification have limited support for nested and
dynamic dependencies of progress, which are often found in real-world objects with fine-grained locking. This
paper proposes a new program logic PODD to modularly verify progress and linearizability of concurrent
objects. Our key ideas, dynamically layered definite actions, enable modular reasoning by allowing the
verifiers to layer the dependency chains between progress of threads on the fly. PODD employs dependency
enforcement to ensure the absence of unsound circular dependencies. With PODD, we have, for the first time,
modularly verified representative concurrent objects that exhibit nested and dynamic progress dependencies,
as well as several concurrent list algorithms with fine-grained locking whose proofs in existing program logics
are complex and not even modular.

1 INTRODUCTION

A concurrent object exposes a set of methods for client threads to access the shared data. Besides
linearizability [Herlihy and Wing 1990], a safety property, it should also satisfy progress properties.
This paper focuses on progress of blocking objects, where the delay of a thread can prevent other
threads from making progress. Many concurrent objects are blocking, including all lock-based
algorithms, such as Michael and Scott’s two-lock queues [Michael and Scott 1996] and lock-coupling
lists [Herlihy and Shavit 2008]. They should satisfy starvation-freedom or deadlock-freedom as
progress properties, ensuring that every or some method call can terminate under fair scheduling.

Verifying progress of blocking objects is challenging because progress of one thread may depend
on progress of others. Consider a simple object with a global queue lock L. Any thread that hopes
to access the data needs to first acquire L, and all threads trying to acquire L form a queue. A thread
t can acquire L and finish its method only when the threads ahead of t in the queue can acquire
L and then release L in order. So there are dependencies between progress of t and other threads.
The main verification challenge is allowing this kind of “good” dependencies while ensuring the
absence of circular dependencies that would cause deadlocks.

For objects with multiple locks, the progress dependencies can be nested, making modular
verification extremely hard. Fig. 1 shows a pattern of nested locking (ignore the code in gray boxes
for now), which creates nested dependencies of progress. The object has three public methods using
two locks A and B, whose implementations are internal modules of the object. Due to the nested
locking in AB(), the acquisition of lock A of one thread may depend on the release of the other
lock B of other threads. Specifically, consider the client program A() || AB() ||B(), executed by the
threads ta, tap and tp. It has the following execution: first t4p acquires A and tg acquires B, then t4
and t4p have to spin inside their code of lock A and lock B to wait for the two locks, respectively.
Consequently, t4’s acquisition of A depends on tap’s release of A, and the latter requires t4p to
acquire B, which further depends on tg’s release of B. In this case, the dependencies of progress
are not only between different threads requesting the same lock but also between the acquisition
of different locks. Modular verification would hope to verify the acquisitions of different locks
independently, but it is challenging to achieve due to the nested dependencies of progress.

Some objects further exhibit dynamic dependencies of progress. In their executions, multiple
method calls may request the locks in different orders, so the dependencies between locks cannot
be statically determined. We will use Linux file systems and transfer lists (a realistic example
designed by us) to illustrate the practical need for dynamic dependencies in Sec. 2.3. Here, as a
simple (though contrived) case, we extend the object in Fig. 1 with the code in gray boxes. Now,
BA() requests the locks of A and B in the reverse order from AB(), which means the dependencies
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AQO{ lock A; unlock A; 3} B(){ lock B; unlock B; }
ABO{ BAO{
lock L ; lock A; lock B; lock L; lock B; lock A;
unlock L ; unlock A; unlock B; unlock L; unlock B; unlock A;
¥ }

Fig. 1. A simple nested locking object, with nested and dynamic dependencies of progress.

between locks are dynamically changed. Despite the use of lock L in AB() and BA() to prevent
deadlocks, the interference on dependencies may still affect other methods where A and B are
involved in dependencies with other locks, e.g., lock C in (1.1). The general question is how to
ensure the absence of circular dependencies such that a method (e.g., CA()) can terminate even
when concurrent executions may dynamically change dependencies between locks.

CAQ{ lock C; lock A; unlock C; unlock A; 3} (1.1)

Previous efforts [Balzer et al. 2019; Jacobs et al. 2022] for deadlock-freedom verification support
some form of dynamic dependencies. Their approaches assume primitive blocking constructs, e.g.,
lock primitives. However, ad-hoc synchronizations, like the busy-waiting patterns, are common in
fine-grained programs. It is unclear how to apply the techniques for general progress reasoning
with combinations of locks, ad-hoc synchronizations, and dynamic dependencies between them.

Existing program logics for progress reasoning have limited support for nested and dynamic
dependencies. LiLi [Liang and Feng 2016, 2018] introduces the idea of definite actions to handle
dependencies of progress between threads. But for nested locking objects (Fig. 1), LiLi requires
one to always unfold and expose the full dependency chains, thus cannot independently verify the
acquisitions of different locks. TaDA Live [D’Osualdo et al. 2021] introduces layered obligations
to reason modularly about nested dependencies. However, it requires the layers to be statically
specified, and it is unclear how to handle the cases with dynamically changed dependencies. We
will discuss more related work in Sec. 6.

In this paper, we propose a new program logic PODD !, which, for the first time, supports
modular verification of progress that possibly involves nested and dynamic dependencies. PODD
verifies concurrent objects under fair scheduling and unifies the verification of linearizability
and starvation-freedom/deadlock-freedom. Our work is based on earlier efforts on concurrency
verification and progress verification but makes the following new contributions:

e We propose dynamically layered definite actions. The fulfillment of a definite action at a higher
layer is allowed to depend on other definite actions at lower layers. This enables concise proofs
for nested locking objects by hiding the dependency chains on inner locks when verifying outer
locks. The layer of each definite action is defined as a function of states, so it can effectively
support dynamic dependencies. To avoid circular dependencies, we enforce the layer relation
to be stable between definite actions with actual dependencies.

e We provide a novel frame rule over definite actions. It allows us to verify the progress of some
code with the definite actions that it relies on and then reuse the verified code in different
contexts without redoing the proof. Together with the layering of definite actions, we can
modularly reason about individual locks in nested locking objects.

e We prove the soundness of PODD. Despite the dynamically changing layers, we can still
find a decreasing metric as evidence for progress. PODD establishes termination-preserving
simulations between object implementations and their atomic specifications. It ensures a

1PODD is short for Progress of Objects with Dynamic Dependencies.
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inc: lock: unlock:
lock; local i; owner := owner + 1;
X 1= X + 1; i := getAndInc(next);
unlock; while (i != owner) {3};

Fig. 2. A counter with a ticket lock.

contextual refinement under fair scheduling, which has been proved equivalent to starvation-
freedom/deadlock-freedom and linearizability in earlier work [Liang and Feng 2016].

e We have applied PODD to verify transfer lists as well as the introductory example of Fig. 1.
To our knowledge, we are the first to modularly verify the progress of transfer lists, a realistic
example that involves dynamic dependencies. We have also verified all the examples that were
verified in LiLi. For objects with fine-grained locks, such as linked lists, optimistic lists and lazy
lists, our proofs are more concise and modular than those in LiLi.

Outline. We first develop our key ideas in Sec. 2. Then we give the basic technical settings in
Sec. 3 and present our logic together with the soundness theorem in Sec. 4. We discuss the examples
we have verified in Sec. 5. We discuss related work and conclude in Sec. 6.

2 DYNAMICALLY LAYERED DEFINITE ACTIONS

The core idea of our PODD is the dynamically layered definite actions. Below we first review the
(non-layered) definite actions that had been used in LiLi for verifying progress of blocking objects
(Sec. 2.1). Then we introduce layers to handle nested dependencies of progress (Sec. 2.2) and explain
the practical need for dynamic layers (Sec. 2.3).

2.1 Background: Proving Progress of Blocking Objects with Definite Actions

For blocking objects, there are two common progress properties: starvation-freedom (SF) and
deadlock-freedom (DF) [Herlihy and Shavit 2011]. Both SF and DF assume fairness of execution,
which roughly says that every thread gets eventually executed. SF requires that every thread can
finish its method call in fair executions, and DF requires that there always exists some thread that
can finish its method call in a fair execution.

Example: a single-lock counter. As a simple example of blocking objects, Fig. 2 shows a counter
with one public method inc(). It uses a ticket lock to protect the shared data x. The ticket lock
ensures the first-come-first-served property using two shared variables: next records the next
available ticket number, and owner records the ticket number of the thread that currently owns the
lock. Initially, next and owner are both 0. To acquire the lock, a thread first atomically reads and
increments next to get its ticket number i. Then it waits until owner equals i. Later the thread can
release the lock by atomically incrementing owner, letting the next waiting thread hold the lock.

This object ensures SF for two reasons. First, with fairness, any thread that owns the lock can
definitely release the lock and finish its method call. Second, any blocked thread (i.e., a thread that
spins inside the while-loop of 1ock) waits for only a finite sequence of lock releases. As a result,
every thread can eventually finish its method call in a fair execution, so the object satisfies SF.

Definite actions. To formulate the above intuition, Liang and Feng [2016] propose definite actions
in LiLi, which will eventually happen, regardless of the environmental interference.

Specifically, a definite action D is in the form of P ~» Q, where P and Q are both state assertions.
“Definite” requires that if P holds, (1) Q should eventually be established, and (2) P should be
preserved (by both the environment and the current thread) until Q holds. The second condition
ensures that the only way to make P false is to fulfill the definite action. We say that D is enabled
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(written as Enabled (D)) if P holds. For instance, the definite action D, for Fig. 2 is defined as
(owner = t.i) ~» (owner = t.i + 1), where t.i denotes the local variable i of thread t. Here, the
thread ID serves as an implicit parameter for all the assertions, including state assertions and
definite actions, which is useful for specifying them.

Then, following the intuition of Fig. 2, to prove SF of an object, there are two proof principles on
definite actions: (1) ensure strict definiteness of definite actions and (2) prove definite progress from
definite actions. They talk about the termination of definite actions and programs, respectively.

Ensure strict definiteness of definite actions. “Strict” requires that the environment cannot block
an enabled definite action. In other words, once enabled, an definite action’s fulfillment cannot
rely on the fulfillment of other definite actions. The strictness clears the worries about circular
dependencies between definite actions. With the “definite” requirement, one can soundly rely on
definite actions to create progress.

For example, the definite action D, for Fig. 2 is strictly definite because after thread t acquires
the lock, the following codes naturally terminate, and the thread can release the lock by itself.

Prove definite progress from definite actions. The definite progress condition is used for proving
termination of loops. Consider the loop of lock in Fig. 2. It must terminate if (owner = t.i) holds
for the current thread t. Otherwise, t is blocked, and the definite progress condition should be
proven to hold: it waits for a finite chain of definite actions, as shown in Fig. 3. Here, Q specifies
the condition when t can progress on its own, i.e., it is not blocked. Every time a thread t; fulfills
its definite action, the next thread t;.;’s definite action becomes enabled, and the chain becomes
shorter. So eventually, Q will hold, and t will be unblocked.

More formally, the definite progress condition is in the form of (D’L Q) (a simplified version).
Here D’ is the set of definite actions that the current thread waits for and should be a subset to the
set of specified definite actions D, written as D’ < D. f specifies a well-founded metric (ie., a
metric that cannot decrease indefinitely), counting the number of D’-s remained to be fulfilled by
the environment threads t; before the current thread t is unblocked. The metric decreases whenever
one of these D’-s is finished and never increases under any transitions. If the metric has decreased
to the minimum, Q must hold. This way, we ensure that t is not permanently blocked. For the loop
of lock in Fig. 2, D’ is specified as Dy. The metric f can be defined as (t.i — owner). It decreases
whenever an environment thread t; increases owner. When f becomes 0, the loop terminates.

Remark. So far, we have focused on SF. The mechanism for deadlock-freedom follows LiLi and is
orthogonal to our main contributions. We will explain it and full logic details in Sec. 4.

2.2 Supporting Nested Dependencies with Layers

Our development so far is general enough to verify various blocking objects, but the reasoning is
often not modular for objects with nested dependencies of progress. Below we first give real-world
examples that involve nested dependencies of progress. Then we explain the problem in modular
reasoning and address the problem by extending definite actions with layers.
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2.2.1 Real-world examples. Nested dependencies of progress show up in nested locking objects.
Besides the example in Fig. 1, nested locking is commonly found in many real-world concurrent
objects that use fine-grained locks. A thread often has to acquire multiple locks to accomplish an
operation. E.g., a process in Linux can acquire up to 12 locks in file system operations or an average
of 4 locks in memory management [Park et al. 2021]. Another example is two-phase locking in
databases and transaction processing, where a lock protects each data item. The expanding phase
of the two-phase locking protocol only acquires locks and often performs nested locking.

2.2.2  Problems with strictly definite actions. Can we use the approach in Sec. 2.1 to verify nested
locking objects, such as Fig. 1? Let’s assume the locks are ticket locks and ignore the code in gray
boxes throughout Sec. 2.2. Modular verification would hope to verify the acquisitions of multiple
locks independently. In the proof for lock A, we rely on definite actions specifying the release of
A, but we need not be aware of the existence of other locks. A natural proposal for Fig. 1 would let
each definite action (e.g., Da/Dp) specify the release of each lock (e.g., A/B) separately.

However, this ideal proposal of definite actions does not meet the strict definiteness requirement
in Sec. 2.1, which requires that the fulfillment of an enabled definite action should be by itself. For
instance, if a thread t has acquired A in the AB() method of Fig. 1, it may not be able to fulfill D4
because it may get blocked when trying to acquire B. In this case, the fulfillment of D4 depends
on the release of B by other threads, which violates strict definiteness. So it seems that we cannot
use Dy and Dp to verify Fig. 1. Nevertheless, it is possible to verify Fig. 1 using the approach in
Sec. 2.1. We can unfold the dependency chain and treat every action in the flattened chain as a
definite action. Then the new definite actions are naturally strictly definite.

For instance, Fig. 4a shows such a flattened chain. Here the current thread t is blocked in the
loop of lock A. The environment threads t4 and t4p execute A() and AB(), respectively, taking
smaller ticket numbers than t during lock A.So t waits for t4 and tap to release A. Once t4 releases
A (see D), tap owns A. Now tap’s definite action (see D;) gets enabled, which says that t g must
request B (the corresponding code is the getAndInc in Fig. 2, for lock B). It is the next action after
lock Ain AB(), so it is strictly definite. After finishing it, t4p enters the loop of lock B. If thread
tp has acquired B in B(), t4g would be blocked. Once tg releases B (see Ds), t4p acquires B and its
next definite action is enabled, which is the release of A after acquiring both A and B (see D). In
the end, the current thread t is unblocked, and Q holds.

These strictly definite actions are very fine-grained. With them, when proving the definite
progress condition for the loop inside lock A, we would have to go through the flattened chain of
definite actions, including the ones on the release of B. The proofs would be unnecessarily complex.

2.2.3 Layers to the rescue. Definite actions could have dependencies, e.g., for AB() in Fig. 1, the
release of A (D,) could depend on the release of B (Dp). But we need to ensure Dp does not depend
backward on D4 to avoid unsound circular dependencies. For this, our approach is to layer the
definite actions and only allow higher-layer definite actions to depend on lower-layer ones.

Layered definite actions. We introduce a layer function £, mapping each basic definite action 8 to
alayer. 8 is an element from the set of definite actions O, and we may also use D to refer to a basic
definite action. Layers are elements from a totally ordered set, such as Nat. For now, we assume
that an object has a finite number of definite actions, e.g., D, ..., Dy, and £ gives each a static
layer. With layered definite actions, the proof principles become: (1) ensure dependent definiteness
of definite actions and (2) prove definite progress from definite actions with lower layers.

Ensure dependent definiteness of definite actions. “Dependent” requires that the fulfillment of D is
allowed to depend on some other D’, as long as £(D) > L£(D’), i.e, the layer of D is strictly higher
than the layer of D’. Consequently, the ordering between layers determines dependencies allowed
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Fig. 4. Definite progress for the nested locking object in Fig. 1 (without the code in gray boxes). Here
Q def (owner = t.i) for the current thread t.

between definite actions. Since layers are totally ordered, we avoid circular dependencies. Notice
that for a definite action D, at the lowest layer, dependent definiteness implies strict definiteness,
i.e., Dy should definitely happen on its own once enabled. For Fig. 1, we can now use definite
actions D4 and Dp. We let the layer function £ assign layer-1 to D4 and layer-0 to Dg. So, D4
can depend on Dp, but not vice versa. Dy must be strictly definite.

Definite progress from lower-layer definite actions. When blocked in loops, we prove the definite
progress condition, which roughly says with the help of definite actions D’, the thread will reach
the unblocked state specified by Q. Previously, an enabled definite action could not be blocked, so
D’ can be chosen freely from D. Now we allow enabled definite actions to be blocked. To obey
dependent definiteness, D’ should satisfy the new requirement D’ ;¢ D as follows.

D' <o D iff D' <D AselD) (D, D)
selD; o (D', D) iff Vi, 8. (S J) = @.1)
VB < D, 8’ < D'. (S k Enabled(By) A (3’ # t. & | Enabled(8))) = £(8) > £(8")

It requires D’ to still be a subset of D and satisty the selection condition selD. selD says at any
state S satisfying the assertion J (the state consists of store and heap), for any basic definite actions
B and B’ from D and D’, B must have a strictly higher layer than B’, if B and B’ are enabled for
the current thread t and some other thread t’, respectively.

Consider AB() of Fig. 1. For the loop of lock A, J specifies that current thread t requests for A,
and D’ is Dy. selD holds vacuously becuase either t has not acquired A and has no enabled definite
actions (S = Enabled(8;) does not hold), or t has acquired A so D’ is not enbled on other threads
(3t" # t. © | Enabled(8),) does not hold). For the loop of lock B, J specifies that t owns A and
requests for B. D’ is Dp. If another thread owns B, selD holds because D4’s layer is strictly higher
than Dg. Otherwise, selD holds vacuously because Dg is not enabled on other threads.

Dependent definiteness allows modular reasoning for nested locking objects. Consider the earilier
discussion for Fig. 4a. The new layered dependency chain is in Fig. 4b, where the blocked t waits
for D4 only. Once t4 releases A, the next thread tap’s D4 gets enabled. Once t4p fulfills its D, t is
unblocked, and Q holds. In this reasoning, we assume (rather than prove) the successful fulfillment
of D4 of typ and t4. The fulfillment of D4 (after enabled) is proved inside the verification of A()
and AB(). For AB(), the fulfillment of D4 requires the thread to terminate the loop of lock B,
which relies on Dp of other threads (see the green dashed arrow across the layers in Fig. 4b).
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Soundness. Definite progress ensures that the current thread can reach Q and then progress by
itself, as long as the selected definite actions 9’ can be finished after enabled. So the key question
is, can every enabled D (at any layer) be eventually finished? Yes, the proof is done by induction
over D’s layer. For now, assume that (1) an unblocked thread can terminate and (2) enabled definite
actions are fulfilled before the thread terminates (formalization presented in Sec. 4).

e Base case: D is at the lowest layer and cannot be blocked. It is fulfilled due to (1) and (2).

e Inductive step: suppose D is at layer n. The induction hypothesis says any layer-m (m < n)
definite action are fulfilled. Whenever D is blocked in loops, it will reach the unblocked state
due to definite progress and the induction hypothesis. So it is fulfilled according to (1) and (2).

2.3 Supporting Dynamic Dependencies with Dynamic Layers

Our development so far assigns static layers to definite actions, which unfortunately cannot support
dynamic dependencies of progress. Below we first give examples that involve dynamic dependencies
of progress, which motivate our final solution of dynamically layered definite actions.

2.3.1 Real-world examples. For objects with nested locking, the intuitive way to avoid deadlocks is
to arrange the same nested locking order globally. But in practice, one often cannot do so. Consider
Linux file systems. They provide a move method (i.e., rename syscall), which roughly moves a node
from one directory to another and needs to acquire the two directories’ locks. For the case that the
two directories are different and not ancestors to each other, the code [2022] first acquires a big
lock mutex to forbid multiple cross-directory moves, and then it can acquire the two directories in
any order, e.g., the order that arguments are passed. For instance, assume there exist two directories
whose paths are /foo and /bar. A move(/foo, /bar) performs lock mutex;lock foo;lock bar
while move (/bar, /foo) acquires foo and bar in the reverse order. One should not modify the code
to enforce the same locking order (or cannot do so without introducing deadlocks) because it is
the natural result of file system logic. Clearly, the dependencies between locks are dynamically
changed in Linux file systems (confirmed by Linux documentation [2022]).

Below we show a more approachable object called transfer lists, inspired by file systems. Fig. 5
shows the code for transfer lists. It maintains an array t1 of lists. Assume there is no duplicate data
in each list. The internal function locate(1l, e) (Fig. 5a) finds the node with data e in list 1 and
returns the node and its previous node. Assume there are two sentinel nodes at the two ends of the
list with special value GUARD that does not equal any passed argument e. locate is implemented
using lock coupling, i.e., acquiring the next lock and then releasing the lock at hand. Each list 1
(with index id) supports public methods add(id, e) and rmv(id, e) for adding and removing
nodes, respectively (code omitted here), which invoke the locate(l, e) for list traversal.

The object has a public method move to transfer a node from the source list (src) to the target
list (dst) if the node’s data does not exist there. move picks the first non-sentinel node y in t1[src]
and get its data e (lines 3-11). If e is not in the target list t1[dst] (lines 12-19), move then transfers
this node to the target list (lines 20-29). Atomicity of the transfer is ensured (including the node
removal and insertion) by holding all relevant locks, so it introduces nested locking between the
nodes in two lists. Moreover, move may acquire locks in different orders . If client threads invoke
move(1,2) and move(2,1) concurrently, we will be at risk of deadlocks. Similar to file systems,
move uses a lock mutex (line 2) to avoid deadlocks. Nevertheless, the interference on dependencies
is not contained within moves but exposed to other methods (i.e., add and rmv) that can execute
concurrently. The general question for progress verification is how to ensure the absence of circular
dependencies despite the dynamically changing dependencies.
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struct Node { locate(l, e):
int lock; local p, c, u;
int data; 1 p := l.Head;
struct Node *next; 2 lock(p);
} 3 C := p.next;
struct List { 4 u := c.data;
struct Node *Head; 5 while(u != e && u != GUARD){
3 6 lock(c);
7 unlock(p);
initialize(){ 8 p :=c;
Head := cons(@, GUARD, null) ; 9 C := p.next;
Head.next := cons(@, GUARD, null); 10 u := c.data;
mutex := 0; 1M 3
3 12 return (p,c);

(a) locate in a lock coupling list
13 u := n.data;
14 if (u=-¢e) {
// if e already in tl[dst]
15 unlock(mutex);
16 unlock(x);
17 unlock(m);

struct List t1[NJ;

int mutex;

move(src, dst)
local x, y, z, e, m, n, u;
// check src and dst are in range
// src does not equal dst

18 return false;
1T ... 19 3
2 Lock(mutex); // remove y in tl[src]
3 x := tl[src].head;
20 lock(y);
4 lock(x);
21 z := y.next;
5 y := x.next; _
6 e := y.data; 22 x.next := z;
7 if (e = GUARD) { // 1nserE y in tl[dst]
. . 23 y.next := m.next;
// if tllsrc] is empty
24 m.next :=vy;
8 unlock(mutex);
25 unlock(mutex);
9 unlock(x);
26 unlock(x);
10 return false;
1 3 27 unlock(y);

28 unlock(m);

12 (m, n) := locate(tl[dst], e); 29 return true;
(b) move in transfer lists, where locate uses the implementation in (a)

Fig. 5. Pseudocode for transfer lists.

Problems with static layers. Static layers force the dependencies between definite actions to be
fixed, which cannot apply to the above examples. E.g., for the full code of Fig. 1 (we target the full
code throughout Sec. 2.3), since AB() and BA() request A and B in reverse orders, we are unable to
assign static layers to D4 and Dp so that the dependent definiteness requirement is met.

2.3.2  Dynamic layers. Since dependencies are dynamically changed, the layers should also be
dynamically changed. For Fig. 1, a feasible layering strategy may initially assign layer-0 to D4 and
PDpg and layer-2 to Dy. According to the execution, the layers of D4 and Dp are changed.

e At the program point after lock L in AB(), D4’s layer is increased to layer-1 temporarily.
o At the program point after lock Bin AB(), D4’s layer is reset to layer-0.
e Dg’s layer is changed similarly in BA().

The ability to assign layers dynamically can effectively handle dynamic dependencies between A
and B and obey dependent definiteness.
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Dynamically layered definite actions. We revise the layer function £ to be a partial mapping
from a pair of state and definite action to a layer. We can encode the control flow in the state by
introducing auxiliary variables and commands. Note £ is a partial function, allowing a definite
action’s layer to be undefined at some states. This is useful for objects like linked lists where
one may dynamically remove a node (and its lock). We write layDef(&, S, D) to say that all the
definite actions in D have layers at the state G. With dynamically layered definite actions, the
proof principles then become: (1) ensure dependent definiteness and dependency enforcement of
definite actions, and (2) prove definite progress from definite actions with stably lower layers.

Dependency enforcement. Arbitrary layer changes would allow unsound circular reasoning. For
this, dependent definiteness should be immune to layer changes (called dependency enforcement).
Specifically, recall that dependent definiteness says if the fulfillment of an enabled D; depends
on the fulfillment of another enabled D,, D;’s layer should be strictly higher than D,. Then,
dependency enforcement says that although the layers of D7 and D, may dynamically change,
their relative layer ordering should be preserved until 9 is finished.

Definite progress from definite actions with stably lower layers. The definition of selD now considers
the state for layer comparison, which naturally does dependency enforcement.

D' <o D iff D' <D AselDy (D, D)

selDj o (D, D) iff Vt,€. (€ E Ji) = |layDef(£,&, D) A
(V8 < D, 8" < D'. (G k Enabled(By)) A (3t” # t. © [ Enabled(8/)) =
2(6,8)>2(6,8)))

2.2)

The parts in gray boxes are the only differences from (2.1). It asks the layers for definite actions in
P’ to be defined and allows the layers of definite actions to change with state, while the relative
layer relation between 8 and B’ is stable at every state satisfying J.

We will illustrate the definition by extending Fig. 1 with CA() in (1.1). Suppose we set the layer
of D¢ to layer-2, and the layer of D4 may dynamically change as explained at the start of Sec. 2.3.2.
When proving the definite progress of lock A in CA(), J specifies that the current thread has
acquired C and requests for A. D’ is D4. D¢ is enabled and depends on Dy if A is acquired by
another thread. Although D,4’s layer may be changed from state to state, we should enforce D¢’s
dependency on Dy (Dc’s layer being stably higher than D,) until D4 is no longer enabled on
other threads, which is what selD requires.

Intuition of soundness. As in Sec. 2.2, the key to logic soundness is to prove that every enabled D
can be eventually finished. In the formal proof, we construct a well-founded metric to ensure that a
thread t fulfills its definite action in a finite number of steps. The metric shrinks in several cases.

(1) Ift is not blocked and makes a step, the metric decreases.

(2) If t is blocked, we find “the dependency set” consisting of all the threads that t depends on
directly or indirectly. If the dependency set shrinks or whenever an unblocked thread in the
dependency set makes a step, the metric decreases.

(3) If the dependency set grows, the metric decreases.

We show that the metric keeps decreasing in a fair execution.

o Either the metric decreases according to (1), or t is blocked and waits for threads in the
dependency set to execute.

o If the dependency set shrinks, it means some thread in the dependency set has executed and
created progress for t. The metric decreases according to (2).
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(Expry EE :=x|n| E+E | ... (MName) f € String

(BExp) B,B u= true | false | E=E |!B | ...

(Instr) c¢,C u= x:=E | x:=[E] | [E] =E | x:=cons(E,...,E) | dispose(E) | ...

(Stmt) C,C == skip | ¢ | x:=f(E) | returnE | (C) | C;C | if (B) Celse C | while (B){C}
(Prog) W, W := skip | letIlinC||...||C (ODecl) ILT := {fi~ (x1,C1),...,fan~> (xn,Cn)}
(Store) s, € Var— Int (Heap) h,h € Nat— Int

(Mem) 0,2 == (s,h) (RelMem) & u= (0,%)

Fig. 6. Syntax of the programming language and states.

o Since layers are totaly ordered, in the dependency set, there exists some thread that has the
lowest layer. If the thread t’ that has the lowest layer in the dependency set is not blocked, the
metric can decrease when t’ executes according to (2).

e Ift’ is also blocked, it can only be blocked by some thread t”” whose layer is stably lower. So the
dependency set has to be extended with t”, and the metric decreases according to (3). Since the
number of threads is bounded 2, the dependency set cannot keep growing.

Finally, the metric must decrease to its minimum value. At that time t’s definite action is fulfilled.
The full proofs can be found in Appendix.

3 THE LANGUAGE

Fig. 6 presents the syntax of the language. A program W consists of parallel threads, which are
the clients of the object II. The object is declared as a mapping from method names to a pair
of an argument and body. The statement C is standard and includes x := [E] and [E] := E’
for read and write of the heap at [E], respectively, and x := cons(E,...,E) and dispose(E) for
allocation and deallocation of the heap, respectively. (C) represents an atomic block, where C
executes atomically. We use one language for both the low-level implementation and the high-level
specification, as shown by the two sets of symbols (e.g., W and W for low-level and high-level
programs, respectively). We make the following simplifications. Assume there is only one object.
Each object method takes only one argument and always ends with a return command. There are
no nested method calls. Each method of the object specification I" contains an atomic operation (C)
and return command. Assume the specification is safe to execute and never blocks. As an example
of the specification, consider the high-level methods that atomically add and remove elements on
an abstract set. The corresponding low-level methods may be implemented on a linked list.

Fig. 6 also gives the memory o, which consists of a store s that maps variable names to values and
a heap h that maps addresses to values. Relational memory & includes both low-level and high-level
memory (o and X). We omit the operational semantics (and the related state for modeling execution)
since they are not used in the following development. Full details can be found in Appendix.

4 PROGRAM LOGIC

We extend the program logic LiLi [2016] to modularly verify concurrent objects with nested and
dynamic dependencies of progress. LiLi unifies the verification of linearizability and starvation-
freedom/deadlock-freedom for concurrent objects. Linearizability is verified by relating each object
method to the corresponding atomic abstract operation. LiLi proposes definite actions to handle
blocking and ensure starvation-freedom. Deadlock-free objects also allow delay, which is caused
by the occurrence of certain actions (e.g., acquiring the lock needed by the current thread) that

2Note that the number of threads is a parameter in the logic soundness proof only and can be arbitrary. Users of the logic
do not need to be aware of it.

10
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(RelAssn) P,Q,J=:= B | emp | EmE | EBE | PxQ | PAQ | PVQ ]| ...
(FullAssn) p,q P | arem(C) | O(E) | #(Ex,.--,E1) | pxq | pAq | pVg | ...
(RelAct) RG == Px;Q | [P] | IGlo | GAG | GVG | ...

(LayFeat) F == ... (BaseDAct) B = (P~ Q,F)
(DAct) D =8B | Vx.D | DAD
(Layer) 1 € ... (LayFun) & € RelMem — BaseDAct — Layer

Fig. 7. Syntax of the assertion language.

make the current thread execute more steps. LiLi uses the token transfer idea to allow delay but
ensure whole-system progress. Specifically, each delaying action must consume a token so that a
thread cannot be delayed infinitely often without the progress of other threads. The tokens are
stratified to handle multiple levels of delaying actions in objects with optimistic synchronization.
However, definite actions in LiLi cannot modularly verify nested dependencies of progress, as
discussed in Sec. 2. In PODD, we make the following key extensions to achieve modularity.

e A layer function is specified, which takes the state to express the dynamic layer of a definite
action. The definite actions also incorporate information for expressing the layers.

e New principles are enforced: an enabled higher-layer definite action can depend on an enabled
definite action with a stably lower layer until the lower-layer one is fulfilled.

e PODD offers a new liveness frame rule over the definite actions and layer function. Specification
of a program module only needs to talk about the needed definite actions and corresponding
layer mappings in the layer function. Therefore, the progress proof of the module can be reused.

The top-level judgment of PODD is in the form of £, D, R, G + {P}II : T (the osy rule for this
judgment will be explained later). The object IT is proved to refine the object specification I'. An
object invariant P specifies the consistency relation between the concrete and the abstract data
representation. Rely and guarantee conditions (R and G) [Jones 1983] describe the transitions made
by the environment threads and the current thread, respectively, and are also lifted to the binary
setting. The definite actions D is a special form of state transitions for progress reasoning, and the
layer function £ maps definite actions to layers dynamically according to the states. Due to space
limit, below we will omit the parts of the logic similar to LiLi, and only show the major extensions.
The full details of the logic are given in Appendix.

4.1 Assertions

Relational and full assertions. Fig. 7 and Fig. 8 give the syntax and semantics of assertions. Because
the logic establishes the refinement between concrete and abstract code, it has relational assertions
specifying the relational memory &. E — E and E = E, respectively specify heap cells at the
concrete and abstract level. Separating conjunction #, as in separation logic, specifies the disjoint
union of two parts, which satisfy P and Q, respectively, except now lifted to relational memory.
Besides relational memory, the full assertions also describe the abstract code C that remains to be
refined (as specified by arem(C)) and the number (u, w) of two kinds of tokens.

Tokens. PODD uses ¢-tokens to prevent infinite loops and #-tokens to prevent infinite delaying
actions. A {-token is consumed for each round of a while-loop if the thread is not blocked, and each
delaying action consumes a ¢-token. Further, the ¢-token is stratified since there are multi-levels
of delaying actions. A vector u is used to represent the number of ¢-token at each level, and the
consumption of a higher-level token can increase lower-level tokens and (-tokens. The number
(u, w) of ¢-token and {-token is specified by #(Ey, ..., E;) and O(E), respectively.

11



Mo Zou

((s,h), (s,) E E1 = Ez iff h={[E1]sws ~ [E2]sws}
((s;h), (s;h)) EE1 = Ep iff h={[E1]sws ~ [E2]sws}
SEP«Q iff 3561,5:.(6=61WS) A (S EP)A (S EQ)
(0,2) W (0",3) ¥ (6w, Zw3) where (s, h)W(s’, h') & (sws’, hwh')
(a) Semantics of relational state assertions P and Q.

(S, (w,w),C) EP iff SEP
(S, (u,w),C) [ arem(C’) iff c=c’
(S, (u,w),C) E O(E) iff In. ([E]lgs=n)A(n<w)
(&, (u,w),C) E ®(E,....E1) iff ([Exles---[Eilss) <u
Cuo {c’ if C = skip (S, (,w),0) ¥ (&, (u,w'),C") &
C if C’ = skip (GW&’, (u+u’, w+w’),CuC’)

(b) Semantics of full assertions p and q.

(8.8 EPxQ iff (BEP)A(S EQ)
(6,6&) E [P iff (@=6)A(SEP)
Emp «f emp X emp True & true x true Id & [true]
: ’
L((&,&), P Q) = { ]:naxL i)ftl(fr’\fis)e e
(6,6") E [R]o iff L((S,&"),R)=0
(6,&8,k) ER iff L((5,&),R) =k and k < maxL
(c) Semantics of relational rely/guarantee assertions R and G.

Fig. 8. Semantics of assertions.

Multi-level rely/guarantee conditions. The rely/guarantee conditions R and G are over relational
states transitions and a natural number k, i.e., (S, &’, k). The natural number k represents the level
L of actions. We require 0 < k < maxL, where maxL is a predefined upper bound of levels. P x; Q
is called a level-k transition. It is also called a delaying action when k > 0 and a non-delaying
action when k = 0. The subscript k is omitted when k = 0. [P] represents identity transitions with
P holding on the states. | G]o can be satisfied only by level-0 transitions in G. Here the definition of
level £ for composite rely/guarantee conditions is omitted and can be found in Appendix.

Layered definite actions. Fig. 7 defines layered definite actions, whose semantics is given in Fig. 9.
The base form of definite action 8 is a pair of P ~» Q and the feature ¥ of the action for deciding
the layer. P ~» Q specifies the transitions where the final states satisfy Q if the initial states
satisfy P. To decide a definite action’s layer, the user should find the uniqueness of the action that
distinguishes from others. Therefore, we introduce the layer feature ¥ for each definite action
to help the user specify the layer. E.g., there are three definite actions for three locks with the
same form B(x) for the object in Fig. 1. B(x) describes the release of the lock x. The lock that the
action operates on gives enough information to decide the layer, therefore, LayFeat is instantiated
as Var, representing the variable of the lock, and x is picked as the layer feature ¥ of B(x). We can
enumerate the definite action set with D; A D, and Vx. D. E.g., the definite actions for Fig. 1 are
B(L) A B(A) A B(B).

The layer function £ is a partial function that takes the relational memory and base definite
action, returning a layer if defined. Any type with a total order defined would suffice for expressing
the layer, e.g., Nat. Taking relational memory as an argument allows defining the layer dynamically.
In addition, the layer function should decide the layer solely based on the layer feature of the base
definite action. This requirement will be formalized when we discuss the logic rules.

12
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(6.&)EP~Q iff (SFP) = (&"FQ)
(E,&)E(P~QF) iff (§&)FP~Q

(6,8 EVx.D iff Vn. (G{x~n},&{x~n}) ED
(C.&)VEDIAND, iff (8&)ED)ANGE) D)

(a) Semantics of D.
def

Enabled((P ~ Q,F)) P
Enabled(Vx. D) &gy Enabled(D)
Enabled(D; A D) &f Enabled(D;) V Enabled(D-)
layDef(2,6,8) £ 31.2(8,8)=1
layDef(&, S, Vx. D) £ v layDef(&, S{x ~» n}, D)
layDef(2, S, D1 A D3) & layDef(2, &, D) A layDef(2, &, Dy)
(D) L DA (Enabled(D) x true)
[D] &f Enabled(D) ~» Enabled (D)

D' <D iff VB’,genB(B’,D’) = 3IB,genB(B, D) A B =B’
(P~QF)=(P ~Q,FHIf PSP AQeQAF =F'
genB(8,8") ¥ B=g
genB(8B,Vx. D) Jx. genB(B, D)
genB(8B, D1 A Dy) «f genB(B, D7) V genB(B, D7)
(b) Useful syntactic sugars.

def

Fig. 9. Semantics of layered definite actions.

forall f € dom(Il) :  TI(f) = (x,C) r'(f) =(yC") dom(IT) = dom(T)
LD,RGFA{PA(x=y) Aarem(C’) A #(Eg,...,E1)} C{P A arem(skip)}
Viht'.t#t' = Gy = Ry wffLay(®) wffAct(R, D) P = —Enabled(D)
e D.RGF{PJI:T

(oBy)

pAB=p’ PABAQ = p’«(OAemp) L,D,R,G+ {p'}C{p}
p=J] StaJRVG) D' <0D J=RG: D’LQ)

€, D,R G+ {p}while (B){C}{p A —B} (W)
. D RGF{p}Clqg} D=D'AD" <8
p=] Sta(J,RV G) layGt(L, D", J, D’)
(LIVE-FRM)

£,D,R G+ {p}C{q}

Fig. 10. Inference rules.

Most syntactic sugars for definite actions are the same as those in LiLi. The notation D’ < D,
which picks a subset D’ from D, is redefined. genB (B, D) means the base definite action B is in
(generated from) the definite action set D. The equivalence 8’ = 8 means their pre-/post-assertions
imply each other, and their layer features are equal. D’ < D says that for each 8’ generated from
P’ there is a corresponding B generated from D, and B is equivalent to B’.

As in LiLi, all assertions are implicitly parametrized over thread IDs.

4.2 Logic Rules

The oBy rule. Figure 10 gives the key logic rules. The oBj rule establishes the termination-
preserving refinement between IT and I' by asking each method C to be simulated by the corre-
sponding abstract operation C’. In the precondition, we assign the number of ¢-tokens through
®(Eg, ..., E1). The rule further requires one thread’s guarantee to imply other threads’ rely, a

13
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wifLay(8) iff VB1,82,5,1.81.F = Bo.F = (8(6,81) =1 < £(6,8;) =1)
wifAct(R, D) iff Vt.|Rtlo = [Di] A (V' #t. [Dy] V Dy)
layGt(E, D, ], D’) iff V8.6 k] =
(VB < D.G E Enabled(8) = (VB8' < D'. (G, B) > £(G, 8")))
2’ < 2 iff subMap(2’,8) A orderPresv(2’, )
subMap(2’,2) iff VS, B.layDef(2/,S, B) = layDef(L, S, B)
orderPresv(2’, Q) iff V&, B, Bs. (8/(S,B1) > £/(G,87)) = (8(6, By) > L(G, By))

Fig. 11. Key auxiliary definitions for inference rules.

standard condition in rely/guarantee reasoning. wffLay () (Fig. 11) asks if the two base definite
actions have the same layer feature, their layers must be equal. So when we pick a subset D’ of D
in D’ < D, we know the subset have the same layers because they have the same layer features.
wffAct(R, D) (Fig. 11) restricts how an enabled definite action is finished. It says environment
non-delaying steps preserve an enabled definite action. Together with G; = Ry, the only way to
disable it is to let thread t fulfill the definite action itself. (P = —Enabled(9)) says that when the
thread terminates, there are no enabled definite actions.

The wHL rule. The verification of the loop body uses a precondition p’, implied by the loop
invariant p and the loop condition B. If the loop is not blocked, represented by an assertion Q, a -
token needs to be consumed to start a round of loop. So the loop will terminate if Q is continuously
true and all {-tokens are exhausted. If the loop is blocked, i.e., Q does not hold, we use the definite
progress condition introduced by LiLi to enforce that Q will eventually always hold.

Definition 4.1 (Definite Progress). S = (R,G: Z)L Q) iff the following hold for any t:

(1) either S [ Qy, or there exists t” such that t” # t and S |= Enabled(Dy);
(2) forany t’ # t,Band &', if B < D and (S,S’,0) E R A {(By), then (&) < £ (S);
(3) forany &, if (S,&',0) = R V G, then fi(&') < fi(S).

f is a function that maps the relational memory S to some metrics with a well-founded order <.

The three conditions require the following. (1) A blocked thread must wait for enabled definite
actions of other threads to happen. (2) Once these threads fulfill their definite actions, a metric of
the current thread will decrease. (3) The metric does not increase at all steps. Note that we allow
delaying actions to increase the metric because delaying actions would consume #-tokens. The
effect of delaying actions is in ATom rule, which is the same as in LiLi and omitted here.

The assertion J is implied by p and is stable under all transitions (the definition of Sta is also the
same as LiLi and omitted) so that it always holds during the loop. We require J to imply the definite
progress to ensure the metric decreases whenever the waited definite actions happen. Definite
progress is created from D’. D’ ;¢ D enforces that the current thread can only depend on
definite actions with stably lower layers. The definition has been given and explained in (2.2).

The Live-FRM rule. The LIVE-FRM rule allows to verify C with local definite actions 9’ and layer
mappings £’ that C’s progress actually relies on. Then we can know C still progresses in a different
context, D and £, without redoing the proof. D" is the frame that specifies the extra definite
actions in the context. J is an invariant that always holds during the execution of C (similar to the
wHILE rule). layGt (Fig. 11) says that for any definite action 8B in the frame D", if 8 is enabled at
some state S satisfying J, 8 may depend on D’ to fulfill, and therefore 8 should be at a strictly
higher layer than all the definite actions in D’.
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Consider lock B in Fig. 1, which occurs in both B() and AB(). We can verify the code once with
PDg in B(), and then apply the L1vE-FRM rule to work with D4 A Dp for AB(). layGt(L, Da, J, Dp)
holds because D4’s layer is strictly higher than Dg when the code of AB() requests for B.

In addition, the layer functions should satisfy £" < &, which requires £ to be an order-preserving
extension of £’. Specifically, it includes two conditions, (1) subMap says that £ should assign a
layer to any definite action that £’ has given a layer; and (2) orderPresv requires that the relative
ordering of layers in £’ should be preserved in £.

£’ can reassign layers and work with different locks even when the locks have different layers
in £. E.g., we can use parametric specifications (Dx and £x) to verify lock X so that it is a proof
for both lock A and lock B. Although £ assigns different layers to D4 and Dg, £x only contains
a mapping for Dx and can map Dx to an arbitrary layer to satisfy £x < £. We will show how
LIVE-FRM rule achieves modular proofs for the nested locking object (Fig. 1) in Sec. 5.

4.3 Soundness of the Logic

The logic PODD is sound for proving linearizability and starvation-freedom/deadlock-freedom of
concurrent objects, as shown by the following theorem.

THEOREM 4.2 (SOUNDNESS). If €, D,R,G + {P}II : T, then

(1) both1I 52” I and deadlock-freep(IT) hold; and
(2) ifR = |R]o and G = | G]y, then starvation-freep(II) holds.

Here IT 52,” I says the object II is linearizable with respect to the atomic specification I if the
initial states satisfy the relational assertion P. The logic guarantees deadlock-freep(II), and if all
actions are level 0, the logic further proves starvation-freep(II). The formal definitions and proofs
are omitted here and can be found in the Appendix.

Note that PODD’s proof can be built from LiLi’s proof. We can lift LiLi’s definite action to PODD’s
definite action (by setting # to an arbitrary value). The layer function maps all definite actions in all
states to a constant. For each logic rule in PODD, the extra conditions (not in LiLi’s corresponding
rule) trivially hold. Moreover, LiLi can be applied to verify non-blocking objects (i.e., wait-freedom
and lock-freedom), which means PODD can also support them.

5 EXAMPLES

We have applied PODD to verify all examples verified by LiLi. They include objects with coarse-
grained, fine-grained, and optimistic synchronization. With layered definite actions, we can specify
a parametric definite action uniformly for each lock. The specification for each lock statement only
talks about locally-needed definite actions and layer mappings so the internal progress proof of
each lock can be reused. PODD can also soundly handle dynamic dependencies of progress through
dynamic layers. As case studies, we verify the nested locking object and the move method of transfer
lists. We have also proved a practical concurrent file system that exhibits dynamic dependencies of
progress as introduced in Sec. 2.3.1 (the result is published in a separate work). The verification of
these cases illustrates the wide applicability of PODD. To the best of our knowledge, we are the
first to modularly verify the progress of transfer lists.

5.1 Nested Locking Object

We define the assertions and specifications for the nested locking object in Fig. 12 and verify AB()
method in Fig. 13. For AB(), its abstract atomic operation can be seen as skip and omitted here.
We choose to implement the locks as test-and-set locks. Because a test-and-set lock allows a thread
to delay another thread by first acquiring the lock, the object is deadlock-freedom. In Appendix,
we also implement the lock as ticket locks to ensure starvation-freedom.
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locks (x) & (x =s) lock(x) & 3s. locks (x) IockedByt(x) dﬁ‘" locke (x) A (t # 0)
unlocked(x) locko(x) locked(x) e 5, lockedBy, (x) notOwnt(x) t’ locky (x) A (t #t7)
R & \/t, th/ Gt & Gu(L) v Gi(A) V G (B) v SetStrt Gr(x) £ Acg,(x) V Rely(x)

Acqt(x) (unlocked(x) x 1 lockedBy; (x)) * Id Reli (x) &f (lockedBy,(x) x¢ unlocked(x)) * Id
SetStrt ((IockedByt(L) #str=_) xo (lockedBy, (L) * str=_)) * Id

o £ Bt('—) A Br(A) A Bi(B) A By Layer & Nat
LayFeat < Var | L 2(6,8) =
Bt(x) (bpt(x) ~ bq(x) x) 3 ifBF =L

2 if B.F =AAG [ str="AB" = true
2 if B.F =B AG [ str="BA" = true
bq(x) unlocked(x) * true 0 fBF=1

Bo (False ~> True, 1) 1 otherwise

bpt(x) " locked By, (x) * true

Fig. 12. Assertions and specifications for the nested locking object.

LDRGH 3 lock A;
notOwny (L) % notOwny(A)x lockedBy, (L) * lockedBy, (A)x
notOwny(B) = str=_ A 4(3) tOwn (B) * str="AB" A #(1)
// apply LIVE-FRM rule notbwnt St
1 lock L; 4 lock B; str :="";
lockedBy, (L) * notOwn; (A)* lockedBy, (L) * lockedBy, (A)x
notOwn¢ (B) * str=_ A 4(2) lockedBy, (B) * str=""
2 str := "AB": 5 unlo<C:)k L;(Lu)nlockOA; u(rl\l)ock B;
notOwn * notOwn *
lockedBy, (L) * notOwny (A)= { notOw; (B)  str= t }
notOwn¢(B) * str="AB" A 4(2) t -

Fig. 13. Proofs for the AB() method of nested locking object.

Assertions. locks(x) says the lock x has value s. We define other useful assertions. unlocked(x)
and locked(x) say the lock x is available or locked by some thread, respectively. lockedBy,(x) and
notOwn¢(x) say the lock x is owned or not owned by thread t, respectively. We then define the
transitions, including acquiring a lock and releasing a lock. SetStr will be discussed later. Note that
acquiring a lock would delay other threads, so it is a level-1 action.

Definite actions and layers. We define a definite action for each lock release described by B(x).
We also define a default definite action B, which is never enabled. B, serves as a placeholder
when the command is not blocked. 8(A) depends on B(B) in AB() method, while they have
reverse dependency relation in BA() method. So we introduce the write-only auxiliary string str
to distinguish the two contexts. The SetStr transition sets the value of str with lock L holden. We
assign "AB" to str (line 2 in Fig. 13), indicating we are in AB() method.

The layer feature of B(x) is the Var x, indicating the lock. (L) has the highest layer 3, so it can
depend on the release of lock A and B. Normally, 8(A) and 8B(B) have layer 1. However, 8(A) has
layer 2 when enabled in AB() method so that it can depend on B(B). Similarly, 8(B) has layer 2
when enabled in BA() method. B, has a special layer feature L and lowest layer 0.

Proof for oBj rule. The oBJ rule checks that definite actions are well-formed through wffAct(R, D).
Environment non-delaying actions (Rely and SetStry) preserve that the lock is held by thread t
(Enabled(Dy)). The only way to fulfill it is to release the lock itself (Rel;). Other specification checks
trivially hold. The oBj rule then asks to prove each method.
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1 it B.F =X Ly, B(X) A By, R, Acq(X) F
(S,8)=¢ 0 ifB.F =1 {(notOwnt(X) X JE P}
undefined otherwise 6 local b := false;
o ang (oo 1601
def ockedBy; *
Q = (unlocked(X) Vv lockedBy, (X)) = P .
iy (X)) 7 while(1b) {
J = lock(X) = P. // apply LIVE-FRM rule
F(&X) = { 1 %fG I= locked(X) * true L0, Bo, R, Acq(X) F
0 if © | unlocked(X) * true {((unlocked(X) A®)
o | O fBF =1 V(locked(X) A ¢ A Q)) # P
2(6.8) = { undefined otherwise 8 b := cas(&X, 0, t); }

Fig. 14. Proof of lock X for the nested locking object.

Proof for AB() method and application of L1ve-FrRM rule. In Fig. 13, the precondition of AB() says
the current thread does not hold any lock, and str equals an arbitrary value. We need three
#-tokens because acquiring each lock would delay others and cost a ¢-token. The proof for each
lock statement shares the same proof sketch (i.e., proof for lock X).

We could first apply the L1veE-FRM rule to specify local definite actions and layer mappings needed
during lock X. We can verify lock X with B(X) A By, which locally talks about the definite release
of lock X and 8By, a placeholder when no definite action is needed. We can safely discard other
definite actions that may be enabled during lock X because layGt (Fig. 11) of L1vE-FRM rule already
proves they have higher layers than B(X) and B,. Also, the layer function £y can reassign the
layers (see Fig. 14). We only need to ensure the layering mappings of £y are a subset of £, and
relative layer relations in £y also hold in £ to satisfy £x < &.

Proof of lock X. In Fig. 14, the precondition of lock X requires notOwn;(X), saying the current
thread does not own the lock, a ¢-token, and a frame part P (discussed later). To prove the while-
loop in lock X, we define the D’, J, Q, and f. D’ specifies the definite release action of lock X. Q
says the lock is available or holden by the current thread. J defines that the thread requests for the
lock. The metric f (S, X) is determined by whether X is locked or unlocked.

The proof of the definite progress ] = (R, Acq(X): B (X)L Q) exhibits local reasoning.

(1) Either lock X is unlocked, or some thread has acquired X.

(2) If some thread releases lock X, then the metric decreases.

(3) Non-delaying actions will not increase the metric. Either a non-delaying action (Rel on other
locks and SetStr) keeps X unchanged, where the metric does not change, or the non-delaying
action releases X (Rel on X), where the metric decrease.

The above proof and the proof of B(X) <jg, B(X) A B, can be reused for each lock statement
in nested locking object. When proving the command inside the while-loop, we can further apply
the LIVE-FRM rule to strip away B(X), showing that no definite action is needed for the command.
The layer function can also be further simplified to £ (see Fig. 14). In fact, all progress proofs for
lock X are reusable.

The previous discussion has left out some details. E.g., the verification of lock X uses a strength-
ened guarantee condition Acq(X) due to csQ rule, and HIDE-{ rule introduces the {-token in the
while-loop invariant of lock X. These rules can be found in the Appendix.

Discussion on modularity. Still, there is room for more modular proofs. In verifying lock X, the
judgment takes the object’s rely condition R, so the proof may not be reused across different objects.
Also, the frame P may be instantiated differently for verifying different locks, e.g., P for lock L
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struct Node {

. ) initialize(){

izt i:i:f 11.Head := cons(@, GUARD, null);

struct Nc’)de snext: 11.Head.next := cons(@, GUARD, null);
} ’ 12.Head := cons(@, GUARD, null);

12.Head.next := cons(@, GUARD, null);

struct List { 11.1level := 1; 12.level := 1;

struct Node *Head;

int level; } mutex := @;
3
movei2(): 16 unlock(m);
local x, y, z, e, m, n, u; 17 12.1evel := 1;
1 lock(mutex); 18 unlock(mutex);
2 x := 11.head; 19 return false;
3 lock(x); 20 3}
4 y := x.next; // remove y in 11
5 e := y.data; 21 12.level := 2;
6 if (e = GUARD) { 22 lock(y);
// 11 is empty 23 z := y.next;
7 unlock(mutex); 24 x.next := z;
8 unlock(x); // insert y at the end of 12
9 return false; 25 y.next := m.next;
10 3} 26 m.next :=vy;
11 12.level := 0; 27 unlock(x);
12 (m, n) := locate(l2, e); 28 unlock(y);
13 u := n.data; 29 unlock(m);
14 if (u=¢e) { 30 12.1evel := 1;
// if e already in 12 31 unlock(mutex);
15 unlock(x); 32 return true;

Fig. 15. Transfer lists with auxilary code.

specifies that the current thread does not hold lock A and B, str equals an arbitrary value, and
there are two 4-tokens. To separate the shared memory in P, we need to support spatial separation
on R, G, and D, which is currently not supported. More specifically, most proofs do not need to
peek into what P says. P only needs to be opened and proved stable under R. The good news is
that the stability proof for P is done once and for all. In addition, we can provide a FRM rule to
frame thread-local states as shown in the full logic rules of the Appendix.

5.2 Transfer Lists

Fig. 15 shows the code of a simplified transfer lists object, where we assume only two lists, 11 and
12. The transfer lists object is starvation-freedom or deadlock-freedom, depending on the lock used.
We can verify that each operation (add, rmv, and move) refines an abstract atomic operation. As
discussed in Sec. 2, the major challenge is that this example shows dynamic dependencies of progress.
Here we focus on how we handle the challenge by verifying move. Specially, we will explain the
specifications of definite actions and layers, which account for the dynamic dependencies. Full
specifications and proofs can be found in Appendix.

Implementation and auxiliary code. The move;, () method transfers a node from list 11 to 12, and
there is also a movey; () method (the use of subscript here is for simplicity). The implementation is
mostly the same as Fig. 5 (ignore the code in red).

If the implementation tries to acquire the lock of 12’node when holding the lock of 11’s node,
the definite lock release of 11’s node may depend on the definite lock release of 12’s node. For
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Dy € Bl A (Vx. B2(x) ABy  LayFeat € Addr | M | L By X (False ~ True, 1)

Bl &f (bp1t ~ bqi, M) bp1t &ef mutex_locked; * true bql &ef mutex_unlocked * true
B2:(x) € (bp2t(x) ~ bq2(x),x)  bp2(x) ¥ locked(x) * true  bg2(x) ¥ unlocked(x) * true
Layer <" Nat x Nat (n1,n2) < (nf,ng) iff ny <nj Vv (np=n]Anz <ny)

(2,0) ifB.F =M def ,
2(6,8) =1 (nlen(B) IfB.F =xAG kP P = 3L L', 1,A,B,n. Isy(1.Head, A, x)=

(0,0) otherwise Is;/(x,B,null)  (1.1level = n) = true

Fig. 16. Definite actions and layers of the transfer lists.

mutex_locked; &ef (mutex =t) A (t #0) mutex_unlocked & (mutex =0) unlocked(p) &ef (p.lock = 0)

lockedi(p) &' (p.lock=t) A (t£0)  locks(p) & lockeds(p) V (s = 0 A unlocked(p))
Isp(x, A y) &f (x=yAA=eAL=eAemp)
Vx#yAdz,o,Als,L". A=vu:A" AL=s:L ANg(x,0,2) *Isp(z,A’, 1))
Ns(p, v, y) &f locks(p) = (p.data = 0) * (p.next =y) len(e) o len(v::A) &ef len(A) +1

Fig. 17. Auxilary definitions for transfer lists.

convenience, we refer to the above scenario as “list 11 depends on list 12”. move;; () may first
traverse 12 with 11’s lock in hand, so 11 depends on 12. However, move,; () may traverse in reverse
order, causing 12 to depend on 11. To account for the dynamic dependencies between the lists, we
introduce a write-only auxiliary field level in the struct List (Fig. 15). The levels of both lists
are initialized to 1, meaning they are at the same level without dependencies. Before the move; ()
method tries to traverse 12, we should lower its level to 0 (line 11), so 11 with level 1 can depend
on 12. When the move finds that 12 does not have the value after line 20, it needs to acquire the
lock of y in 11 at line 22. This lock acquisition requires the level of 12 to be higher than 11. So we
lift 12°s level to 2 at line 21 to allow the dependency. After the operation fails or finishes, we reset
12’s level to 1 (line 17 or 30).

Definite actions and layers. Fig. 16 shows the definite actions and layers for the transfer lists. 81
expresses the definite release of the lock mutex. 82(x) specifies that the lock for each node x will
always be released. B, is the placeholder when no definite action is needed. The layer features are
either the address Addr of the node, a special sign M for the lock mutex, or L for B,.

We instantiate the Layer to a pair of Nat and define the order between two layers following the
alphabetical order. The first field of a layer corresponds to the level field of the list, which accounts
for the dynamic layer relations between list 11 and 12. The second field refers to the distance
between a node and the list’s end, specifying the layer relations inside a list. For the definite action
B1, we give a default highest layer (2, 0), allowing it to depend on other definite actions. For a
definite action B2(x), which specifies the lock release on node x, we should first locate the node in
alist 1 expressed by Isp(1.Head, A, x) ( defined in Fig. 17) to know the level n of 1. We then get the
part of the list from the node to the end of the list, specified by Is;’ (x, B, null). The length len(B)
gives the distance between the node and the end.

The dynamic layers concisely specify the dependencies among definite actions. For definite
actions in the same list, since their first layer fields are the same, the second fields give their layer
relations. Moreover, the second field matches the intuition that their layers for the nodes should be
decreasing starting from the list head. For definite actions in different lists, the first fields give their
dependencies. Because the first field corresponds to the auxiliary state that dynamically changes
during code execution, it effectively accounts for the dynamic dependencies between lists.
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6 RELATED WORK AND CONCLUSION

There has been much work on verifying progress properties for concurrent programs. Below we
focus on the most closely related work. Many efforts [Balzer et al. 2019; Hamin and Jacobs 2018;
Jacobs et al. 2022; Leino et al. 2010] support deadlock-freedom verification. They track dependencies
between primitive blocking constructs, e.g., lock primitive, and ensure the lack of circular blocking.
Their dependencies between blocking events are used to detect deadlocks, which is more of a safety
property. Our dependencies between definite actions are used to enforce termination, a progress
property. Therefore, they cannot apply for ad-hoc synchronization, like busy-waiting patterns in
fine-grained programs, which are supported by definite actions.

Gu et al. [Kim et al. 2017] verify the progress of the MCS lock by reasoning about abstract logs of
events, which is expensive. Also, their approach provides less guidance on how to prove blocking
objects, e.g., how to verify cases with dynamic dependencies of progress.

The program logic LiLi [Liang and Feng 2016] can verify starvation-freedom and deadlock-
freedom of blocking objects. They propose several ideas that inspire us, including using definite
actions for blocking and stratified tokens to support delays and rollbacks for deadlock-free objects.
An effort [Zou et al. 2022] uses LiLi’s theory to prove the termination of a concurrent file system,
AtomFS [Zou et al. 2019]. AtomFS has a rename method that may move a subtree of nodes from
the source directory to the target directory similar to the move method of transfer lists. However,
their proofs use LiLi’s strict definite actions to unfold and expose full dependency chains, which
are not modular. The problem is addressed in this paper by structuring definite actions into layers.

The follow-up work of LiLi [Liang and Feng 2018] studies objects with partial methods, i.e.,
methods that are supposed not to return under certain circumstances. Typical examples include
various lock implementations, e.g., test-and-set locks and ticket locks. We conjecture that the
support of partial methods is compatible with our layered definite actions and can be integrated
into our logic if needed.

TaDA Live [D’Osualdo et al. 2021] aims at total correctness, in particular, verifying the termination
of programs. It proposes obligations, a new ghost state that encodes liveness invariants. The
obligations are statically layered so TaDA Live can handle nested dependencies by arranging
termination proof in a hierarchy. In their verification of lock coupling list, to work around its
limitation of static layers, TaDA-Live introduces techniques such as parametric specifications,
which result in less concise and intuitive proofs. For dynamic dependencies, TaDA-Live claims
“not aware of any example that critically requires more expressive layers” and “not clear how
to ensure soundness if interference on layers is allowed”. By contrast, our work finds cases with
dynamic dependencies of progress, and PODD naturally supports them with the dynamic layering of
definite actions. Furthermore, PODD avoids circular dependencies among definite actions through
dependency enforcement.

Substantial efforts use temporal logic for liveness verification. Temporal reasoning directly works
with traces to express progress properties in a unified and general way. However, it lacks guidance
for how to discharge proof obligations. PODD’s layered definite actions allow one to understand
the progress of concurrent objects and construct proofs correspondingly.

Conclusion. We have studied the verification of blocking objects in three aspects. First, we propose
dynamically layered definite actions to modularly verify nested and dynamic dependencies of
progress. Second, we develop a program logic PODD, which is sound for proving linearizability and
starvation-freedom/deadlock-freedom of concurrent objects. Third, we apply PODD to successfully
verify objects with nested and dynamic dependencies of progress. We have also applied PODD to a
concurrent file system (published separately), which shows the wide applicability of PODD. In the
future, we hope to mechanize PODD and develop tools to automate the verfication process.
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(ThrdID) t € Nat (Store) s,s € Var— Int
(Heap) h,h € Nat— Int (Mem) 0,% == (s,h)
(RelMem) & == (0,2) (CaliStk) kK == o | (s,x,C)
(ThrdPool) K, K u= {t; ~ K1,...,thy ~ kn} (PState) S,S == (0¢, 00, K)
(ExecCtxt)y E == [] | EC
(Evt) e == (tf,n) | (tretn) | (t,obj) | (tclt) | (t outn)

| (t,term) | (spawn,n) | (t, obj,abort) | (t,clt, abort)
(ETrace) E,T =€ | ez& (co-inductive)

Fig. 18. States and event traces.

A THE LRG-STYLE FULL VERSION OF PODD

The full version of PODD extends the advanced Rely-Guarantee-based logic LRG [Feng 2009] to
support dynamic allocation and ownership transfer. The top level judgment is now in the form of
L, D,R,G,I+ {P}I:T. Here the fence I is used to determine the boundary of the shared memory
following LRG [Feng 2009]. Just like P, I is also a relational assertion specifying the consistency
relation between the concrete data representation and the abstract value.

A.1 Language, states and operational semantics

The language presented in Sec. 3 does not show the print(E) and end command. The print(E)
command generates externally observable events, which are used to observe program behaviors.
end is an auxiliary command appended at the end of each thread, which generates an event marking
the termination of the thread.

Fig. 18 shows the program state S, which separates the states (o.) accessed by clients and states
(0,) accessed by object methods, so client code cannot touch the object data. The states o consist of
a store s that maps variable names to values and a heap h that maps addresses to values. Program
state S also includes a thread pool, which maps each thread to its call stack. The call stack is either
empty o (i.e. the code is not executing method calls) or contains s; for the stack of local variables, x
for return value and C for the remaining client code to be executed after the method call. Similarly,
there is another set of symbols for the state definitions at the high level (e.g., S for the program
state at the high level).

Fig. 19 shows the operational semantics, which are defined by three levels of transitions. Program
transitions are defined via thread transitions. Each thread transition generates an event and is lifted
from the local thread transition. The local thread transition describes a step inside or outside the
object method. Note that (C, 0) —{’ - models when the atomic execution of C is blocked.

Next we illustrate the events (defined in Fig. 18) generated during the thread transitions. (t, f, n)
and (t,ret,n) show the successful execution of method call and return respectively. (t, out, n)
is generated by print(E) command, which is only allowed in client code. (t, term) marks the
termination of the thread. Each step inside the object method generates an (t, obj) event, or an
(t, obj, abort) event when the thread aborts. (t, clt, abort) and (t, clt) are generated similarly for
the steps outside the object method. & represents a (possibly infinite) sequence of events and we
insert a (spawn, n) at the beginning of &, which helps recording the number of threads and is
used to define fair executions. We treat (t, out, n), (t, obj, abort) and (t, clt, abort) as externally
observable events, and use get_obsv(&) to get the subsequence of observable events in &.
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(Ci, (0¢, 00, K(i))) — ;7 abort

(let Il in skip || .. .|| skip, S) —> (skip, S) (letTin Cy||...C;...||Cn (e, 00, K)) — abort
(Cir (0, 00, K (1)) = i1 (C, (04,0, K7)) K =K{i~ '}
(let Tin Cy ||...C; ... || Cn, (0¢, 00, K)) s (let in Cy||...C} ... || Cny (04 04, K”))

(a) program transitions

0(f) = (,C) [E]ls,=n xedom(s;) «=({y~ n}xE[skip])

(t.f.n)
(E[x = f(E) ]. ((ses he), 00, ©)) —— 11 (C, ((se: he). 00, )

f ¢ dom(Il) or [E]s, undefined or x ¢ dom(sc)

(ELx = F(E) ], (50, o), 09, 0)) eV, abort

k = (s5,x,C) [E]s; =n st = sc{x ~ n}

(t,ret,n)
(E[return E, (s, he), 00, K) —— 11 (C, (5%, he), 0o, 0))
k= (s;,x,C) [E]s, undefined
(t,obj,abort)
(E[ return E, ((sc, he), 0o, k)) ————— 7 abort
[E]s. =n
(t,out,n)

(E[ Prlnt(E) ]s ((50 hC)’ Oo; O)) 4’t,H (E[ 5k1P ]> ((SC) hC)) 0o, O))

(t,term) A
(end, (o¢, 05, ©)) T in (skip, (oc, 00, ©))

(C. (so st ho)) —>¢ (C, (sg Ws) hg))  dom(s;) = dom(s)) (C,op) —> (C', 0))
(t,0bj) (t,clt)
(C, (ac, (S0, ho), (51, %, C))) T I (C’, (¢, (595 1), (5;; x,C))) (C, (0¢, 00, 0)) T tn (C', (04, 00,0))
(C, (so Wsp, hg)) —>t abort (C, 0,) —> abort
(t,obj,abort) (t,clt,abort)
(C, (o, (50, ho), (51, x,C1))) ———,  abort (C, (0¢, 00,0)) ———, y abort

(b) thread transitions

(C,0) —{ (skip,o”) (Co) —p- (C,0) —{ abort
(E[{C)].0) —>t (E[skip].0’)  (E[(C)].0) — (E[(C)].0)  (E[{C)] o) —>tabort

(c) local thread transitions

Fig. 19. Selected operational semantics rules.

A.2 Assertions

The full set of the syntax of the assertions is given in Fig. 20. We highlight the constructs which are
not shown in Fig. 7. Following LRG [Feng 2009], we treat program variables as resources [Parkinson
et al. 2006] and use own(x) for the ownership of the program variable x. We use |p|¢ to ignore
the descriptions in p about the number of (-tokens. | p|¢ will be useful when we want to hide the
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{-tokens that are introduced for the proofs of while-loops. Similarly, | p], ignores the descriptions
in p about arem(C). It will be used in the inference rule for return commands.

(RelAssn) P,Q,I :

B | own(x) | emp | EE | E=E | |p] | PxQ | PAQ | PVQ | ...
(FullAssn) p.gq.] == P | arem(C) | O(E) | #(Ex....ED) | [Iplo | [lpJa | pxa | pagl ...
(RelAct) RG ==Px,Q | [P] | |Glo | D | G+G | GAG | GVG | ...
(LayFeat) F == ... (BaseDAct) B == (P~ Q,F)
(DAct) D B|Vx.D | DAD
(Layer) 1 €
(LayFun) & € RelMem — BaseDAct — Layer

Fig. 20. Syntax of assertions. (We highlight the constructs which are new here if compared with Fig. 7.)

Fig. 21 shows the semantics of assertions. The semantics of definite actions are the same as in
Fig. 9. Fig. 22 defines the transition levels and the ordering over token numbers. Fig. 23 shows the
definitions of stability and “view shifts” (which execute the abstract code). These definitions are the
same as in LiLi [Liang and Feng 2016]. The syntactic sugars Id, Emp and True represent arbitrary
identity transitions, empty transitions and arbitrary transitions respectively.

Fence. Since we logically split states into local and shared parts as in LRG [Feng 2009], we need
a precise invariant I to uniquely determine the boundary between local and shared resources.
We define the fence I > G in Fig. 21(c), which says that the transition G must be made within the
boundary specified by I. Here Precise(I) follows its usual meaning as in separation logic but is
now interpreted over relational states. The need of fence I > {R, G} is inherited from LRG. It is
orthogonal to the problems studied in this paper, and readers who are unfamiliar with LRG can
safely ignore it.

A.3 Inference rules

Figure 24 presents the complete set of inference rules. We have explained the oBj, WHL and LIVE-FRM
rules in Sec. 4. The slight modifications here are only to distinguish shared and local state assertions.
For instance, R and G should describe transitions over shared states only, and be fenced by I.

The aToM rule allows us to logically execute the abstract code simultaneously with every concrete
step. We use + [p]C[q’] to represent the total correctness of C in sequential separation logic. The
corresponding rules are standard and elided here. We use ¢’ = ¢ (defined in Fig. 23) for the zero
or multiple-step executions from the abstract code specified by g’ to the code specified by q. It also
requires the number of 4-tokens at level k to be decreased if k > 1. That is, the current thread
should lose ¢-tokens when it performs a level-k action that may delay other threads. The ATom
rule allows us to execute zero-or-more steps of the abstract code with the execution of C, as long
as the overall transition (including the abstract steps, the concrete steps and the level k) satisfies
the relational guarantee G. We can lift C’s total correctness to the concurrent setting as long as the
environment consists of identity transitions only.

G G G
The (csQ) rule uses p’ = p and ¢ = ¢’. The definition of p = q is similar to p = ¢, as defined
in Fig. 23. In addition to executing the abstract code and decreasing the corresponding #-tokens,

G . . .
p = q also requires the overall transition to satisfy G.
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((s,h), (s,h)) EB iff [B]sws = true

((s,h), (s,h)) E emp iff dom(h) = dom(h) =0

((s,h),(s,h)) EE1 > Ez iff h={[E1]sws ~ [Ez]sws}

((s,h),(s,h)) EE1 = Ep iff h={[E1]sws ~ [E2]sws}

SEP«Q iff 361,5,. (6= WS) A (S EP)A (S, EQ)
(0,2) W (0,3 ¥ (cwo',Zw3) where (s,h)W(s’, h') & (sws’, hwh)

(a) Semantics of relational state assertions P and Q.

(S, (u,w),C) k= P iff S P
(&, (u,w),C) E arem(C’) iff c=C’
(S, (W), C) k= O(E) iff In. ([Elos =) A (n < w)
(&, (u,w),C) F #(Ey,....E1) iff ([Ex]gs, .- [Eiles) <u
(&, (ww), ) E Lplo i T’ (S, (1 w),C) E p
(S, (w),C) E Lpla T 3C7. (S, (u,w),C') F p
SElpl iff Ju,w,C. (S, (u,w),C) Ep
Cuwor i {C’ if C = skip (S, (u,w),C) ¥ (&, (u',w'),C") &
C if C’ = skip (GW&’, (u+u’, w+w’),CyC’)

(b) Semantics of full assertions p and q.

(8.6 EPxp Q if (SEP)A(S EQ)

(S.&) k[Pl iff (§'=C)A(SEP)

(6,8) EGL+Gy iff 361,(52,6{,(55.6 =G UGS, AC = (5{ (C] (55
A ((B1,8]) E G A ((82,8)) k Ga)

def def def
Emp = emp X emp True = true X true Id = [true]

I>G iff ([I] = G) A (G = (IX1I)) A Precise(I)
(c) Semantics of relational rely/guarantee assertions R and G.

Fig. 21. Semantics of assertions.
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L((8,6),Px; Q)%

maxL otherwise

if (8,&') [ [P]
maxL otherwise
0 if (6,8 ED

maxL otherwise

k if (8,8") EP xg Q
0

def

L(s.e) )« {

L((6,&),D)

L(B,8),RAR) & max(L((&,&"),R), L((S,&"),R"))

L£((8,8"),RVR) £ min(L((S,&"),R), L((S,&"),R))

, df | O if L((6,&"),R) =0
L((&,&"),[RJo) = { maxL otherwise

L(8,&),G1 *Go)E minfk | 36,,,,6/,8}. (6 =6, 8 &) A (S =& W &)
Ak = max(L((S1,8)),G1), L((S2,S7),G2))}

(6,8") E [R]o iff L((S,&),R)=0
(6,8,k) ER iff L((S,&’),R) =k and k < maxL
R=>FR iff V&,8%,k.((6,&8",k) ER) = 3k’ <k. (5,6, k)ER

u == (ng,...,n1) (1<k<maxlL)

(npgs > n7) <k (Mmoo ny) iff (Vi> k. (n] =n;)) A (nl'C < ng)
(nps - - - n7) =k (M, ...,np) iff (Vi 2 k. (n] = ny))

u<u iff Ik u<iu’ u<u iffu<uv'vu=u

(w,w) < (W, w) iff (w<pu)Vik=0Au=u"Aw=w)

(w,w) = (W, w) ff uzp /' AM(k=0= w=w’)

Fig. 22. Levels of state transitions and tokens.

p=rq iff Vt, 0,2, u,w,C, 2ZF.
(((6,2), (u,w),C) Ep) A(ELZp) = T/, w/,C", 3.
((C.2WZp) —1 (C,2'W3R) A (((0, %)), (W', w'),C") E q)
A W, w) < (u,w)

p % q iff Vt, 0,3, u,w,C,2F.
(((6,2), (u,w),C) Ep) A(ELEp) = Tk, u',w',C", 3.
((C.2Wxp) —% (C",Z'WEF)) A (((0,2), (0,27),k) | G * True)
A (((0,2)), (W, w),C") Eq) A (W), w') <g (u,w)

Sta(p,R) iff V&, &%, u,w,C, k.
(S, (u,w),C) Ep) A ((6,&",k) ER) = T/, w'.
(&, (W', w),0) Ep) A (W', W) = (u,w))

Fig. 23. Key auxiliary definitions for inference rules.
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forall f € dom(Il) :  TI(f) = (x,C) r'(f) = C) dom(I1) = dom(T")
L,D,RGH{PA(x=y) Aarem(C’) A ®(E, ..., E1)} C{P A arem(skip)}
Vt,t'. t#t' = Gy = Ry wffAct(R, D) wifLay(2)
P = —Enabled(D) PV Enabled(D) = I

L D.RG,IF {PJII:T (omy)
pAB = p’ PABAQ * true = p’+(OAemp) 2,D,R G, I+ {p'}C{p}
p=>(B=B)=I Jvo=1I Sta(J,RV G) pAB= J=true
D'<yy D = RG DL
€, D,R,G,1+ {piwhile (B){C}{p A =B} (W)
D RGI+ {(p)Clg) D=D'AD" <8
I=1 p = J = true Sta(J,RV G) layGt(L, D", J, D’)
(LIVE-FRM)

L,D,R G, I+ {p}C{q}

FplClgl  I»G pvg=1Ixtue ¢ Srq  ([pl xx llgl) = G #True
L.D,[1.G.1+ {p}(C){q}

(aTOoM)

2.0, [I1.G.I+ {pHC){q}  Sta({p.q}.Rx1d)  I>R
L.D.RG I+ {pC){q}

(ATOM-R)

G G
p=rp R'"=R g=4q G=G 2,D,R,G, I+ {p}C{q} Enabled(D) = I
wffAct(R, D) p’'VvVq =1 *true I'>{G,R"} Sta({p’,q’}, R = Id)

cs
LD,R,G 1"+ {p'}C{q"} (e
p=>(E=E)*I Sta(p, R = Id) I>{R,G}
L, D,R,G, I+ {|pla A arem(return E)}return E{|[p], A arem(skip)} (RET)
£, D,R G, I+ {p}Ci{r} p= (B=B)=xI £,D,R G, I+ {pAB}Ci{q}
L, D,R G,I+ {r}Cs{q} (s50) €, D,R G,IF{pA-B}Ca{q} )
SE IF
L,D,R G I+ {p}C1;Co{q} ° L, D,R G, I+ {p}if (B) C; else C2{q}
,D,RG,I+ {p}C{q} L,D,RG I+ {piC{q}
(HIDE-() (FrRM)
£,D,RGIr{lple}C{lqlo} LD,RG I+ {p=*r}C{qgx*r}
F [plClq] Sta(r, R = 1d) £,D,R G, I+ {p}C{q}
I>{G,R} r = I xtrue x & fu(D,R,G)
(PRIM) (EX)
2, D,RGI+{p=r}C{q=*r} £,D,R G, I+ {3x. p}C{Ix. q}
L, D,RG,IF {p1}C{q1} 8, D,RG I+ {p1}C{q:}
L, D,R G, I+ {p2}C{q2} L, D,R,G, I+ {p2}C{q2}
(cony) (p1sy)
E, D,R G, I+ {Pl /\pg}C{ql A qz} B,Z),R,G,I F {p1 sz}C{ql \Y% qz}

Fig. 24. Inference rules.
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B LOGIC SOUNDNESS PROOFS
B.1 Overview of the structures of soundness proofs

The top at Fig. 25 shows our final goals: verifying linearizability II Sy,” T, and starvation-freep (II)
or deadlock-freep(IT). Inspired by earlier work [Filipovi¢ et al. 2010; Liang and Feng 2016; Liang
et al. 2013], we reduce the goals (see D and @ in Fig. 25) to verifying contextual refinements C.

When using C to characterize deadlock-free objects II (see @ in Fig. 25), their methods at the
abstract side are no longer atomic. We need to use the “progress-aware” object specification wry (T).

Our results @ and @ in Fig. 25 unify starvation-freedom and deadlock-freedom. Both can be
characterized by contextual refinement IT Cp/ IT’, where II” may not be atomic. (See @ and @.)

Next we propose the simulation IT Sp: II” as a proof technique for the contextual refinement C.
(See the gray box at the center of Fig. 25.) The simulation ensures that executions of II preserve the
behaviors of I1” under fair scheduling. It is adapted from the compositional simulations in earlier
work [Liang and Feng 2013, 2016; Liang et al. 2014].

At the bottom @ of Fig. 25, we define semantics for our logic judgment £, D, R, G, I+ {P}II:T.
Note that the logic uses the atomic I' as specification. The judgment semantics £, D, R, G = {P}II: T
is also based on a simulation, but it is much closer to the logic rules, which can simplify the task of
proving the validity of each rule in Fig. 24. It can be directly (see ®) translated to IT Sy, (p) wr1(T),
where wry will be defined later. If the rely/guarantee conditions R and G specify actions of level 0
only (see case (2) in Theorem 4.2), the judgment semantics can also be reduced to IT Zp T (see @).
Both IT Sy, (p) wri(') and IT Zp T are instances of the more general simulation IT Zp II’ (see ®

and ®).

I ﬁ?,” T A starvation-freep(IT) 1T Slli.n T' A deadlock-freep (IT)

R @9

mepT O Cyry(py) WN1 )
<o _ >
Il Cp I’ @
I 3p I
® a0 @
O=pT I Zyr, () wri(T)

(R = |RJo) \ /
A (G = [Glo)
€ DRGE{P)I:T
o]

,D,RGI+{PJI:T

Fig. 25. A unified framework for logic soundness proofs.

We give the detailed proofs of Theorem 4.2 following the unified proof framework in Fig. 25.

o Appendix B.2 defines the judgment semantics £, D,R,G = {P}I: T.

o Appendix B.3 shows the proofs of @ of Fig. 25, i.e., the logic rules are sound with respect to
the judgment semantics.

e Appendix B.4 defines the “common simulation” IT <p- II’. Appendix B.4.1 shows the
proofs of @ and ® of Fig. 25, i.e., the judgment semantics &, D, R, G |= {P}II : T implies
instantiations of the common simulation.
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e Appendix B.5 shows the core proofs for the gray box at the center of Fig. 25, i.e., the common
simulation implies IT Epr IT’, the contextual refinement under fair scheduling.

o Appendix B.6 shows the proofs of @ and @ of Fig. 25, i.e., deadlock-freedom/starvation-
freedom and linearizability can be characterized by the contextual refinements.

B.2 Judgment Semantics

The judgment semantics £, D, R, G = {P}1 : T is based on a simulation between IT and T, with
four well-founded metrics: M, &, M and u. The metric M is to ensure that the current thread t must
fulfill its definite action D in a finite number of steps. If thread t is blocked, the metric ¢ specifies
the set of pairs of the environment thread and its enabled base definite action that t is waiting
for. It shrinks when an environment thread t’ finishes the base definite action By. The metric M
corresponds to the number of white tokens ¢, which is to ensure that thread t progresses on its
own when & becomes empty. The last metric u corresponds to the tuple of black tokens. It bounds
the number of actions made by thread t which could delay the progress of its environment threads.

Definition B.1. £, D,R,G [ {P}I : T iff, for any f € dom(Il), for any ¢ and X, for any t, if
I(f) = (x,C), T(f) = (y,C) and (0,%) [ P * own(x) * own(y) A (x = y), there exist three
well-founded metrics u, M and M and a set £ € &2 (ThrdID X BaseDAct) such that

£,D,R G [ (C0)=(C.X) o (u,M, M) [J¢ (P *own(x) * own(y)).
Here £, D,R,G |5 (C,0) < (C, %) ¢ (u,M, M) ¢ Q is co-inductively defined as follows.
Whenever £, D,R,G k (C,0) 2(C, %) o (u, M, M) |¢ Q holds, then the following hold:
(1) Suppose o = (s,h),and 6 = {B | (B < D) A ((0,%) |= Enabled(By) * true)}, then
(a) tids(&) € s(TIDS) and
(b) for any (t’, B’) € &, t” # t and there exists &’ such that
(b1) there exists ", (0,%) =S’ W &” and &’ |= Enabled(B’y)
(b2) £(S’, B) is defined and
(b3) forany B € §,2(&’,8) > &(&", B')
(2) If C = E[ return E |, then for any Xr such that X 13, there exist E and X’ such that
(@ (CZWXfp) —; (return E, 3’ W XF), and
(b) (0,%") E O and [E]s.s = [E]s s, and
(©) ((0,2),(0,%),0) E Gt = True.
(3) For any oF, (C,0 W op) —/> abort.
(4) For any C’, 6", op and X, if (C,0 W op) —> ¢ (C’,0”") and L3 F, then there exist o’, C’,
>k, u’ M’, M” and &’ such that
(a) 0" =0’ Wop, and
(b) (CZwXp) —; (C', X WXF), and
() £, D,R G [ (C’ o)< (C,Z) o (u',M',M’) | Q, and
d) ((0,2), (cr ), k) E Gt * True, and
(e) either u’ < u,
oru’=uand k =0and M’ < M,
oru'=uandk=0and M’ =M and £ # 0 and £ C &; and
(f) either M’ < M,
orM' =Mand¢#0and & C &
(5) Forany k, o’ and 3’, if ((0,2), (¢/,2’), k) |E R; = Id, then there exist u’, M’, M’, &; and &’
such that
(@) £,D,R G (Co")<(CY) o (u, M, M) |g Q,and
(b) da= {(t B) | ((t',8B) € HA(((0,%), (0", ) E (By)+ld)} and (k =0 = {\&g € &)

and v’ ~; u, and
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(c) ifk =0, then either M’ < M, or M’ = M and &; = 0; and
(d) if k =0, then either M’ < MorM' =M and &; =0

Definition B.2. £, D,R,G [ {p}C{q} iff, for any o, 3, u, w and C, for any t, if ((0, 2), (u, w),C) |
pt, then

L.D.R Gt (Co)=(CX) o (4, ((0,0),|C]), ((0,0), |C]), w, height(C)) Lo g.

Here 8, D,R,G [ (C,0) <(C,X) o (u, Ws, ws, w, H) U¢ g is co-inductively defined as follows.
Whenever £, D,R,G k (C,0) 2(C, %) o (u,ws, ws, w, H) ¢ g holds, then the following hold:

(1) Suppose o = (s,h),and § = {B | (B < D) A ((0,2) = Enabled(By) * true)}, then
(a) tids(&) € s(TIDS) and
(b) for any (t',B’) € & t” # t and there exists &’ such that
(b1) there exists ©”, (0,%) = &’ W &” and &’ |= Enabled(B’y)
(b2) (S, B’) is defined and
(b3) for any B € 6,L2(S’,8) > &(&', B')
(c) If & # 0, then |ws| > 1.
(2) If C = skip, then for any X such that ¥ 13, there exist C’ and ¥’ such that
(@ (CZWZp) —; (C, X WZF), and
(b) ((0,%"), (u,w),C’) k= g, and
(c) ws =((0,0),0) and ws = ((0,0),0) and ¢ = 0, and
(d) ((0,2),(0,%"),0) E Gt * True.
(3) If C = E[ return E |, then for any Xf such that X1 3, there exist E and X’ such that
(@) (CXwWZfp) —»; (return E, ' W Xp), and
(b) ((0,%’), (u, w), skip) k= qi and [E]o.s = [E]s s, and
(¢) ((0,2),(0,%),0) E G; * True.
(4) For any oF, (C,0 W op) —/> abort.
(5) For any C’, 6, oF and 3, if (C, 0 W oF) —» (C’, 0”’), then there exist o/, C’', 3’, k, u’, ws’,
ws’, w’ and &’ such that
(@) ¢ =0’ Wop, and
(b) (C,ZwWXp) —; (C', 3 WXF), and
() £, D,R G [ (C’ o) 2(C,Z) o (u',ws’, ws', w',H) ¢ g, and
d ((0,2), (O’ ), k) E Gt * True, and
(e) either u’ < u,
oru’ =uand k =0and ws’ <¢y WS and w’ = w,
oru’ =uandk=0and ws’ =wsand w’ =wand £ # @ and £ C &; and
(f) ws’ <g ws,
orws'=wsand £ #Qand £ C &
(6) For any k, o’ and ¥, if ((0, %), (¢/,%’), k) = R * Id, then there exist u’, ws’, ws’, w’, £; and
& such that
(@) 8D,RG [ (Co')=(Cx2)o (u,ws, ws,w',H) |z g, and
(b) & ={(t,8) | ((t',8B) € HA(((0,%2), (0", 3)) F (Br)=ld)} and (k =0 = {\&y € &)
and u’ ~; u, and
(c) if k = 0, then either ws’ <¢; WS and w’ = w, or WS’ = WS and w’ = w and &; = 0; and
(d) if k = 0, then either ws" <4y ws, or ws’ = wsand &; = 0

Below we also define the semantics for the sequential judgment used in the aToMm rule. Note that
C only accesses the concrete memory o, therefore we require the other components in the full state
(i.e., u, w, C and %) should remain unchanged during the execution of C.
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Definition B.3 (SL judgment semantics, total correctness). = [p]Clq] iff, for all o, =, u, w and C,
for any t, if ((0, X), (u, w), C) = py, the following are true:
(1) for any ¢, if (C, o) —{ (skip, ¢’), then ((¢’, %), (u,w),C) [ q¢;
(2) (C,0) =+ abort;
(3) (C.o) -

LeEmmA B4, Ifr [p]Clq], then |= [p]Clq].

Definition B.5 (Locality).
Locality(C) iff, for any o7 and oy, let 0 = 01 W 03, then the following hold:

(1) (Safety monotonicity) If (C, o) —/»; abort, then (C, 0) —/ abort.

(2) (Termination monotonicity) If (C, 01) —/»{ abort and (C, o1) —/»>{’ -, then (C, ) —/»{’ -.

(3) (Frame property) For any n and ¢’, if (C, 01) = abort and (C, o) — [ (C’, ¢’), then there
exists o] such that ¢’ = o] W 0y and (C, 1) —{ (C’, 77).

B.2.1 Instantiating Metrics and Well-Founded Orders. The judgment semantics in Definition B.2
can be viewed as an instantiation of the simulation in Definition B.1. The key is to instantiate the
metrics M and M in &, D,R,G |5 (C,0) 2 (C, %) o (u,M, M) |¢ Q. Below we take the instantiation
for M as an example.
(Metric)y M == (ws,H)
(WfStack) ws == (wnn) | (wnn):ws
(StkHeight) ‘H € Nat

For each single thread, its metric ws is usually a list of (wn, n) pairs, where wn is the while-specific
metric (which is left to be instantiated later) and n is a natural number specifying the “code size” as
in Liang et al’s work [Liang et al. 2014]. We let the threaded metric ws be a list (a stack actually) to
allow different while-specific metrics for nested loops. That is, when entering a loop, we can push
a (wn, n) pair to the ws stack; and when exiting the loop, we pop the pair out of ws.

The threaded metric ws follows the dictionary order. However, the usual dictionary order over
lists is not well-founded (consider B > AB > AAB > AAAB > ... in a dictionary). To address this
issue, we introduce a bound of the list length (stack height), H, and define the well-founded order
<¢¢ by requiring the length of the lists should be not larger than . Intuitively, the stack height H
represents the maximal depth of nested loops, so it can be determined for any given program. The
well-founded orders M’ < M and ws’ <¢; ws are defined as follows.

ws’ <g¢r ws H =H
(ws', H') < (ws, H)

ws' <gr ws iff  (ws’ < ws) A (|ws'| < H) A (Jws| < H)

ws’ Sqr ws  iff (ws’ <gr ws) V (ws” = ws)

(wn/,n’) < (wn,n) (wn’,n’) < (wn,n)
(wn’,n’) < (wn,n) (wn',n’) ws] < (wn, n):ws;
(wn’,n’) = (wn,n) ws] < wsy

(wn',n") 2wsy < (wn, n):ws;

(wn’,n’) < (wn,n) (wn’,n’) < (wn,n)

(wn',n’) 2 ws; < (wn, n) (wn/,n’) < (wn,n):ws;
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Here |ws]| is the length of ws, which is defined as follows:

|(wn, n)| 1
[(wn,n)::ws| = 1+ |ws]

The well-founded order over the (wn, n) pairs is a usual dictionary order below, where the order
over wn is instantiated later depending on the type of wn.

(wn',n’) < (wn,n) iff (wn' <wn)V (wn'=wnAn’ <n)

(wn’,n’) = (wn,n) iff (wn’=wn)A(n' =n)

(wn',n’) < (wn,n) iff  (wn’,n’) < (wn,n)V (wn',n’) = (wn,n)

LEMMA B.6 (WELL-FOUNDEDNESS). The relations M’ < M and ws’ <4y ws defined above are both
well-founded relations.

The judgment semantics in Definition B.2 has more restrictions on the well-founded order over
ws. We define the order ws’ <¢; wsbelow, which is stronger than the more general order ws’" <4 ws
above.

ws' <gr ws iff  (ws' < ws) A (Jws'| < H) A (|ws| < H)

ws' <gyws iff (ws’ <gr ws) V (ws’ = ws)

(wn',n’) < (wn,n) (wn’,n’) = (wn, n) ws) < ws;
(wn/,n’) < (wn,n) (wn',n") ws] < (wn, n):ws
(wn’,n’) < (wn,n) (wn’,n’) = (wn,n)
(wn',n") 2 ws] < (wn, n) (wn'/,n’) < (wn,n):ws;
(wng, ng) = (wng, ng) (wn/,n’) < (wn,n)

(wng, ng) = (wn',n’) = ws] << (wng, ng) :: (wn, n) :: ws;

Height H. As we said, the stack height H represents the maximal depth of nested loops. For any
given program C, we can determine the stack height using a function height defined below.

def

height(skip) 1
height(return E) I
height(c) Ly
height((C)) % 1
height(Cy;C2) &f max{height(C1), height(C2)}
height(if (B) C; else C;) = max{height(Cy), height(Cz)}
height(while (B){C}) % height(C) +1

Initial code size. In Definition B.2, the judgment semantics initially takes the static code size |C]
defined below as the second dimension of ws and ws.
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Iskip] = 0
|return E| Ly
ol =1
o = 1
Ci:Cal |Gl +[Cal +1
lif (B) C; else Co| % max{|C1],|Cal} + 1
|while (B){C}| ¥ 1

Example of ws. Below we use a simple example to show how we assign a proper ws to each state
during an execution. In the code below, we assign different labels to different layers of a nested
while loop. The initial code is while(i > @) i--;. The loop is labeled with 1 and its body code is
labeled with 2. After the loop is unfolded, we use the syntax while to be distinguished from the
original while which has not been unfolded.

In the ws below, the first dimension specifies the number of iterations left to unfold, and the
second dimension specifies the “code size” at each layer.

C o ws
1 while!(i > @) i-% i= (0,1)
2 — i-2; whilel(i > 0) i-%; i=2 (0,0)::(1,2)
3 — skip?; while!(i > @) i-?; i=1 (0,0)::(1,1)
4 — while' (i > 0) i-% i=1 (0,0):(1,0)
5 — i-2; while!(i > 0) i-%; i=1 (0,0)::(0,2)
6 — skip?; whilel(i > @) i-?; i=o0 (0,0)::(0,1)
7 — whilel(i > 0) i-% i=o0 (0,0)::(0,0)
8 — skipl; i=0 (0,0)

Initially, ws is (0, 1): the first dimension is 0 because we have not started to unfold the loop, and
the second dimension is 1 because the code size of the whole loop is 1. After one step of the loop,
ws becomes (0, 0) :: (1, 2). Since we have unfolded the loop, the ws stack contains two pairs now. In
the second pair, the first dimension is 1 because the loop needs only one more iteration to finish
(i-e., we only need to unfold it one more time). Its second dimension is 2 because the size of the
loop body code is 2. After the next step, this dimension decreases. At the step of line 5, we unfold
the loop again. So the first dimension of the second pair decreases to 0, saying that we do not need
to unfold the loop anymore. Finally, at the step of line 8, the loop finishes, thus we pop out the
second pair of the ws stack.
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B.3 Soundness of the Inference Rules

In this section, we prove Lemma B.7 by induction over the derivation.
LEmMA B.7 (@ 1N F1G. 25). If &, D,R, G, I+ {P}I1:T, then &, D,R,G | {P}II:T.

Proor. By induction over derivation. By Lemma B.8, we only need to prove the following:

If dom(I1) = dom(T') and for all f € dom(II) such that II(f) = (x,C) and T'(f) =
(y,C), we have

£,D,R G = {P * own(x) *own(y) A (x =y) A arem(C) A #(Eg,...,E1)} C{P*
own(x) * own(y) A arem(skip)},

then &, D,R,G | {P}I:T.
(B.1)

By co-induction. O

Lemma B.8. If

(1) & D,R G, I+ {p}C{q};
(2) Enabled(D) = I;
(3) foranyt andt’ such thatt # t’, we have Gy = Ry;

then &, D,R,G = {p}C{q}.
In the following subsections, we prove Lemma B.8 by induction over the derivation.
B.3.1  The wHL Rule.

LEMMA B.9 (wHL-SouND). If
(1) pAB=p’;p ABAQxtrue = p’ x (O A emp);
(2) £.D,RG EA{p'}C{p};
3 p=>B=B)*];]=1I1Sta(J,JRVG); Q= 1I;

@ ] = (RG: D'50); D' < D; selD(2, D, ], D)
(5) I»>{R,G}; Sta(p,R = 1d); Enabled(D) = I;
(6) for anyt andt’ such thatt # t’, we have Gy = Ry;

then &, D, R,G [ {p}while (B){C}{p A =B}.
Proor. Let H = height(while (B){C}) = height(C) + 1. We know |while (B){C}| = 1. Let
ws = ((0,0),1) and ws=((0,0),1) and &=0.

Below we prove: for any t, for any o, ¥, u, w and C,

if ((0,%), (u,w),C) = pt, then
8, D,R,G k¢ (while (B){C},0) 2 (C,Z) o (u,ws, ws, w,H) J¢ pA-B.
By co-induction. Suppose o = (s, h). Since p = (B = B) * I, we know
(0,%) I *true, and either [B]s = true or [B], = false .
Since p = J * true, we know
(0,%) E J * true .

We only need to prove the following (1)(2)(3)(4)(5)(6).
(1) H6={8| (B < D)A((5,2) | Enabled(85;) * true)}, then for any (t’, B") € ¢, ....
Proof: 1t is vacantly true.
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(2) If while (B){C} = skip, then ...
Proof: 1t is vacantly true.
(3) If while (B){C} = E[ return E ], then ....
Proof: It is vacantly true.
(4) For any of, (while (B){C}, c W o) —/> abort.
Proof: It holds because [B]s is not undefined.
(5) If (while (B){C},oc W o) —» (C’, "), then there exist ¢/, C’, 3’ k, u’, Ws’, ws’, w’ and
& such that
(@) 0" = ¢’ WoF, and
(b) (CEwW3p) —; (C,2 WXF), and
(©) ,D,RG | (C,0")=(C, %) o (u',ws, ws’, w',H) |z p A =B, and
(d) ((0,2),(0",2"),k) E Gt * True, and
(e) either u’ < u,
oru’ =uand k =0 and ws’ <y WS and w’ = w,
oru’=uandk=0andws’ =wsandw’ =wand ¢ # 0 and £ C &; and
(f) either ws’" <¢s ws,
orws’=wsand £ # Qand £ C &'
Proof: We have two cases depending on whether [B]; is true or false.
() If[B]s = true, we know ¢’/ = cWor and (while (B){C}, cWor) —> (C; while (B){C}, ow
O'F).
Also we know ((0,2), (u,w),C) |= pt AB.FrompAB = p’and &, D, R, G E {p'}C{p},
let ws; = ((0,0),|C|) and ws; = ((0,0),|C|), we get:
£,D,R G F (C0)<(C,X) ¢ (u,wsq, ws;, w, height(C)) o p -
Let
ks =f(0,%) and & ={t” | (t”" #t) A ((0,%) [ Enabled(D),) * true)} .

”
Since ] = (R,G: Z)’L Q), we have two cases:
e (0,%) | 3t’ # t. Enabled(Dy)) * true.
Then we know &, # 0. By Lemma B.10, let
ws’ = ((0,0),0) :: ((ks, w),0) , ws’ = ((0,0),0) :: ((ks, w),0) .
we know
8, D,R,G k¢ (C;while (B){C},0) < (C,X) o (u,ws’, ws',w,H) lg, pA-B.
Also we know WS’ <4y WS and ws” <qy ws.
e (0,%) E O * true.
By Lemma B.10, let
ws’ = ((0,0),0) = ((ks, w), |Cl +1) , ws’" = ((0,0),0) :: ((ks, w), |C| +1) ,
we know
8, D,R,G k¢ (C;while (B){C},0) < (C,X) o (u,ws’, ws',w,H) lg, pA—B.
Also, WS’ <4y WS and ws’ <g; ws holds.
() If [B]s = false, we know (while (B){C}, o W oF) —»¢ (skip, o W oF).
By (sk1p) rule, let
ws’ = ((0,0),0) and ws’ = ((0,0),0) ,
we know
L2, D,R,G E (skip,0) < (C, %) o (u,ws’, ws’,w,H) o p A—B.
Also we know WS’ <4y WS and ws’ <y ws.
Since (o, %, i) | I * true, we know
((0,2), (0,%),0) E [I] * True.

Since I » G, we know
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((O-’ 2)’ (O-’ z)a 0) |: Gt * True .
(6) If ((0,%), (6",2), k) = R * Id, then there exist u’, ws’, ws’, w’, &; and & such that
(@) £, D,R,G [ (while (B){C},0") < (C,%) o (u’,ws’, ws’,w’,H) |z p A -B,and
() & ={{t".8) | ((t.8B) € HA(((0. %), (¢", %)) F (Br)*ld)} and (k =0 = &\&; € &)
and u’ ~ u, and
(c) if k = 0, then either WS’ <¢; ws and w’ = w, or W§’ = WS and w’ = w and &; = 0; and
(d) if k = 0, then either ws" <4y ws, or ws’ = wsand &; = 0.
Proof: Since Sta(p, R  Id), we know there exist 4’ and w’ such that
(6,2, (w',w),C) Ept and v’ = u and k=0 = W' =w.
By the co-induction hypothesis, we get
8, D,R,G [ (while (B){C},0") <(C, %) o (u,ws, ws,w’,H) ¢ p A—-B.
If k = 0, we know w’ = wand &; = 0.

Thus we are done. m]

We define:

def | ((n1,n2),n3) ifws = ((n1,n2),n3)
head(ws) = { ((n,n2),n3)  if ws = ((n1,n2), n3) = ws’

. def | ((m1+ki,nz2 +ky),ns +ks) ifws = ((ny,n2), n3)
mChead(WS, ((kl’ kZ)’ k3)) B { ((n1 +ki,np + kz), n3 + k3) mws’ i ws = ((nl, nz), n3) ws’

Lemma B.10. If
(1) pAB=p’;p ABAQ #true = p’ = (O A emp);
(2) £, D.R.G E {p'}C{p};
3 p=>(B=B)x];]=LSta(JJRVG);0=1I

@) ] = (RG: D'50); D" < D; selD(2, D, ], D)
(5) I>{R,G};Sta(p,R = Id); Enabled(D) = I;
(6) for anyt andt’ such thatt # t’, we have Gy = Ry;
(7) 8,D,R,G |5 (C1,0) = (C, %) o (u,Wsy, wsy, wi, H) g, p;
(8) (0,2) E J = true; height(C) = H; head(ws;) = ((n1,n2), n3); head(ws;) = ((Ny,Ny), N3);
f(0,2,0) = ks; w1 < w;
(9) & ={{t"B) | (' #) A (B < D) A((c,%) | Enabled(By) * true)}; £ = § U &i;
(10) one of the following holds:
o & # 0;ws = ((0,0),0) zinchead(Wsy, ((ks, w1), —n3));
ws = ((0,0),0)::inchead(wsy, ((ks, w1), —N3))
e (0,2) E Q = true; ws = ((0,0),0) :: inchead(wsy, ((ks, w1),1)); ws = ((0,0),0) =
inchead(wsy, ((ks, wy), 1))

then £, D, R, G ¢ (Cy; while (B){C},0) <(C, %) o (u,ws, ws,w,H + 1) |z p A —=B.

Proor. By co-induction. We only need to prove the following (1)(2)(3)(4)(5).
(1) f6={B1| (B <D)A((0,%) = Enabled(By) = true)}, then for any (t’, B’) € £, t" # t and
there exists &’ such that
(1) there exists ", (0,Y) = &’ W S" and &’ | Enabled(8B’y)
(2) £(&,B’) is defined and
(3) forany B € §,2(&",B8) > £(&",B')
Proof': From
2) D) Rs G |:t (Cla O-) =< (C’ Z) < (ua WS], WS, W1, 7—{) U§1 p 5
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we know for any (t’, B) € &, we have t’ # t and 8 < D and there exists &’ such that (1)
(2) (3) hold.
For any (', B) € &, we know t’ # t and B < D’, since D’ < D, we know B < D.
From (o, Y) |= Enabled(8By) * true and Enabled(D) = I, we can prove there exists ©’ such
that &’ |= I and (1) holds.
Since (0,2) | J = true and J = I, there exists ©” such that " |= J A I, from Precise(I),
we can prove &’ = S”, by selD(L, D, J, D’), we know (2) (3) hold. Thus we are done.

(2) If (Cq1; while (B){C}) = skip, then ...
Proof: Tt is vacantly true.

(3) For any of, (C1; while (B){C}, o0 & oF) — abort.
Proof: From

£, D,RG [t (C1,0) < (C, %) o (u,wsy, ws;, w, H) g, p,

we know (Ci, 0 W oF) —/+ abort. By the operational semantics, we are done.
(4) If (C1; while (B){C},c Wor) —» (C’, 0”"), then there exist o/, C’, %', k, u’, ws’, ws’, w’ and
& such that
(@) 0" =0’ WoF, and
(b) (C,ZwWXf) —; (C', 2 WXF), and
(©) £, D,RG [ (C',0")2(C,Z) o (u',ws",w',H +1) & p A B, and
(d) ((0,%),(0",2),k) |= Gt = True, and
(e) either u’ <i u,
oru’ =uand k =0 and WS’ <¢yq WSand w’ = w,
oru’=uandk=0andws’ =wsandw’ =wand ¢ # 0 and £ C &; and
(f) either ws’" <qs ws,
or ws=wsand £ # @ and &£ C &'.
Proof: We have two cases depending on whether C; is skip or not.
(I) If (Cy; while (B){C}, oWor) —» (C; while (B){C}, "), then (Cy, oWor) —> (Cy, 0”’).
From £, D,R,G k¢ (C1,0) = (C, ) ¢ (u,Wsy, ws;, wi, H) [g, p, we know there exist o7,
C', %', k,u’, ws], ws;, wj and &] such that
(A) 0” =0’ W oF, and
(B) (C,XW3p) — ! (C,3' W), and
(©) &D,RG [t (C},0") (C, ) o (v, ws], ws, wi, H) |g p, and
(D) ((0,2),(0’,%"),k) E Gy * True, and
(E) either u’ < u,
oru’ =uandk = 0 and WS] <¢; WS; and w; = wy,
oruw' =uandk =0andws] =ws; and w; = w; and &; # 0 and & C &’; and
(F) either ws] <q wsy,
or ws; = ws;and £ # 0 and £ C &',
Since ((0,2), (¢’,%2’)) E G; = True, (0,2) |E J * true, ] = I, I>G and Sta(J,G V R),
we know
(6’,2") E J * true..
Suppose k! = f(o’,%’). Since ] = (R,G: Z)'L Q), we can prove
k=0 = kl<ks.
Also we have
(0/,Z") E Qr xtrue V (3t” # t. Enabled(Dy)) * true) .
Let
E={B) | (t' #t) A(B < D) A ((¢',%) [ Enabled(By) * true)} .
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Since for any t’ such that t’ # t we have G; = Ry, and since wffAct(R, D’), D’ < D
and Enabled (D) = I, we can prove:
k=0 = §0 - §6 .
Suppose head(ws]) = ((n, ny),n3); head(wsy) = ((n], N3),N;);
o If & # 0, let
ws’ = ((0,0),0) ::inchead(ws], ((k;, w1), —n;)) and
ws = ((0,0),0) ::inchead(ws;, ((k;, wy), —N3)) & =& U & .
Then by the co-induction hypothesis, we know
£, D,R, Gk (Cj;while (B){C},0") < (C, %) o (u',Ws', ws', w',H + 1) |g
pA-B.
Also, if Ws] <q; WSy, then WS” <gr,; WS. Thus, we know: either u” < u,oru’ =u
and k = 0 and WS’ <¢/; WS and w’ = w.
For the case that 4’ = u and k = 0 and ws’ = ws and w’ = w, we know
ws = ((0,0), 0) ::inchead(wsy, ((ks, w1), —n3)) and & # 0 and & = & U &,
thus & # 0.
e Suppose WS; <¢; WSy, since WS’ = ws, we know n; < n3. Then, from the
definition of <¢, we know Ws; = ((ny, n2), n3), thus & = 0. Thus & C &].
e Suppose WS; = WS;. Then we know &; C &].
Thus & C &'
The reasoning for (f) is the same as (e).

o If £, = 0, then we know (0", %’) |= Q; * true. Since & C &, we know & = 0. Thus
we know (o, %) | QO *true and ws = ((0, 0), 0) ::inchead(ws;, ((ks, w1), 1)). Also
we have £ = & U & = &. Let

ws’ = ((0,0),0) ::inchead(ws], ((k;, w1),1)) and & =& U =¢].
By the co-induction hypothesis, we know
8, D,R,G k¢ (Cf; while (B){C},0") = (C, %) o (u',ws’, ws', w', H + 1) |&
pA-B.
Also, if Ws] <q; WSy, then WS" <g,; WS. Thus, we know: either u” < u,oru’ =u
and k = 0 and WS’ <4/ WS and w’ = w.
For the case that u” = u and k = 0 and ws’ = ws and w’ = w, we know Ws] = ws,
thus & # (). Since & C &, we know £ C &'
The reasoning for (f) is the same as (e).
() If C; = skip and (Cy; while (B){C}, 0 W op) — (while (B){C}, o W oF),
from £, D, R, G k¢ (C1,0) = (C, %) o (u, Wsy, ws;, wi, H) [g p, we know there exist C’
and >’ such that
(A) (C,3wZp) — 7 (C,3 w3p), and
®B) ((6,2), (w, w1),C") [ pr, and
(C) ws; =((0,0),0) and ws; = (0,0) and & = 0, and
D) ((0,2),(0,%),0) E G; = True.
Since (o,2) | J # true, ] = I, I> G and Sta(J,G V R), we know
(0,%) |E J = true..

Suppose k! = f(0,%’). Since ] = (R, G: Z)’i) Q), we can prove
ki <ks.
Also we have
(0,%") E Q¢ * true V (3t” # t. Enabled (D)) * true) .
Let
E={t.B) | (' #t) A(B<D’) A((0,%) | Enabled(By) * true)} .
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Since for any t’ such that t’ # t we have G; = Ry, and since wffAct(R, D’), D’ < D
and Enabled (D) = I, we can prove:
§C & -
Let
ws” = ((0,0),0) ::inchead(ws;, ((kl, w1),0)) ;
ws’ = ((0,0),0) ::inchead(wsy, ((k{, w1),0)) ; & = &

o & # 0, then £ # 0 and & C &, and we know ws” <¢r.1 ws and WS" <qgyq WS

e (0,Y") E Q * true, then we know ws’ <qy1; ws and WS" <qy; WS
Below we prove:

2, D,R,G E; (while (B){C},0) < (C",2) o (u,ws’, ws’, w, H + 1) Jg pA-B. (B.2)

Proof: By co-induction. Suppose ¢ = (s, h). Since p = (B = B) * I, we know
(0,%) E 1= true, and either [B]s = true or [B]s = false .
We only need to prove the following (1)(2)(3)(4)(5).
(D if6={8| (B < D)A((0,%’)  Enabled(B;) «true)}, then for any (t’, B’) € &,
t’ # t and there exists G’ such that
(1) there exists ", (0,%') = &’ W &” and &’ | Enabled(8’y)
(2) {(&’,B’) is defined and
(3) forany B € §,2(6", B) > L(&',8")
Proof: For any (t',8’) € &, we havet’ # tand 8’ < D’ and (0,2) F
Enabled(8B’y) * true, from D’ < D, we have B < D. we can prove there
exists &’ such that &’ = I and (1) holds.
Since (0,Y’) | J * true and J = I, there exists S’ such that " |= J A I, from
Precise(I), we can prove &’ = &”, by selD(&, D, J, D’), we know (2) (3) hold.
(2) If while (B){C} = skip, then ...
Proof: 1t is vacantly true.
(3) For any oF, (while (B){C}, 0 W o) —/ abort.
Proof: It holds because [B]s is not undefined.
(9) If (while (B){C}, 0 W op) —> (C’,c"’), then there exist o/, C”", X", k, u”’, ws”,
ws”/, w”” and & such that
(a) 0" = ¢’ Wop, and
(b) (C" 2 WXp) —; (C", 2" WXF), and
(©) ,D,RG | (C,a")=(C",Z") o (u”,ws”, ws”",w”,H +1) |g p A B,
and
(d) ((0,2),(6’,2"),k) E G = True, and
(e) either u” <i u,
oru” =uand k = 0 and wWs"" <gq WS’ and w”’ = w,
oru” =uandk = 0and ws” =ws" and w” = w and & # 0 and & C ¢’; and
(f) either ws” <g¢r ws',
or ws” =ws and &’ # @ and & C &”.
Proof: We have two cases depending on whether [B]; is true or false.
o If [B]s = true, we know (while (B){C}, o0 W o) —» (C; while (B){C},oc &
or). Also we know ((0,%’), (u,w1),C’) |= p¢ A B.
o If §6 0,
From p A B = p’, we know
((O', 2,)’ (us Wl)» C,) ': pt’ .
From £, D,R,G | {p’}C{p} and height(C) = H, let ws] = ((0,0),|C|)
and ws] = ((0,0), |C|), we get:
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£,D,R Gk (C0) =i (C, %) o (u,ws], ws, w,H) Jop.
Let
ws” = ((0,0),0) = ((k, wq1),0) and ws” = ((0,0),0)::((kl, w1),0) .
By the co-induction hypothesis, we know
L2, D,R,G = (C;while (B){C},0) <
(C, %) o (uws”, ws”, w,H+1) g pA-B.
Also we know Ws”" = ws” and £; # 0. Since (0,X’) I  true, we can
prove:
((6,2),(0,2),0) E G * True .
e If & = 0, then we know (0,%’) | Q; * true. Thus we know
((0,2), (u,w1),C") = pt ABA Qy *true.
Since p A B A Q * true = p’ x (O(1) A emp), we know there exists w;
such that w] < w; and
((0,3%,1), (u,w)),C') E py .
From £, D,R,G E {p'}C{p} and height(C) = H, let ws] = ((0,0), |C]|),
we get:
2,D,RG | (Co)=i(C,2) o (u,ws, wi, H) Jop.
Let
ws” = ((0,0),0):: ((kf, w)),|Cl+1) .
By the co-induction hypothesis, we know
L,D,R G F (G while (B){C},0) = (C,2) o (w,ws”, w,H +1) g
pPA -B.
Also we have Ws”” <g¢y.1 WS'. Since (0,%’) | I * true, we can prove:
((0,2"),(0,2"),0) E G; * True .
o If [B]s = false, we know (while (B){C},o W oF) — (skip, o W oF). By
(sk1p) rule, let
ws” = ((0,0),0) and ws” = ((0,0),0),
we know
L, D,R G | (skip,0) < (C,Z) o (u,ws”, ws”",w,H+1) lo p A—B.
Also we have ws” <gq ws’ and WS”" <¢y,1 WS’. Since (0, %’) |= I * true, we
can prove
((0,2"),(0,27),0) E Gt * True .
(5) If ((0,%), (6, 2"),k) E Ry *1d, then there exist u’, ws”, ws”, w”’, &; and & such
that
(@) £, D,R,G [ (while (B){C},0") < (C,2") o (u',ws", ws", w"’, H +1) g
p A —B, and
(b) &a ={t" | (t" € &) A (((6,2), (0", %)) E (Dy) x1d)} and (k = 0 =
&\éq € &) and u’ ~¢ u, and
(c) if k = 0, then either ws” <¢7,; WS" and w” = w, or ws” = ws’ and w”’ = w
and ¢; = 0; and
(d) if k = 0, then either ws” <¢; ws’, or ws"” = ws’ and &; = 0.
Proof': Since Sta(p, R * Id), we know there exist " and w; such that
(", 2"), (w',w]),C") Ep; and u' = u and k=0 = w] = wy.
Also we know
(0/,2") E J = true.

Suppose k!’ = f(o’,Z"). Since ] = (R, G: Z)’L Q), we can prove
k! <kj.
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Let

o=t B) | (" ) A(B' < D) A((0',2”) E Enabled(8),) * true)} and

& ={t,8) | ((t,B) € &) A (((0,2),(0",2")) E(Br) *1d)}.
Since Enabled(D) = I, D’ < D and wifAct(R, D’), we can prove:
k=0= E\&s &
If w = wy, let w” = w; otherwise let w” = w]. Thus we know w] < w”’. Let
ws” = ((0,0),0)::inchead(Wsy, ((k;’, w;),0)) .

By the co-induction hypothesis, we know
L, D,R,G [t (while (B){C},0") 2 (C",2") o (u,Ws”, ws’, w”, H +1) lg p A =B

Also we know: if k = 0, then WS”” <41 WS’ and w”/ = w.
If k = 0and & # 0, then there exists (t’,8) such that (t',8) € & and
((6,2"), (0", 2")) E (By) *1d. Since B < D, we can prove
((0,2),(¢",27)) E(Dy) * Id.
Since ] = (R, G: D’L Q), we know
k! <kl.
Thus Ws”" <4¢41 WS’ holds.
Thus we have proved (B.2).
(5) If ((0,%),(6",2),k) = R = Id, then there exist u’, ws’, ws’, w’, &; and & such that
(@) £, D,R,G [ (Cr;while (B){C},0") < (C,Z') o (u',ws’, ws', w',H +1) |z p A B,
and
(b) &a={{".8B) | ((t",8) € HA(((0,%),(¢",2")) F (Br)*ld)}and (k =0 = §\&; € &)
and u’ ~; u, and
(c) if k =0, then either WS’ <¢y; WS and w’ = w, or Ws’ = WS and w’ = w and &; = 0; and
(d) if k = 0 then either ws’ <¢; ws, or ws’ = wsand &z = 0.
Proof: From £, D, R, G |t (C1,0) 2 (C, ) ¢ (u, WSy, wsy, wy, H) U§1 p, we know there exist
u’, WS, ws, wy, g’;’; and &} such that
(A) £,D,RG [t (C1,0") <(C, %) o (u,wsy, ws, wi, H) |z p, and
®B) &={t.8) | (t,.8) € &H) A(((0,%),(0",%")) F (Br) x1d)} and (k = 0= &\&) C
&) and v’ = u, and
(C) if k = 0, then either ws] <¢; WS; and w{ = wy, or WS| = Ws; and wy = w; and &} = 0;
and
(D) if k = 0 then either ws] <¢; wsy, or ws; = ws; and &; = 0.
Since (o, 2) | J * true and Sta(J,G V R), we know

(67,2") E J * true..

Suppose k! = f(¢’,%). Since ] = (R, G: Z)’L Q), we can prove
ki <ks.
Also we have
(0,%") E Q¢+ true vV (3t” # t. Enabled (D))  true) .

Let

&E={"8)| ((t",8) #t) A ((¢',%') | Enabled(By) * true)},

& ={{t",B) | ((t,8B) € &) A (((0.2),(¢",2')) F (Br) * 1d)} and

7 ={t,B) | ((t'.8) € &) A (((0,2), (", %)) | (Br) * 1d)}.
Since Enabled(D) = I, D’ < D and wffAct(R, D’), we can prove:
k=0= &\& & .
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Then, since &\, € &}, we have:

k=0= (&HUE&)\(UE)) C(EUE.
Since & = & U &, we know &g = &, U .
If &7 # 0, then there exists t’ such that t' € & and ((0,2), (6",2")) E (Dy) = Id. Since
D’ < D, we can prove

((0,%), (0", 2)) E(Dy) 1d.

Since ] = (R, G: Z)’L Q), we know for any t’ # t, ¢’ and Y, if ((0,2), (¢/,2),0)
(D)) ARy) *Id, then f(0’,%") < k;. Then we have
ki <ks.
Suppose head(Ws]) = ((n}, n3),n;), head(ws]) = ((n}, N3),Nn3).
o If &) # 0, let
= ((0,0),0) ::inchead(ws], ((k;, w1),—n3)) and & =& U .
Then by the co-induction hypothesis, we know
8, D,R,G k¢ (Cy; while (B){C},0") = (C, %) o (u,Ws’, ws', w',H +1) | p A -B.
If k = 0, we know &E\&; C &, WS’ <gry1 WS and w’ = w.
For the case k = 0 and §; # 0, we know & # O or &7 # 0.1f £/ # 0, we know
WS" <gp1 WS. If &) # 0, we know &; # 0 and Ws] <4y W81 Thus |WSl| > 1. From the
definition of <g¢;, we can prove: WS’ <¢,; WS.
o If & = 0, then we know (0’,%",i) | Q * true. Let
ws’ = ((0,0),0) ::inchead(ws], ((kj, w1),1)) and & =& U & =& .
By the co-induction hypothesis, we know
8, D,R,G [ (Cr;while (B){C},0) =i (CE) o (w,ws", w/,H+1) g pA-B.
If k = 0, we know &\&; C &, w’ = w and WS] <g1yq WS;.
o If & # 0 and ws = ((0,0), 0) ::inchead(ws;, ((ks, wy), —n3)), since &\ C &, we
can prove
EN £0.
Then we know k; < ks. Thus, if k = 0, then WS’ <gq WS.
e If (0,2,i) | O * true and WS = ((0,0),0) ::inchead (wsy, ((ks, w1), 1)), we know:
if k =0,ws” <gqyy WS. If &g # 0, then &, # 0 or & # 0, thus WS" <gs4; WS.
Thus we are done. o

B.3.2 The LIVE-FRM rule.

LEMMA B.11 (LIVE-FRM-SOUND). If
(1) £, D", R G [E {p}C{q}.
2) D=D"AND"; & <&
(3) I>{R,G};p = J =true; ] = I; Sta(J,RV G);
(4) layGH(2, D", ], D’);
(5) for anyt andt’ such thatt # t’, we have Gy = Ry;
then &, D,R,G = {p}C{q}.
Proor. Let H = height(C), ws = ((0,0),1) and ws= ((0,0),1) and &= 0.
For any o, 3, u, w and C, if ((0, %), (u, w), C) [ pt, we have

£,D",R,G [t (Co)<(C.X) o (u,ws, ws,w,H) l¢ q.
To prove

£,D,R,G [ (Co)=(C.X) o (u,ws, ws,w,H) | q.
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We prove a generalized lemma.
For any o, 2, u, w, C, ws, ws, &, if ((0,2), (u, w),C) |= J * true, and

£,D",R,G [ (Co)<(C.X) o (u,ws, ws,w,H) l¢ q.
then
£,D,RG [ (C,0)2(C.2) o (u,ws, ws,w,H) ¢ q.

By co-induction. We only need to prove the following (1)(2)(3)(4)(5)(6).
(1) if§={8| (B <D)A((0,2) £ Enabled(8By) * true)}, then for any (t', B’) € &, t' # t and
there exists &’ such that
(a) there exists ", (0,%) = &’ W &” and &’ = Enabled(8'y)
(b) £(&’, B’) is defined and
(c) forany B € §,2(&’, B) > L(&', B')
Proof': (a)(b) are immediately true from premise.
Let 8’ ={B | (B < D’) A ((0,2) [ Enabled(8B;) « true)}.
From
£, D", RG [ (C,0)2(C,Z) o (u,ws, ws, w,H) |z q.
we know for any B; € §", (&', 8;) > &' (&, 8’).
From £’ < £, we know £(&’, By) > (&', B8’)
Let 6" = {8 | (B < D"”) A ((0,2) [ Enabled(8;) * true)}, from layGt (&, D", J, D’), we
know for any B, € §”, (&, B;) > &(&’, B').
Thus we are done.
(2) If C = skip, then for any X such that ¥ 13, there exist C’ and ¥’ such that
(@ (CZWXp) —; (C, X WXF), and
(b) ((0,%"), (u,w),C’) k= g, and
(c) ws =((0,0),0) and ws = (0,0) and ¢ = 0, and
d) ((0,2),(0,%),0) E Gt = True.
Proof: From premise we know they are true.
(3) If C = E[ return E |, then for any ¥r such that X 13, there exist E and X’ such that
(@ (C,ZWXf) —; (return E, 3’ W 3f), and
(b) ((0,3"), (), skip) g and [E] = [E]s, and
(¢) ((0,2),(0,%),0) E Gt = True.
Proof:
From premise we know they are true.
(4) For any of, (C,0 W op) —/> abort.
Proof:
From premise we know they are true.
(5) For any C’, 6", oF and 3, if (C, 0 W o) —» (C’, 6”’), then there exist o/, C’, 3’, k, u’, ws’,
ws’, w’ and &’ such that
(@) 0" = ¢’ WoF, and
(b) (CEwWXp) —; (C,2 WXF), and
(©) £,D,RG [ (C',0")2(C,Z) o (u',ws’, ws', w',H) |z q, and
d) ((0,%), (0' ), k) E G; = True, and
(e) either u’ <i u,
oru’ =uand k =0 and ws’ <y WS and w’ = w,
oru’=uandk=0andws’ =wsandw’ =wand ¢ # 0 and £ C &; and
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(f) ws’ <gr ws,
orws’ =wsand £ # 0 and £ C &
Proof:
From Sta(J,R Vv G) and ((0,X), (¢/,%'), k) E G; = True, we know (¢/,%’) | J * true.
From premise we know (a)(b)(d)(e)(f) are true.
By the co-indution hypothesis we know
£,D,RG | (C',0") 2 (C,E) o (u,ws’, ws', w',H) Uz q
(6) For any k, o’ and 3/, if ((0,3), (¢/,2), k) E Rt = Id, then there exist u’, ws’, ws’, w’, £z and
& such that
(@) 8,D,RG [ (Co')=(C.x) o (u,ws', ws,w',H) |z g, and
(b) &a={(t,8) | ((t',8B) € HA(((0,%2),(0",5)) F (Br)=ld)} and (k =0 = {\{y € &)
and u’ ~ u, and
(c) if k = 0, then either ws’ <g; WS and w’ = w, or W§’ = WS and w’ = w and &; = 0; and
(d) if k = 0, then either ws" <4y ws, or ws’ = wsand &; = 0.
Proof:
From Sta(J,RV G) and ((0,2), (¢/,2"),k) E R; * Id, we know (¢’,%’) [ J = true.
From premise, we know (a)(b)(d)(e)(f) are true.
By the co-indution hypothesis we know

£,D,RG [ (C,a")<(CE) o (u',ws', ws', w',H) |z q
Thus we are done.
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B.4 Common Simulation and Instantiations

We introduce a state-updating function A to describe the high-level state updates which may delay
other threads. That is, at any state A¢(X), another thread t’ is possible to make stuttering steps.

A € ThrdID X Mem — Mem

Definition B.12 (Common Simulation for Object). II Zp II" iff there exists A, £, D, R and G such
that £, D, R, G * {P}II < I’ holds.

2, D,RG E? {PMI ZIT iff, for any f € dom(Il), for any ¢ and %, for any t, if II(f) = (x,C),
IT'(f) = (y,C) and (0, %) [ P * own(x) * own(y) A (x = y), there exist two well-founded metrics
M and M and a set & € & (ThrdID) such that

£, D,RGEL (C,0) Z(C32) o (MM) U (P * own(x) * own(y)).

Here &, D,R,G |=tA (C,0) 3 (C,%) o (M,M) |¢ Q is co-inductively defined as follows.
Whenever £, D,R,G EL (C,0) 2 (C,2) o (M, M) U¢ Q holds, then the following hold:

(1) Suppose o = (s,h),and § = {B | (B < D) A ((0,2) = Enabled(85;) * true)}, then
(a) tids(¢) € s(TIDS) and
(b) for any (t',B’) € & t” # t and there exists &’ such that
(b1) there exists S”, (0,Y) = &’ W S"” and &’ |= Enabled(8’y)
(b2) £(&’, B’) is defined and
(b3) for any B € §,8(&’,B) > (&', B)
(2) If C = E[ return E |, then for any X such that 31 3, there exist E and X’ such that
(@ (C,ZWXp) —; (return E, >’ W 3f), and
(b) (0,%’) F Qrand [[E]]O'.S = [[EHZ’.S’ and
(©) ((0,2),(0,2"),0) E Gy = True.
(3) For any of, (C,0 W op) —/> abort.
(4) Forany C’, 0", oF and 3, if (C,o W oF) —> (C’,0”’) and X L3, then there exist o/, n, C/,
3, k, M, M’ and & such that
(a) 0" =0’ Wop, and
(b) (CEwWw3p) — 7 (C', X W3Fp); and
if k > 0, then there exist n{, n, and C” such thatn =n; +n, > 0 and (C,X W Xf) —
£ (C”,A(2) W =F) and
(C”, A(3) W3Ep) — 2 (C',3' W 3p); and
© LD,RGEL(C,0") 3 (C,2) o (M, M) |z Q,and
d) ((0,2),(0",2),k) = Gt = True, and
(e) eithern > 0,orM < M,orM" =Mand ¢ # 0 and & C &; and
(f) either M’ < M,
orM =Mand¢é#0and & C ¢
(5) For any k, o’ and 3/, if ((0, %), (¢/,2'), k) E R; * Id, then there exist M’, M’, &; and & such
that
(a) £ D,RGEL (Ca') 3 (CZ) o (M, M) lg Q,and
(b) §d)= ((t,8) | (t,B) € ) A (((6,%), (", %)) F (Be) *Id)} and (k = 0 = £\Es C
&), and
(c) ifk > 0, then for any t” # t and Xy L3 we have (C, Ay (Z) W Xp) —> (C, Ay (2) W XFp);
otherwise, M’ < M, or M’ = M and ¢; = 0; and
(d) if k = 0, then either M’ < M or M’ = M and &; = 0.

B.4.1 Instantiating the Common Simulation.

45



Mo Zou

LemMA B.13 (@ N F1G. 25). Suppose R = |[R]o and G = |Glo. If &, D,R,G |= {P}I1 : T, then
L,D,RGEY {PTIIT.

Proor. For any f € dom(Il), for any o and Z, for any t, if II(f) = (x,C), I'(f) = (y,C) and
(0,2) | Py *xown(x) *own(y) A (x =y), from & D,R,G | {P}1: I, we know: there exist three
well-founded metrics u, M and M and a set & € &2 (ThrdID X BaseDAct) such that

8,D,R,G F; (C,0)<(CX) o (u,M,M) [¢ (P *own(x) * own(y)).

We want to prove: there exist two well-founded metric M and M and a set ¢ € &2 ( ThrdIDx BaseDAct)
such that

L D,RG |=t® (C,0) Z(C.2) o (M, M) [g (P *own(x) * own(y)).

We only need to prove the following:

IfL,D,RG | (Co)=(C3) o (u,M,M) ¢ Q, then
LD,RGE? (Co) 3(CE) e ((wM),M) Q.

By co-induction.

(1) Suppose o = (s,h),and § = {B | (B < D) A ((0,2) = Enabled(5;) * true)}, then
(a) tids(¢) € s(TIDS) and
(b) for any (t',B’) € &, t” # t and there exists &’ such that
(b1) there exists S”, (0,Y) = &’ W S" and &’ | Enabled(8B’y)
(b2) £(&’, B') is defined and
(b3) forany B € §,2(&’,B8) > &(&", B')
Proof : Immediate.
(2) If C = E[ return E ], then for any X such that X 1 3, there exist n, E and 3’ such that
(@ (CZWXp) — 7 (return E, 3’ W 3f), and
(b) (0,%) F Qrand [[E]]O'.S = [[EHZ’.S’ and
(©) ((0,2),(0,2"),0) E Gy = True.
Proof : Immediate.
(3) For any of, (C,0 W op) —/> abort.
Proof : Immediate.
(4) Forany C’, 0", oF and 2, if (C,0 W oF) —> (C’,0”’) and X L3, then there exist o/, n, C’,
¥, M, M" and &’ such that

(@) ¢” =0’ Wop, and

(b) (C.2wXp) —7(C', 2’ WZF); and

(© &£D,RGE! (C,0") 3 (C,3) o (M, M) lp Q,and

(d) ((0,%),(0",2"),0) E Gt * True, and

(e) eithern > 0,0r M < (1, M), or M" = (u,M) and { # @ and & € ¢’ and
(f) either M’ < M,

orM' =Mandé#@Qand & C &
Proof: Since £, D,R,G | (C,0) < (C, %) o ((u, M), M) ¢ Q, we know there exist o/, C’, 3,
k' v, M' M’ and ¢ such that
(A) ¢” =0’ Wop, and
(B) (C,XwXp) —; (C', X W 3F),and
(C) £,D,R,G (C’ o)< (C,Z) o ((u',M"),M’) & Q, and
D) ((0,2),(c’,%"),k") E Gy * True, and
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(E) either u’ <y u,
oru'=uand k' =0 and M’ < M,
oruw' =uandk’=0and M’ =M and £ # 0 and £ C &; and
(F) either M’ < M,
orM' =Mand¢{#0and & C ¢
From (C), by the co-induction hypothesis, we know
LD,RGEY (C,0") 2(C,3) o (v, M), M) Uz Q.
From (E), by the dictionary order, we know
either (v, M’) < (u,M), or (u/,M’) = (u,M) and £ # D and € C &'.
From (D), since G = |G|y, we know
((0,%),(0",%2),0) = Gt * True..
(5) For any k, ¢’ and 3/, if ((0,3), (¢/,%'), k) |E R * Id, then there exist M, M’, &; and & such
that
@ LD,RGE?(Co") 2 (C.3)o (M, M) g Q,and
(b) fd)= {fit’, B) | ((t,8) € &) A (((0,%),(¢",%) E(By) #Id)} and (k=0 = £\&s
’), an
(c) igfk > 0, then for any t’ # t and Zp LY we have (C,Ap(2) WXf) —1 (C, Av(Z) W ZF);
otherwise, M’ < (u, M), or M’ = (4, M) and &; = 0; and
(d) if k = 0, then either M’ < M or M’ = M and &; = 0.
Proof: Since R = |R]o, we know
((0,2),(07,2),0) ER = 1d .
Then, since £, D,R,G k¢ (C,0) < (C,X) ¢ (u, M, M) ¢ O, we know there exist u’, M’, M’,
&y and & such that
(A) £, D,RG | (Co")2(CY) o (u, M, M) |& Q,and
B) fa=A{t"| (t' € ) A (((0,%),(0",%")) F(Dy) +1d)} and {\& € &' and v’ = u, and
(C) either M’ < M, or M’ = M and &; = 0; and
(D) if (0,%) | Enabled(®Dy) * true, then M’ < M.
From (A), by the co-induction hypothesis, we know
D,RGE! (C,0") 2 (C.3) o ((w,M),M) g Q.
From (C), by the dictionary order, we know
either (u’,M’) < (u,M), or (u’,M’) = (u,M) and &; = 0.

Thus we are done. O

LeMMa B.14 (® N FiG. 25). Suppose 1 ¢ fu(&, D,R,G,P,ILT).
If8,D,RGE{PHI:T, then &, D,R+[1=0],G*[1=0] E* {P*(1=0)}T= wr(T). Here

@ | Z{l~t} if2Z(1)=0
Mi(t2) = { undefined if1 ¢ dom(Z) or=(1) #0

Proor. Forany f € dom(Il), for any o and 3, for any t, if II(f) = (x,C),T(f) = (y, (C); return E)
and (0,%) F P = (1 = 0) * own(x) * own(y) A (x = y), we know there exists ¥; such that
X=%¥W{l~ 0}and

(6,51) F P x own(x) * own(y) A (x = y)

From £, D, R, G |= {P}II : T, we know: there exist three well-founded metrics u, M and M and a
set & € & (ThrdID X BaseDAct) such that
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wr((©) &

while (ul >=0 ) {
lock 1;
unlock 1;
ul := rand_lessthan(ul);

3
(C);

wrf ((€) &

lock 1;
unlock 1;
ul := rand_lessthan(ul);
while (ul >=0 ) {
lock 1;
unlock 1;
ul := rand_lessthan(ul);
3
©C)
wi ((€)) <
unlock 1;
ul := rand_lessthan(ul);
while (ul >= 0 ) {
lock 1;
unlock 1;
ul := rand_lessthan(ul);
}
(&F
wr’ () <
ul := rand_lessthan(ul);
while (ul >= 0 ) {
lock 1;
unlock 1;
ul := rand_lessthan(ul);
3
)

Mo Zou

wri (return E) &

while (u2 >=0 ) {
lock 1;
unlock 1;
u2 := rand_lessthan(u2);

b

return E;

def
wr] (return E) =

lock 1;
unlock 1;
u2 := rand_lessthan(u2);
while (u2 >=0 ) {

lock 1;

unlock 1;

u2 := rand_lessthan(u2);
}

return E;

def
wr]’(return E) =

unlock 1;
u2 := rand_lessthan(u2);
while (u2 >=0 ) {

lock 1;

unlock 1;

u2 := rand_lessthan(u2);
}

return E;

def
wr{”’ (return E) =

u2 := rand_lessthan(u2);
while (u2 >=0 ) {

lock 1;

unlock 1;

u2 := rand_lessthan(u2);
}

return E;

Fig. 26. Useful notations for the abstract code wrapper.

2,D,R,G I (C,0) 2 ({C);return E, 21) o (u, M, M) ¢ (P * own(x) * own(y)).

We want to prove: there exist two well-founded metric M and M and a set ¢ € & ( ThrdIDx BaseDAct)

such that

€D, R+[1=0],G*[1=0] ! (C0) 3 (wri((C);return E),3) o (M, M) |l
(P (1 =0) = own(x) * own(y)).

Fig. 26 gives some useful notations for the abstract code wrapper. We only need to prove the

following:
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(1) 8, D,RG |k (C,0) = ({C);return E, %) o (u, M, M) ¢ Q
and> =% W{l~ 0,ul ~ uj,u2~uyand0 <u <wu;and 0 < u < uy,
then &, D,R* [1 =0],G = [1 = 0] |=tAl (C,0) Zi (wr]({C)); wri(return E), %) o (M, M) |J¢
(Q=*(1=0)).
(2) 8, D,RG |k (C0) =2 (return E, 21) o (u, M, M) ¢ Q
and X =3 W{l~» 0,ul ~> u,u2~ uy} and 0 < u < uy,
then 8, D, R* [1=0],G*[1 =0] |=tAl (C,0) 3 (wrj(return E), X)o(M, M) [¢ (Q * (1 = 0)).

By co-induction. Below we use C for the abstract code in the above two goals.

(1) Suppose o = (s,h),and § = {B | (B < D) A ((0,2) = Enabled($5;)  true)}, then
(a) tids(¢) C s(TIDS) and
(b) for any (t',B’) € & t” # t and there exists &’ such that
(b1) there exists ©”, (0,%) = &’ W S" and &’ | Enabled(8’y)
(b2) £(S’, B) is defined and
(b3) forany B € §,2(&’,8) > £(&", B')
Proof : Immediate.
(2) If C = E[ return E |, then for any 3 such that 31 3, there exist E and X’ such that
(@ (C,ZWXf) —; (return E, 3’ W XF), and
(b) (6,3) E Qr* (1L =0) and [E]s.s = [E]s s, and
(©) ((0,2),(0,2),0) E Gt = [1=0] * True.
Proof : Immediate from the premise.
(3) For any oF, (C,0 W op) —/> abort.
Proof : Immediate.
(4) For any C’, ¢, op and 2, if (C,o0 W oF) —> (C’,¢”’) and X L3, then there exist ¢’, n, C’,
3, k,M’, M’ and ¢ such that
(@) 0" = ¢’ Wop, and
(b) (C,ZW3p) —»1(C,5 @ p); and
if k > 0, then there exist ny, n, and C”” such that n = n; + n, > 0 and (@, YW Ip) —
1 (C”,A(2) W ZF) and
(C”,A¢(Z) WEp) —» 2 (C',E' W EF); and
(©) £.D,R+[1=0],G*[1=0] K" (C",0") 3 (T, %) o (M, M) g (Q* (1=0)),and
(d) ((0,2),(d",2"),k) E Gy # [1 = 0] = True, and
(e) eithern > 0,or M’ <M, or M’ =M and ¢ # @ and &€ C ¢'; and
(f) either M’ < M,
orM' =Mand¢é#0and & C ¢
Proof: For 1, from £, D,R,G | (C,0) 2 ((C);return E, 3¢) o (u, M, M) |¢ Q, we know
there exist o/, C’, 2, k, u’, M’, M” and &’ such that
(A1) 0” =0’ WoF, and
(B1) ({C);returnE, %; W Xp) — (C}, 2] WXF), and
(C1) £, D,RG | (C',0") = (CL, 2 o (u',M',M’) |# Q, and
(D1) ((0,%1), (0", %), k) F G * True, and
(E1) either u’ <j u,
oru'=uandk=0and M’ < M,
oru’=uandk=0and M’ =Mand £ # 0 and £ C &; and
(F1) either M’ < M,
orM =Mand&é#0and & C ¢
From (B1), by the operational semantics, we know
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either C| = ((C);return E), or C] = (return E) .
(i) C{ = ((C);return E): Let
C’ = (wr]({(C)); wri(return E)) and u] =u’ and
=316 {l~0,ul ~ u,u2 ~ Uy}

From (E1), we know: u’ < u, thus u’ < up. Then, from (C1), by the co-induction
hypothesis, we know

£ DR+ [1=0],Gx[1=0] " (C"0") 3 (C,%) o (M, M) Jp (Q%(1=0)).
From (D1), we know
((0,2), (67,2"),k) E Gy * [1 =0] = True .
o If k > 0, from (E1), we know: u’ < u. Thus u; < uy. Let
C” = (wr/({C)); wr(return E)) .
Also we know

A1(,2) =32 W {1~ t,ul ~> u,u2 ~> up} .
Thus we know
(wri ({C)); wry(return E), X W Xp) —»{ (C”, A1(t,3) W XF) and
(C”,A1(t,Z) WEF) — (wr] ((C)); wri(return E), X" & 3p) .
e If k = 0, from (E1), we know: either M’ < M or M’ =M and £ # @ and & C &'
Also u’ = u. Thus u] < u;. Thus we know
(wr] ({C)); wry(return E), 2 W Xp) — ¢ (wr ((C)); wri (return E), 3" W 3F) .
(ii) C] = (return E): Let
C’"=wri(returnE) and u; =u’ and X' =% W {1~ 0,ul ~ ug,u2 ~ us} .
From (C1), by the second goal, we know
D,R+[1=0],G*[L=0] ™ (C",0") 3 (C,3) o (M, M) lg (Q*(1=0)).
From (D1), we know
((0,2),(0",2),k) E G  [1 = 0] * True.
From (E1), we know u’ < u, thus u; < u,. From (B1), we know
(wr ({C)); wry(return E), X W Xp) — (wr] (return E), >’ ¥ Xf) .
Ifk > 0, let

= (wr({C)); wri(return E)) .
Also we know

A(L3) =3 W {1~ t,ul ~ ug, U2 ~> U} .
From (B1), we know
(wr] ({C)); wri(return E), X & Xp) —» (C”, A1(t, %) W XF) and
(C",A1(t, %) WXEp) —{ (wri(return E), 3" ¥ 3F) .

For 2, from £, D,R,G k; (C, 0) < (return E, %) ¢ (u, M, M) |¢ Q, we know there exist o,

C’, Z’ k u’, M’, M" and & such that

(A2) ¢” =0’ Wop,and

(B2) (returnE 1 WXp) —{ (C}, 2] W), and
(C2) &, D,R G (C, ’)<(C’,Z )o (u',M',M") l&# Q, and
(D 2) ((0,%4), (0/,%7),k) F G * True, and
E2) either u’ <i u,

oru’'=uand k=0and M’ < M,

oru’=uandk=0and M’ =Mand ¢ # 0 and ¢ C &; and
F2) either M’ < M,

orM'=Mand&#0and &£ C &
From (B2), by the operational semantics, we know C{ = (return E). Let

C’ = wr](return E) and u; =u" and X' =X W {1l ~» 0,ul ~ uy,u2 ~ uj} .
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From (C2), by the co-induction hypothesis, we know
D,R+[1=0],G*[L=0] ™ (C",0") 3 (C,3) o (M, M) lg (Q*(1=0)).
From (D2), we know
((0,2),(07,2),k) E Gt = [1 = 0] * True .
o If k > 0, from (E2), we know: u’ < u. Thus uj < uy. Let
C” = wr{/(return E) .
Also we know
AM(£2) =210 {l~ t,ul ~ u,u2 ~> us}.
Thus we know
(wri(return E), X ¥ Xp) —{ (C”,A1(t, %) W XF) and
(C",A1(t,Z) WEF) —={ (wr](return E), X" & 3p) .
e If k = 0, from (E2), we know: either M’ < M or M’ = M and ¢ # 0 and £ C &'. Also
u’ = u. Thus u; < uy. Thus we know
(wr](return E), 2 W Xp) —>{ (wr](return E), ¥’ W 3f) .
(5) For any k, ¢’ and 3, if ((0,2), (6/,2’),k) | R; = [1 = 0] = Id, then there exist M’, M’, &;
and ¢ such that
(@ & D,Rx[1=0],G=[1=0] I:tAl (C, o) = (C, %) o (M, M) le (Q*(1=0)),and
(b) &a={t.B) | ((t,8B) € &) A (((0,%), (0", %)) F (Br) Id)} and (k =0 = £\&y
&), and
(c) if k > 0, then for any t’ # t and XL ¥ we have (@, Ay (3) W) —>y (@, Ay (2) W 3E);
otherwise, M’ < M, or M’ = M and &; = 0; and
(d) if k = 0, then either M’ < M or M’ = M and &; = 0.
Proof: Since {1,ul,u2} N fu(R) = 0, we know there exists %] such that
((0,21),(0",2]),k) ER #1d and X' =Z] W {1 ~ 0,ul ~ uy,u2 ~> uy} .
Also we know
AM,2) =3 W {l~ t,ul ~ u,u2 ~ us}.
Thus we know
(wr] ({C)); wri(return E), A1 (', 2) ¥ Xp) —» (wr] ((C)); wri (return E), A1 (t',2) W XF)
and
(wr] (return E), A1 (t', ) W Xp) — (wr] (return E), Ay (', %) W Zf) .
By the co-induction hypothesis, we can prove the goals.

Thus we are done. m]
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B.5 Core Proofs: From Common Simulation to Contextual Refinement
LEmmaA B.15 (Gray Box 1IN FiG. 25). If
(1) 8,D,R G E* {P}I I 1T,
2) VY, t'.t #+ ' = G; = Ry, wifAct(R, D), P = —Enabled(D), P V Enabled(D) = I,
I>{R,G},
thenII Cp IT'.

Proor. From £, D, R, G E* {P}I Z II’, by Lemma B.17, we get: for any C, for any t,
L, D,RGEL{P}ILC) 2 (II,C){P} .
(See Sec. B.5.1 for their definitions.) By Lemma B.18, we know: for any n, Cy, ..., Cy,
(AP et Tin Ci|]...||Cp) = (et Il in Cq||...||Cy) .

(Here the simulation 33 for the whole programs is defined in Definition B.20.) By the following
Lemma B.21, we know

{AtPi}(etIIin Cy|]...||Ch) E(let II" in Cy || ... || Cpy) .
(Here the fair refinement C is defined in Definition B.19.) Thus we get: IT Cp IT". )
B.5.1 Lifting to Simulation for Client Threads.

Definition B.16 (Simulation for Thread). £, D,R,G EL {P}(IL,C) 3 (II/,C){Q} iff, for any o,
o and 3, if (0,2) [ P, there exist two well-founded metrics M and M and a set & € & (ThrdID X
BaseDAct) such that
2,D,R G E} (IL,C, (0, 0,0)) 2 (IT',C, (0., %, 0)) o (M, M) |z Q.
Here &, D,R,G |=tA (IL C, (0c, 0,%)) 2 (I, C, (2, 3, K)) © (M, M) U¢ Q is co-inductively defined
as follows.
Whenever £, D, R G |=tA (I, C, (0, 0, k) = (IT',C, (3, 2, K)) o (M, M) U¢ Q holds, then the
following hold:
(1) oc = 2; and (C # skip) = (C # skip).
(2) Suppose o = (s,h),and § = {B | (B < D) A ((6,%) |= Enabled(By) * true)}, then
(a) tids(¢) C s(TIDS) and
(b) for any (', B’) € &, t” # t and there exists &’ such that
(b1) there exists &”, (0,%) = S’ W E&” and &’ |= Enabled(B’y)
(b2) £(S’, B) is defined and
(b3) forany B € §,2(&’,8) > &(&', B')
(3) If C = skip, then C = skip and (0, %) = Q.
4) If (C, (0, 0 W oF, K)) —e>t,n abort and X3, then

e = (t, clt, abort) and there exists T such that e = get_obsv(T) and (C, (2,2 W X, k)) LN
:,n abort.
(5) If (C, (0¢, 0 W oF, k)) L)t,l'l (C’,(a},0",x")) and Z LI, then there exist ¢/, n, T, C’, X', K’,
k, M, M" and & such that
(a) 0" =0’ Wop;
(1) (C (5038 3rK) —, (T, (043 © 25, K')); and

I
if k > 0, then there exist ny, ny, T, T, and C” such thatn = ny+ny; > 0and T =T, =T,
and . .
(C, (Be, ZWER,K) —5 1, (C7, (Se, A(Z)WEE, K)) and (T, (S, A(Z) W2, K)) —
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i (C (04,2 W Ep,K'));

and
(c) get_obsv(e) = get_obsv(T) and (e = (t, term)) = (e = last(T)), and
d) £ D,RGE} (ILC, (), 0", k")) 3 (I, C, (0, 3", K')) o (M, M’) |z Q, and
(e) ((0,%),(0",2),k) E G; * True, and
(f) eithern > 0,or M’ < M,or M’ =Mand € # @ and ¢ C ¢'; and
(g) if (e = (t, obj)), then either M’ < M,

orM' =Mand¢{#0and & C ¢
(6) For any k, o, 0’ and X', if ((0, %), (¢/,X’), k) |= R; * Id, then there exist M’, M’, &; and &
such that
(@) & D,RG E} (ILC, (0, 0",x)) S (I1',C, (0}, %", K)) o (M, M") |z Q, and
() &a={{,8) | ((t',B) € &) A (((c,%),(0",%)) E(Br) xId)} and (k = 0= &\& C
&), and
(c) if k > 0, then for any t’ # t, 2 LY and X/ there exists T such that (C, (2, A¢(2) W
T
S5 K) —o (G (5 Av (D) W3, K));
otherwise, M’ < M, or M’ = M and &; = 0; and
(d) if k = 0, then either M' < M
or M’ =M and &; = 0.

LEMMA B.17 (LIFTING). If dom(I1) = dom(I") and £, D, R, G * {P}I1 2 I/, then
for anyt and C, we have , D, R,G EL {PHILC) 3 (IT',C){P}.

Proor. By structural induction over C and by co-induction. O
B.5.2  Parallel Compositionality.
LEMMA B.18 (PARALLEL COMPOSITIONALITY).
If there exists &, R, G, D, P and A such that the following hold for any t € [1..n]:
(1) & DR G} {PYILG) 3 (IV,Co{P},

2) vi,t'. t # ' = Gy = Ry, wffAct(R, D), P = —Enabled(D), P V Enabled(D) = I,
I>{R,G},

then {\; P }(letIIin C{||...]||Cp) = (letII"in Cq |...]| Cp).
Proor. For any o, o and 2, if (0, %) |= (A Pt), from the premises and by sequential composi-

tionality, we can prove: there exist My, ..., My, My, ..., My, &, ..., &, such that the following holds
for any t € [1..n]:

LD,RG |=tA (IL, (Ci; end), (0c, 0,0)) S (Il', (Ci; end), (0, 3, 0)) © (M, My) g, P .
We want to show that there exist .#, { and .Z such that

((letIin (Ci;end)||.. .|| (Cy; end)), (o¢, 0,@)) < ((let II' in (Cy;end) |]. .. ||
(Cn; end))3 (0'03 23 ©)) < (%’ gﬁ "g)
We generalize the result and prove the following (B.3):
If (0,%) = I and the following holds for any t € [1..n]:
£D.RG K (ILC, (00,0 W o k) T (I, Cr. (0, 28 B, ky)) © (M M) U P
then

((letTin Cy|... || Cp). (0, 0 W (W 0), K)) < ((let I in Cy || ... ||
Cn), (06,2 (W 21), K)) o (A, 2).
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Here for any t € [1..n], K(t) = k¢ and K(t) = k;, and the functions .#, { and .¥
are defined as follows.
o dom(A) = dom({) = dom(().Z) = activeThrds(letIIin Cy || ... || C,) = {t |
(Cy # skip)}.
e For any t € dom(.#), we have . (t) = (M, {t" ~ My | dep(t,{,t’)}) and
£(t) = tidset(&).
e For any t € dom(%) and &, &’ that 3&”,& = &’ W &” and &’ |= I. Let
5={B| B < DAG EEnabled(B,)}, TidLayer = Nat | MAX | UNDEF

n_] el
dep(t. & 1) = { 3t € {(t) Adep(t”, . t")
_ | max ifé =0
261 = { minl({L (S, 8) | B € d}) ifd#0
undefined ifLs =0

minl(Ls) = { if L € Natthen L else undefined if Ls = LU Ls" A minl(Ls") = undefined
if L € Nat then min{L,n} elsen if Ls =L ULs’ Aminl(Ls’) =n

layer1 > layer2 iff
layer1 € Nat, layer2 € Nat and layer1 > layer2 or
layer1 = max and layer2 € Nat

The order (M, M”) < (M, M) is defined as a dictionary order:
(M M) < (MM) iff (M <M) Vv (M=M)AM <M)
M < M fE 3t (M(t) < M(t)) A (V' € dom(M)\{t}. M'(t") < M(t))
M < M iff Vt € dom(M). M’ (t) < M(t)

Clearly .#’(t) < .# (t) is a well-founded order. ®3)
B.3

def def

By co-induction. Let W £ (letIinC; || ... || Co), W £ (letI’inC; || ... || Cp), S &
(0,0 (5, 01), K) and S & (oe, = W (145, =), K). Suppose o = (s, h). Then s(TIDS) = [1..n].
(1) (a) dom(A) = dom({) = activeThrds(W) = activeThrds(W), and Vt € dom({). {(t) C

dom({).
Proof': For any t € [1..n], from the premise, we know: (C; # skip) & (C; # skip).
Thus activeThrds(let ITin C; || .. .|| C,) = activeThrds(let IT" in C, || ... || C,).

Also, {(t) C s(TIDS) = [1..n]. And for any t’ € {(t), we have t’ # t and (0,2)
Enabled(Dy) = true. Then we only need to prove (Cy # skip). Suppose (Cy = skip),
then we have (0,2) | Py. Since P, = I, we know (0,2) [ I. Since Enabled(Dy) = I
and Precise(|I]), we know (o,X) | Enabled(Dy). Since Py A Enabled(Dy) = false,
we get (0,2) [ false, which is impossible. Thus (Cy # skip).

(b) forallt’ € {(t). Z((c ¥ (Wi 00), 2 W (W Z¢)). 1) > L ((0 W (Wy00), 2 W (W ), t)
Proof: For any t’ € {(t), we know there exists B’, (t’,B’) € &, let S = (oW, T W3y),
S ={B | B <D AGS [ Enabled(8B;) * true, from the premise, we know there exists
&’ such that
(B1) there exists ©”, (0,2) = G’ W &" and &’ | Enabled(8’y)

(B2) {(&’, B’) is defined and

(B3) forany 8B € 6, 2(S’,B) > L(&",8')

From 8’ < D, Enabled(D) = I, we know &’ [ I, since (0,2) E I, Precise(I),
we know &’ = (0,2) Let & = (¢ W (W, 01), 2 W (1 Zt)), for any &’ that exists
S, @ = @ WS and & [ I, we know & = (0,%). Let 6y = {B | 8 <
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(2)

©)

D A (0,%) E Enabled(By)}, we know B’ € &, then £ (&”,t') < (&', B’).if § = 0,
then Z(&”,t) = max and Z(&”,t) > £ (&”,t’) For any B € &, from (B3), then
L&, 1) > L(&",1).
If (W,S) +— (skip,S’), then there exist T and S’ such that get_obsv(T) = ¢ and
(W, S) —* (skip, §).
Proof: By the operational semantics we know: for any t € [1..n], we have C; = skip. By
D,RG EP (ILC, (0c,0 W o k) 3 (I, Cy, (04,2 W B, ke)) o (Mg, My) Ug P, we have
C; = skip. Thus we have (W, S) +— (skip,S).
If (W,S) + abort, then there exist t and T such that e = (t, clt, abort), e = get_obsv(T)

T
and (W, S) — * abort.
Proof: By the operational semantics we know: there exists t € [1..n] such that

(Cy, (00, 0 W (W 01), Kt)) — 11 abort.

By &, D,R G |=tA (IL, Cy, (0e, 0Woay, kp)) 2 (I, Cy, (06, 2WE, Ke)) © (Mg, My) |, P, we know
e = (t, clt, abort) and there exists T such that e = get_obsv(T) and

(Co (0,3 (16, 30, k) — {7 abort.

Thus (W, S) »l* abort.

If (W, (06,0 W (I8, 61), K)) —— (W', (0%, 0", K")), then there exist t, T, W’, §’, .#" and {’
such that all the following hold:

(@) (W, (05, % W (), 50, K)) ™ (W, 8);
(b) t =tid(e), get_obsv(e) = get_obsv(T), (e = (t,term)) = (e = last(T));
(© (W, (00, 0", K") = (W, S) o (A", {", 2L);
(d) either t € tidset(T),
or A'(t) < A (t),
or /' (t) = A (t) and {(t) # 0 and {(t) € {'(t) and for any t’ € {t’ | dep(t,{,t")},
J(t') € J'(t);
(e) for any t’ € dom(.#)\{t}, we have:
either t’ € tidset(T),
or A'(t") < M),
or A'(t') = A (t') and {(t’) C {’(t’) and for any t” € {t”" | dep(t’,{,t"")}, {(t”) C
{’(t”) and —~dep(t’, {, 1)
or A'(t') = A (t') and {(t’) C {’(t’) and for any t” € {t”" | dep(t’,{,t"")}, {(t”) C
’(t"") and dep(t’, £, t) and {(t) # 0.
Proof : By the operational semantics, we know there exist t, C{ and k{ such that
W = (letIlin C(||...C{...||Cy), t=tid(e),
(Cu (0,09 (W 00). k1)) — o1 (€L, (04 0”,K]))) and K = K{t~ «{}.
By &, D,R,G |=tA (IL, Cy, (0e, 0Woy, kt)) 3 (I, Cy, (00, 2WE, Ki)) o (Mg, My) U, P, we know
(A) for any (t’, B’) € &, there exists " and &” such that (0 W o, 2 W %) = &’ W & and
&’ |= Enabled(8B’y)
And there exist o', n, T, C{, """, K{, k, M{, M{ and & such that
(B) 0 = 0" 8 (t)y 0v), and
(©) (Cu (002 (8 5. k) — 7y (T (027 (1 5. K))): and

tI1
if k > 0, then there exist C’, Ty, T2, n; and np such that T = Ty =Ty and n = ny+ny > 0

and
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(C. (06, 2 W (W Z), Ke)) ﬂﬁfh, (CY, (0, A(2) (W 24), ki) and

T,
(€ (G0 A(D) (15 30, k) 572, (€ (0237 9 (W B, KD
and
(D) get_obsv(e) = get_obsv(T) and (e = (t,term)) = (e = last(T)), and
(E) &, D,RG |=tA (IL ¢, (050", k() 3 (I, C, (0, 2", K{)) o (M{, M{) Ug P, and
(F) (cWo, XWXy, (c”,2"),k) E G * True, and
(G) either n > 0, or M{ < Mg, or M{ = M; and & # 0 and & C &/; and
(H) if (e = (t, obj)), then either M’ < M,
orM' =Mand{#0and £ C &
Since (0,X) = I and I > {R, G}, we know there exist ¢/, ¢;, X" and X{ such that
" =0Wog, ¥=3wx, (¢',2)EI and ((0,%),(d¢",32),k) E Gt
For any t’ # t, since Gy = Ry, we have ((0,2), (¢/,2’),k) £ Ry. Thus
((cWop,2 W3, (0" Waop, 3 WEp), k) E Ry + 1d.
By 2’ ‘Z)’ ‘R’ G ':tA/ (I—L Ct’: (O.C3 o Uj o'tli Kt/)) :5 (Hl, Ct/’ (O—C’ Z w Zt': kt/)) < (Mtli Mt/) Ug‘/ P, we
know
() for any (t”, B”) € &, there exists @’ and & such that (c W oy, 2 W 3y) =S W &
and &’ |= Enabled(8B"v)
And there exist Mt',, Mt',, &g and §t’, such that
(J) & D,RG L (I, Cy, (0,0’ W ov, kv)) 3 (I, Cy, (04,3 W S, ke)) o (MY, M) g, P,
and
K) &={(t".8) | ((t",8B) € &) A (((cWor,ZW3y), (0" Yoy, 2 W y)) F (Br) *1d)}
and (k=0 = &\& € &), and

(L) ifk > 0, then there exists T’ such that (Cy, (o¢, At (Z)W(l4); Zt), Ky)) Lt’,H’ (Cy, (0, A (2)W
(W 20, ke)),
otherwise, M;, < My, or M{, =My and &; = 0; and

(M) if k = 0, then either M" < M
or M’ =M and &; = 0.

From (C), we know

T
(Ct, (06,29 (Wi Z0), ki) H?,nf (C (062" W ELW (gt Zv), kD)) -
Let W = (letIl’inC, || ...C{... || Cy) and S’ = (0,2 W E{ W (Wyy 2v), K{t ~ K}).
With (L), we know there exist T and n such that
(W, (02, % & (g, 20), K)) 3" (W', 7).
Also, for any t” # t, we have: either t’ € tidset(T), or M}, < My, or M/, = My and &; = 0.
From (G), we know: either t € tidset(T), or M{ < My, or M{ =M, and & # 0 and & C &.
Besides, we have
k>0 = (t e tidset(T)) A (t’ € tidset(T)) .
Define the functions .#” and {’ as follows.
o dom(A") = dom({") = activeThrds(W").
e For any t € dom(.#"), we have .Z"(t) = (M, {t' ~ M], | dep(t,{’,t")}) and {'(t) =
tidset(&;).
Then by the co-induction hypothesis, we know
(W', (0, 0", K")) < (W', S") o (M", (", L) .
For the thread t, suppose t ¢ tidset(T), then k = 0. Then,
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o If M{ < My, then .Z"(t) < . (t).
o IfM{ =M;and & # 0 and & C &/, we know {(t) # 0 and {(t) C ¢’(t). for any t’ that
dep(t, ¢, t'), From (M), we have M, < My.
o If M), < My, #'(t) < ()
o If M, < My,and {(t") # @ and {(t") € {'(t"), we get .#'(t) = .4 (t) and we are
done
For any t’ € dom(.#)\{t}, suppose t’ ¢ tidset(T), then k = 0. Then,
o IfM], <My, then .Z'(t") < .4 (t').
o If M, = My, £ = 0 and from (K), we know &y C &/, for any t”’ that dep(t’,¢,t”"), From
(H)(M), we know M/, < My,
o If M/, < My, A’ (t') < M (t')
o If M, < My, and {(t”) # 0 and {(t”) C {'(t”), we get A" (t") = A (t'), if
dep(t’, {,t), we know & # 0.
Thus we are done. O

B.5.3 Simulation for Whole Programs and Fair Refinement.

Definition B.19 (Fair refinement). {P}W C'W iff
Vo.,0,3. (0,2) EP = Op,[W, (0., 0,0))] € Op[W, (0, %, @)] .

Definition B.20 (Simulation for the whole program). {P}W = W iff, for any o, o and %, if
(0,2) E P, there exist # € ThrdID — Metric ,{ € ThrdID — % (ThrdID) and .Z € (RelMem x
ThrdID) — TidLayer such that

(LWJ> (O-C’ G’ @)) S (LWJ’ (Gcﬂ 2> ©)) < (‘%’ g’ "%)'
Here (W, 8) < (W, S) o (A, {,.Z) is co-inductively defined as follows.
Whenever (W, S) <(W,S) ¢ (A, {, £) holds, then the following hold:
(1) (a) dom(A) = dom({) = activeThrds(W) = activeThrds(W), and Vt € dom({). {(t) C
dom({).
(b) forany t’ € {(t). £((S.0,S.2),t) > Z((S.0,S.2),t)
(2) ¥ (W,S) — (skip, S’), then
there exist T and S’ such that get_obsv(T) = € and (W, S) st (skip, S’).
3) If (W, S) — abort, then
there exist t and T such that e = (t, clt, abort), e = get_obsv(T) and (W, S) st abort.
@) If (W, S) — (W, S’), then
there exist t, T, W’, S’, .#" and {’ such that all the following hold:
(@) (W,5) —* (W',8);
(b) t =tid(e), get_obsv(e) = get_obsv(T), (e = (t,term)) = (e = last(T));
© W.8)=(W,8) o (A", 2);
(d) either t € tidset(T),
or A'(t) < (1),
or A'(t) = A(t) and {(t) # 0 and {(t) C {’(t) and for any t’ € {t’ | dep(t, {,t’)},
J(t") < '(t);
(e) for any t’ € dom(.#)\{t}, we have:
either t’ € tidset(T),
or A'(t") < M (),
or A'(t') = A (t') and {(t’) C {’(t’') and for any t” € {t”" | dep(t’,{,t"")}, {(t") C
{’(t”) and —~dep(t’, {, 1)
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. def
(letTinCy|]...Ce...|ICo)c = Gt

activeThrds(W) & {t | 3C. (Wt = C) A (C # skip)}

' at [0 if&E=e
tidset(&) = { {tid(e)} Utidset(&) if & = ex:&’

Fig. 27. Auxiliary definitions.

or A'(t') = A (t') and {(t’) C {’(t’) and for any t” € {t”" | dep(t’,{,t"")}, {(t”) C
’(t"”) and dep(t’, ¢, t) and {(t) # 0.

LEMMA B.21 (SIMULATION FOR WHOLE PROGRAM ENSURES FAIR REFINEMENT).
If{P}YW =W and |W| = |W|, then {P}WECW.

To prove Lemma B.21, we introduce the notion of scheduler y, which is similar to the event trace
& but contains more information such that it can uniquely determine an execution. That is, each
step is deterministic given the code, the state, and the scheduler. Note that the event trace & is not
sufficient to determine a unique execution if we allow non-deterministic instructions such as x :=
rand().

(SchEvt) 1+ == (t,f,n) | (t,ret,n) | (t obj,info) | (t, obj, abort)
| (t out, ninfo) | (t clt, info) | (t,clt, abort)
| (t,term) | (spawn,n)

(Sched) y == €| 1y (co-inductive)

Here info denotes the additional information that can uniquely determine a step. For instance, it
could be the value written to x for the non-deterministic instruction x := rand(). We can even
record the initial and final states of the step if necessary.

We strengthen the labelled transition system (W, S) — (W', 8’) in Fig. ?? to (W, S) —s
(W’,8’). The definition of the strengthened transition system is similar to the original one and

omitted here. Then (W, S) P * (W’, 8’) represents a zero or multi-step execution of (W, S) that

leads to (W', S’) under the scheduler y. (W,S) o represents an infinite execution with the
infinite scheduler y. We use e = |t] to remove the additional information in 1, and & = | x| to
remove the additional information in each event in y. We also overload all the predicates over & to
be defined over y. For instance, get_obsv( y) gives us an observable “scheduler” y,, which is the
subsequence of y consisting of externally observable events only.

To facilitate the proofs, we give alternative definitions of Of,. Fig. 28 shows the alternative
co-inductive definitions for generating observable event traces of complete fair executions. We
prove they are equivalent to the original definitions, as shown in the following lemmas. Their
proofs are given later.

Lemma B.22. (8, € Op[W,S]) &= Gx xo- (x F O (LW, S, o)) A (Lxo] = Eo))-
Lemma B.23. (Jy. x E O;?(W, S, x)) &= O;‘)’(W, S, Xo)-
LemmA B.24. IfM OE(W, S, xo), then Ofﬁ‘)’(W, S, Xo)-

We also define a simulation between whole programs under an explicit scheduler y at the low
level, y £ (W, 8) < (W, S) o M, as a bridge that relates the simulation (W,S) < (W, S) o (4, {, .Z)
in Definition B.20 to the fair refinement.
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w,S) 5+ abort get_obsv(y) = xo (W, S) s+ (skip, ) get_obsv(y) = xo
XE OE(W, S, Xo) XE OE(W, S, Xo)

w,S8) s+ W', 8" get_obsv(y) =€ ¥ E O;‘))(W',S’, €) activeThrds(W) C tidset(y)
xzx' EORW.Se)

w,S8) o w’,8") get_obsv(y) =i xo X E O;S’(W’,S', Xo) activeThrds(W) C tidset(y)

x=x E OE(W,S, € Yo Xo)

(a) with an explicit scheduler

w,S) biﬁabort get_obsv(y) = xo W, S) o+ (skip, ) get_obsv(y) = xo
Og, (W, S, o) 0P (W. S, xo)

w,8) st w’,8") get_obsv(y) =€ Ofﬁ‘;(W',S’, €) activeThrds(W) C tidset(y)

Cco
Oﬁ) (W, S, ¢)

W, 8) 5t (W, 8")  get_obsv(y) = 1= o OL(W', 8", ) activeThrds(W) C tidset(x)

O;S(W, S,exyouxy)

(b) the scheduler is implicit

(W,S) 5+ abort get_obsv(y) = xo W, S) S (skip, ) get_obsv(y) = xo
MEOP W, S, xo) MEOFW, S, xo)

w,S) X w’, 8% get_obsv(y) =€ M E O;(“)(W’,S’, €)
dom(M) = activeThrds(W) # 0 vVt € dom(M)\tidset(y). M’ (1) < M(t)
ME O;-(")(W, S,¢)

(W,8) 5% (W, S")  getoobsv(y) =isye M ODW,S", 1))
dom(M) = activeThrds(W) Vt € dom(M)\tidset(y). M’(t) < M(t)

ME OE(W,S,e::XO::X(’))

(c) with the metric mapping M € ThrdID — Metric

Fig. 28. Co-inductive definitions for generating observable event traces of complete fair executions.
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Definition B.25 (Simulation for the whole program with fixed scheduling at the low level).
x E (W, 8) <(W,S) o M is co-inductively defined as follows. Here M € ThrdID — Metric.
Whenever y E (W,S) < (W, S) o M holds, then the following hold:

(1) dom(M) = activeThrds(W) = activeThrds(W).
(2) If (W, 8) + (skip,S’) and y = ¢, then
there exist T and S’ such that get_obsv(T) = € and (W, S) st (skip, S’).
3) ¥(w,S) > abort and X = L€, then
there exist t and T such that | (]| = (t, clt, abort), | 1] = get_obsv(T) and (W, S) L+ abort.
@) If (W,S) — (W', 8’) and y = 1:: y/, then
there exist t, T, W’, S” and M’ such that all the following hold:
(a) (W,S) —* (W, S);
(b) t =tid(|]), get_obsv(|t]) = get_obsv(T), (|t] = (t,term)) = (|:] = last(T));
© x' EW",S)=(W,5) oM
(d) for any t’ € dom(M), either t’ € tidset(T), or M’ (t") < M(t").
LeEmMaA B.26. Forany y, W, S, xo, W, S, # and &, if y = O};‘)’(W, S, xo) and (W,8) (W, S) ¢
(A, {,.2L), then there exists M such that y = (W,S) <(W,S) o M.

Lemma B.27. If y E OZ)’(W, S, xo) and y E (W, 8) < (W, S) o M, then M = OE(W, S, Xo)-

The proofs of the above lemmas are given later. With the auxiliary simulation with an explicit
scheduler and these useful lemmas, we can finish the proof of Lemma B.21.
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Proor oF LEMMA B.21. By Lemmas B.22 and B.23, we only need to show: for any o, 0, 3, i, y
and y,, if (0,%,i) EPand y E O;;’(LWJ, (0¢,0,®), xo), then O;f(LWJ, (06, 2,@), Xo)-
From {P}W = W, we know there exists .# and { such that

(LW, (oc, 0,®)) = (LW, (0¢, 2, @) o (A, {, L).
By Lemma B.26, we know there exists M such that
x E (W], (0, 0,@)) < (LW], (0c, 2, @) o M.
Then by Lemma B.27, we know
M E OF(LW], (0c, %, @), xo)-
By Lemma B.24, we get

O (LW, (0c, %, @), Xo)-

Thus we are done. ]
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PROOF OF LEMMA B.22. &, € O, [W, S] can be unfolded as follows.

Eo € OpIW,S] iff  FE. (W], S) -5 abort) A (E = get_obsv(E))
Vv ((LW),8) 25+ (skip, ) A (Eo = get_obsv(E))
V((LW],S) 259 ) A (8 = get_obsv(E))
A (Yt € activeThrds(|W]). |(E]t)| = w V last(E]t) = (t, term))

We define (o, ) € Op,[W, S] as follows.

(xo, x) € Op,[W, 8] iff (W, S) s+ abort) A (y, = get_obsv(y))
V (W, 8) ¥ (skip, 1)) A (Yo = get_obsv(x))
vV ((W,S8) o ) A (xo = get_obsv(y))
A (Vt € activeThrds(W). [(x|t)| = @ V last(x|t) = (t, term))
Then (&, € OﬁJ W.S) = 3o, x- ((xo, x) € Oﬁ)[[( LW1), S A (Lxol = Eo)). Below we prove
(X EOL(W.S.10)) <= ((xor ) € Op[W. S]) (B.4)
e —: We have two cases:
o |xI# o
Proof: By induction over | y|, and then by inversion over y = Og’(W, S, Xo)-
o |y| = w: Weprove (W, S) o -, Xo = get_obsv(y) and Vt € activeThrds(W). |(x|1)| =
w Vlast(y|t) = (t, term).
e We prove (W, S) A by co-induction.
e We prove y, = get_obsv(y) by co-induction.

o Let termThrds(y) « {t | last(xl¢) = (t, term)}.
Foranyt € activeThrds(W)\termThrds(y), we prove |(x|t)| = @ by co-induction.
e &: By co-induction.

Proor oF LEMMA B.23. By co-induction. O
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ProoF or LEMMA B.24. We want to prove the following:

YW,S, xo.
(AIM. M EOZ(W,S, o)) = O (W, S, xo)

By co-induction.
Co-induction Principle: Vx. (3S.SC F(S)Ax€S) = xegfpF
Figure 28 defines F and gfp F (ie., O;j’ at the middle part of the figure). Let

def

§ = AW, 8, x0) | IM. M E OF (W, S, Yo))}-
So from the co-induction principle, we only need to prove:
S CF(S), ie, YW, S, xo. W, S, x0) €S = (W, S, xo) € F(5).
By unfolding S and by inversion over O}, we have the following cases.

(1) w,8) %5+ abort and get_obsv(y) = yxo:
From the definition of F (at the middle part in Figure 28), we know (W, S, y,) € F(S).
(2) (W,S) =5+ (skip, ) and get_obsv(y) = yo:
From the definition of F (at the middle part in Figure 28), we know (W, S, x,) € F(S).
(3) Xo =€ (W,8) F5" (W, Sy), get_obsv(yx) = €, (My k= O(Wy, Sy, €)),
dom(M) = activeThrds(W) # 0 and Vt € dom(M)\tidset(yx). My(t) < M(t):
We want to prove (y, W, S, ¢) € F(S). We have two cases:
(a) activeThrds(W) C tidset(yy):
Since activeThrds(W) # 0, we know (W, S) K+ (W, Sy).From (M, | Og(Wy, Sy.€),
we know (W, Sy, €) € S. From the definition of F (at the middle part in Figure 28), we
know (W, S, €) € F(S).
(b) dom(M)\tidset(yx) # 0:
By transfinite induction over the metric (dom(M)\tidset(yx), My).
Transfinite Induction Principle:
(VM. (YM'. M’ < M = P(M’)) = P(M)) = VM.P(M)
The order over the metrics, (&, M) < (&1, My), is defined as follows.
(&2, Ma) < (G My) ff (&) V (L =8#0) A (VEe & Ma(t) < My(1))
It is clear that (&, M3) < (&, My) is a well-founded order.
We view our goal as VM, yx, My.P(M, xx, My), which is reformulated as follows.
VM, X My.
YW, Sy.
(W, 8) 5% (W,, 8y)) A (get_obsv(xy) = €)
A My E OE)(Wy, Sy, €)) A (Yt € dom(M)\tidset(yx). My(t) < M(t))
-
(W, S8,¢€) € F(S)
By the transfinite induction principle, we only need to prove
VM, X, My.
(YM, o My, (dom(M)\tidset(xy), M) < (dom(M)\tidset(yx), My)
= P(M, 3. M)
= P(M, xx, My)
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The proof is by inversion over (M, | O;‘)(Wy, Sy, €)). We only have two possible
cases:

(i) (W, Sy) K+ (skip, _) and get_obsv(y,) = €:

We get (W, S) RN (skip, _) and get_obsv(yx:: ) = €. By the definition of
F (at the middle part in Figure 28), we know (W, S, €) € F(S).

(1) (W, Sy) 5 (W, ;). get_obsv(x}) = e, (M}, F OF(W;, 5}, €)),
dom(M,) = activeThrds(W,) # 0 and Vt € dom(My)\tidset(xy). My (t) <
My(t):
We first show

(dom(/\/(y)\tidset()(x::X;),M’y) < (dom(M)\tidset (), My) . (B.5)

By the operational semantics, we know

dom(My) = activeThrds(W,) C activeThrds(W) = dom(M).
Since tidset(yx) C tidset(yx == xi), we know dom(M,)\tidset(yx == xy) C
dom(M)\tidset(yx). If dom(M)\tidset(yx :: xx) = dom(M)\tidset(yx), for
any t € dom(My)\tidset(yx :: xx), we know t € dom(M,)\tidset(y;). Thus
M (t) < My(t). Thus we have proved (B.5).

By the transfinite induction hypothesis, we have
YW, S,
(W, 8) K, (W Sy)) A (get_obsvxe i xi) = €)
ANM,EO (W’, e)) A (Yt € dom(My)\tidset (yx 2 xy). My (1) < My(t))
—
(W, S,¢€) € F(S)
Thus we get (W, S, €) € F(S).
(4) Xo = 15 Xa# Xor (W, 8) ¥ * (W, Sy), get_obsv( ) = 13 xa, (My | O (Wy, Sy, 1),
dom(M) = activeThrds(W) and Vt € dom(M)\tidset(yx). M, (t) < M(t):
We want to prove (W, S, €) € F(S). We have two cases:
(a) activeThrds(W) C tidset(yy):
From (M, Oz(Wy, Sy, xp)), we know (Wy, Sy, x3) € S. From the definition of F (at
the middle part in Figure 28), we know (W, S, yx,) € F(S).
(b) dom(M)\tidset(yy) # 0:
By transfinite induction over the metric (dom(M)\tidset(xx), My).
Transfinite Induction Principle:
(VM. (YM'. M’ < M = P(M’)) = P(M)) = VM.P(M)
The order over the metrics, (&, M) < (&1, My), is defined as follows.
(&, Ma) < (6. My) it (&2 C &) Vv (=8 #0) A (Vte b Ma(t) < Mi(b)
It is clear that (&, M3) < (&, My) is a well-founded order.
We view our goal as VM, yx, My.P(M, xx, My), which is reformulated as follows.
Y M, xx, My.
YWy, Sy, 1 Xa» Xb-
(Yo = 15 Xait x6) A (W, S) 5% (W, Sy)) A (get_obsv(xx) = £ xa)
AN My EOT (Wy, Sy xv)) A (Yt € dom(M)\tidset(yx). My (t) < M(t))
N
(W, S, x0) € F(S)

64



Progress of Concurrent Objects with Dynamic Dependencies

By the transfinite induction principle, we only need to prove
VM, X My.
(YM, o My, (dom(M7)\tidset(xy), M) < (dom(M)\tidset(yx), My)
— POM, i M})
= P(M, xx, My)
The proof is by inversion over (M, |= Og (Wy, Sy, x»)). We have four cases:

(i) (W, Sy) — K+ abort and get_obsv(y,) =

We get (W, S) +abort and get_ obsv( Xx i Xy) = Xo- By the definition of
F (at the middle part in Figure 28), we know (W, S, y,) € F(S).

(i) (Wy,Sy) Y (skip, _) and get_obsv(yy) = xs:

We get (W, S) —— N (skip, _) and get_obsv(yx :: xy) = xo- By the definition
of F (at the middle part in Figure 28), we know (W, S, x,) € F(S).

(i) xp =€, (Wy, Sy) »—>* (Wy, Sy). get_obsv(yy) =€, (M F Om(W', Sy 6),
dom(M,) = actlveThrds(W) # 0 and Vt € dom(My)\tldset()(x) M) <
My(t):

With (B.5), by the transfinite induction hypothesis, we have

VW’ S;,l Xas Xb-

(Xo = 15 Xa: xb) A ((W 8) A ——" (W, S)) A (get_obsv(xx:: xy) = 13 xa)
ANME ﬁ)(W,’ o Xp)) A (Yt € dom(My)\tidset (xx : xy). My (1) < My(t))
—
(W, S, x0) € F(S)

Thus we can get (W, S, x,) € F(S).

(V) o = 1= 0 xp (W Sy) ¥+ (W, S)), get_obsv(x}) = 1/ = b (M),
O (Wy. Sy 13
dom(My) = activeThrds(W,) and Vt € dom(My)\tidset(y;). My (t) < My(t):
With (B.5), by the transfinite induction hypothesis, we have

YWy, Syt Xas Vs Xas Xy

(o = 13 a5 55 2)) A (W, S) A5+ (wy, 8))
A (get_obsv(yy:: xr) = 1 ygut' = x0)
A (M’y E OE(W', S, X)) A (Vt € dom(My)\tidset (yx :: xy)- M;(t) < My(t))
—
(W, S, xo) € F(S)
Thus we can get (W, S, x,) € F(S).
Then we are done. O
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Proor oF LEMMa B.26. First we define

roundsub(x, & xx) iff ([x| £ @) A Qe =x) vV Ix" (X = xx2X) A (Ixxl # @) A (§ C tidset(xx))
. df | minPos(y, &) if& =0
minPos(y, ¢1,2) = { minPos(y, &) if & # 0
1 ify=e
minPos(y, &) i if y=1uy,|x| # wand tid(s) € €
1+ minPos(y’, &) if y =1y, |x| # w and tid(1) ¢ &
nonblocker(t, t,, {) iff ({(t) =0 At,=1t)V ({(t) # 0 Adep(t,{,ty) AL (ty) = 0).

We prove the following (B.6) by inversion over y | O;‘))(W, S, Xo)-
Ify O;;’(W, S, Xo), then there exists y, such that roundsub( y, activeThrds(W), ).
(B.6)
We can prove the following (B.7)

If (W,S8) < (W,S) ¢ (A,{,Z), then for any t € dom({), there exists t, such that
nonblocker(t, t,,, {).
(B.7)

We can prove the following (B.8)

Fy=pxcoxox=t:)x,xx =t xp X' = Xy Xeot & &t = tid([1]),
roundsub(y, activeThrds(W), yx), & < activeThrds(W), then roundsub(x’, &, xy).
(B.8)

Also, by inversion over (W, S) <(W,S) ¢ (A, {,.£), we know
dom(A') = dom({) = activeThrds(W) = activeThrds(W).

Choose yy such that roundsub(y, activeThrds(W), y,). Next we choose M to be a function such
that the following hold:

(1) dom(M) = activeThrds(W).
(2) Forany tand tidset, such thatt € dom(M) and tidset, = {t, | nonblocker(t,t,,{)}, we
have M(t) = (A (t), ({t' ~ {(t") | dep(t,{,t") V t =t'}, dom({)), minPos( yx, tidset,)).
We define the order M’ (t) < M(t) as a dictionary order:

(M’ (¢, &p). k') < (M, (¢, &p). k) iff
M <M) v (M'=M) A" &) <(0.ép)) v (M =M) A", Ep) = (§.Ep) A (K" < k)
(0", &p) < (¢, ép) iff
(3. J7(1) 2 J(1) A(YE'(1) 2 J() AL7(1) € &, ALY € Ep) A (& € ép)
(&', &p) = (&, &p) iff
(Vt. (1) = J(t) A7(t) € &, A L) € Ep) A (€, € ép)
Clearly that M’(t) < M(t) is a well-founded order.
Next we prove: for any y, W, S, o, W, S, A, &, M and yy, if

(1) x EOL(W, S, xo):
(2) (W, 8)<(W,8) o (M,{,.2);
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(3)

roundsub( y, activeThrds(W), xx);

dom(M) = activeThrds(W); and

for any t and &, such that t € dom(M) and &, = {t, | nonblocker(t, t,, ()}, we have
M(t) = (A (1), {t' ~ {(t') | dep(t, {,t) V t = t'}, dom()), minPos(yx, &n)).-

then y E (W, S8) < (W, S) o M.
By co-induction. We need to prove the following.

(1)

(2)

©)

(4)

dom(M) = activeThrds(W) = activeThrds(W).

Proof:From (W, S) < (W, S)o(A,{, L), weknow dom(.#) = dom({) = activeThrds(W) =
activeThrds(W).

If (W,S) +— (skip,S’) and y = ¢, then

there exist T and S’ such that get_obsv(T) = € and (W, S) st (skip, S’).
Proof :From (W, S) < (W, S)o( A, {, L), we know there exist T and S’ such that get_obsv(T) =

€ and (W, S) st (skip, S).
If (W,S) s abort and X = L€, then

there exist t and T such that [ 1] = (t, clt, abort), | 1] = get_obsv(T) and (W, S) st abort.
Proof: From (W, S) < (W,S) ¢ (A, {,.L), we know there exist t and T such that || =
(t, clt, abort), | 1] = get_obsv(T) and (W, S) L abort.
If (W,S) — (W', 8’) and y = 1:: y/, then

there exist t, T, W’, S” and M’ such that all the following hold:

(a) (W,5) +—° (W, 5);

(b) t=tid(|]), get_obsv(|t]) = get_obsv(T), (|¢] = (t,term)) = (|:] = last(T));

© x' EW,S8)=(W,S8) o M

(d) for any t’ € dom(M), either t’ € tidset(T), or M’ (t") < M(t’).
Proof: From (W, 8) < (W, S) ¢ (A, {,.L), we know there exist t, T, W', S’, .4’ and {’ such
that all the following hold:

(A) (W,8) " (W,8);
(B) t =tid([]), get_obsv(|t]) = get_obsv(T), (|:] = (t,term)) = (|:] = last(T));
©) W, 8= (W, S") o (A", 2);
(D) either t € tidset(T),
or A'(t) < (),
or /' (t) = A (t) and {(t) # 0 and {(t) C {’(t) and for any t’ € {t’ | dep(t,{,t")},
J(t") < '(t);
(E) for any t’ € dom(.#)\{t}, we have:
either t” € tidset(T),
or ' (t") < M (t),
or A'(t') = A (t') and {(t’) C {’(t’') and for any t” € {t”" | dep(t’,{,t"")}, {(t") C
{’(t”) and —~dep(t’, {, 1)
or A'(t') = A (t') and {(t’) C {’(t’') and for any t” € {t”" | dep(t’,{,t"")}, {(t”) C
{’(t"”) and dep(t’, ¢, t) and {(t) # 0.
Since y Og(W, S, Xo), by Lemmas B.28 and B.29, we know there exists y/ such that
Xo = (get_obsv(1)): x; and y’ O;;’(W’,S’, X5
By (B.6), we know there exists y such that roundsub(y’, activeThrds(W’), xx).
Choose M’ such that dom(M’) = activeThrds(W’) and for any t € dom(M’),let &, = {t, |
nonblocker(t, t;, ")}, we have

M) = (A" (1), ({t' ~ (1) [ dep(t, ¢, 1) V t = t'}, dom({”)), minPos(x7. &)
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By the co-induction hypothesis, we know y’ E (W', 8’) < (W’,S") o M".
Below we prove: either t € tidset(T), or M’(t) < M(t). From (D), if t € tidset(T), we are
done. If AZ’(t) < (1), then M’(t) < M(t).

o If A'(t) = .#(t)and {(t) # 0 and {(t) C {’(t) and there exists t’ such that t’ € {t’ |

dep(t,{,t") Vit =t"}, I(t) c {'(t)).
From the premise, we know

dom({’) = activeThrds(W’), dom({) = activeThrds(W)
By the operational semantics, we know activeThrds(W’) C activeThrds(W). And
for any t” € {t’ | dep(t,{,t")}, we know {(t”) € {'(t”), {(t”) < dom({) and
J'(t") < dom({).
Thus we have ({t’ ~ {(t') | dep(t,{,t") Vt = t'},dom({)) < ({t' ~ {'(t') |
dep(t,{’,t") vt =t'}, dom({’)), then M’(t) < M(t)

o If #'(t) = A(t) and {(t) # 0 and {(t) € {’(t) and for any t’ such that t’ €
{t’ | dep(t,,t) vVt =t'}, {(t') = {'(t'). We have ({t' ~ {(t') | dep(t,{,t") Vit =
t'}, dom({)) = ({t" ~ {'(t') | dep(t, I, ") V t = t'}, dom({"))

Let &, = {t, | nonblocker(t, t,, {)}. We can prove &, = &,
Below we prove minPos( yz, &) < minPos(yy, &)
Since roundsub( y, activeThrds(W), xx), we know there exists y, such that y = y,:: x,.
Since y # € and activeThrds(W) # 0, we know y, # €. Since y = 1= y’, we know
there exists y, such that y, = 1:: y, and ¥’ = yy:: xz. Since {(t) # 0,so t ¢ &,, and
t = tid([¢]), we know
minPos(yy, &) < minPos(yx, &,).
By B.8 we have roundsub(y’, &, xy). Since &, = &, C activeThrds(W’),
from roundsub(y’, activeThrds(W’), y;.), we have roundsub(y’, &,, ). Then by Lemma B.30,
we know
minPos(yy, &») = minPos(yy, &,).
Thus M’ (t) < M(t).
Next we prove: for any t’ € dom(M)\{t}, either t’ € tidset(T), or M’(t") < M(t’). From
(E), if t’ € tidset(T), we are done. If .#Z'(t") < .# (t'), then M’(t) < M(t).
o If /' (t') = #(t') and {(t') C {’(t’) and there exists t’” such that t” € {t"” |
dep(t’,{,t") V' =t"}, {(t7) C {'(t").
From the premise, we know
dom({’) = activeThrds(W’), dom({) = activeThrds(W)
By the operational semantics, we know activeThrds(W’) C activeThrds(W).
And for any t”” € {t””" | dep(t’,{,t"”’)}, we know {(t"") C {’(t"""), {(t"") C dom({)
and ’(t"") € dom({").
Thus we have ({t ~ {(t) | dep(t’,{,t)Vt =t'}, dom({)) < ({t ~ {’(t) | dep(t’,{’,t)V
t=t"}, dom({’)), then M’(t") < M(t")

o If. /' (t') =.#(t')and {(t’) C {’(t') and for any t” such thatt” € {t”" | dep(t’,{,t"")V
¥ =7}, {(t") = {'(t). We have ({t ~ £(t) | dep(¥,£,t) V t = '}, dom()) = ({t ~>
J'(t) | dep(t', ", 1) V t = t'}, dom({”))

Let &, = {tn | nonblocker(t’, t,, {)}. We can prove &, = £,
Below we prove minPos(yz, &) < minPos(yy, &)
Since roundsub( y, activeThrds(W), yx), we know there exists y, such that y = y,:: x,.
Since y # € and activeThrds(W) # 0, we know y, # €. Since y = 1:: y’, we know there
exists y, suchthat y, = 1:: y,and Y’ = yy:: x;. From (=dep(t’, {, t)or(dep(t’, {, t)and{ (t) #
0)), we know t ¢ &,, and t = tid([:]), we know

minPos(yy, &) < minPos(yx, &,).
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By B.8 we have roundsub(y’, &, xy). Since &, = &, C activeThrds(W’),
from roundsub(y’, activeThrds(W’), yy.), we have roundsub(y’, &,, xx). Then by Lemma B.30,

we know
minPos(yy, &») = minPos(yy, &,).
Thus M’(t) < M(t).

Thus we are done.

LEmMMA B.28. If (1::yx) E OE’(W, S, xa), then there exists yp, such that y, = (get_obsv(1)) :: xp.

]

LEmMA B.29. If (i yx) E OE(W, S, xa), (W,S) — (Wy, Sx) and y, = (get_obsv(1)) :: yp, then
X< E O;?(Wx» Sxs Xb)-
Proor. By co-induction, and then by inversion three times over (e:: yy) | OE(W, S, xa)- O

LEMMA B.30. If¢ # 0, roundsub(y, &, xx) androundsub(y, £ y,), then minPos( yx, £) = minPos(y,, £).

Proor. From the premises, we know |yx| # w and |y, | # w. Suppose | yx| < |xy|. We have two
cases:
o |x| #wand yyx = x:
We know there exists y; such that y = yy:: ;. Thus y, = x. Then we have yx = x, and
we are done.
o there exists y. such that y = y,: ys and & C tidset(yy):
We know there exists y; such that y = yy:: x;,. Thus there exists y; such that yy = xx: x;
and y; = Xz xy. Since & # 0, we know tidset(yx) # 0. Thus there exist e and xo such that
Xx = e xo. Thus y, = e:: yo:: yz. By induction over | y|.
O
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Proor oF LEMMA B.27. By co-induction.
Co-induction Principle: Vx. (3S.SC F(S)Ax€S) = xecgfpF
Figure 28 defines F and gfp F (i.e., OB at the bottom part of the figure).

def

So from the co-induction principle, we only need to prove:
S CF(S), ie, VM,W,S, yo. MW, S, xo) €S = (M, W,S, yo) € F(S).

By unfolding S and by inversion over O;;’, we have the following cases.

1) (x EW,8)=<(W,S) o M),n>0,(W,S) %57 abort and get_obsv(y) = xo:
2 (xEW,8)=2(W,S)oM),n>0,(W,S) yn (skip, _) and get_obsv(y) = yo:
Xx
B) (XEW,8)<(W,85) o M), n>0, x = yx:: Xy, Yo = & (W, S) /" (Wy;, Sy),
get_obsv(yx) =€, (xy F O;j’(Wy, Sy, €)), activeThrds(W) C tidset(yx):
To prove (M, W, S, €) € F(S), we want to prove: there exist Ty, W, S, and M, such that

(W,5) 5% (W,,S,), get_obsv(Ty) =€, (Mg, W,,Sy.€) €S,
dom(M) = activeThrds(W) # 0, Vt € dom(M)\tidset(Ty). M, (t) < M(t) .
Since (yy O;;’(Wy,Sy, €)), we only need to prove:

Vo, x, W,S8, W, S, M, xx, xy» Wy, Sy, Xo-

(n>0)A(x E (W,8)<(W,S) o M) A (x = yatixy)

A (W, S) Z5m (W, 8,)) A (get_obsv(xx) = Xo)

-

I, W,, S, My, (B.9)

((W,5) =5 (W,,5,)) A (get_obsv(Ty) = xo)
A (xy BE (W, Sy) = (Wy,Sy) o My)
A (dom(M) = activeThrds(W) # 0) A (Vt € dom(M)\tidset(Ty). My (t) < M(t))
By induction over n.
e Base case: n = 1. Suppose yx = e €. Since y E (W,S8) < (W,S) ¢ M, we know
dom(M) = activeThrds(W) = activeThrds(W) # 0. Also there exist t, T, W’, S" and
M’ such that all the following hold:
(A) (W, 5) " (W', 8");
(B) t =tid(e), get_obsv(e) = get_obsv(T), (e = (t,term)) = (e = last(T));
©) xy E (W, 8y)) < (W', 8") o M;
(D) for any t’ € dom(M), either t’ € tidset(T), or M’(t") < M(t).
From (D), we have: Vt € dom(M)\tidset(T). M’(t) < M(t).
o Inductive step:n = k +1 and k > 0. Suppose yx = e:: y; and

(W,8) Ko (Wy, Sy) and (W, Sy) 5k (W, S,) .

Since y £ (W, 8) < (W, S)o M, we know dom(M) = activeThrds(W) = activeThrds(W) #
0. Also there exist t, T, W’, S” and M’ such that all the following hold:

(8) (W,8) —* (W, 8);

(B) t =tid(e), get_obsv(e) = get_obsv(T), (e = (t,term)) = (e = last(T));

©) Orxxy) B (Wi, Sx) < (W', 87) o M,
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(D) for any t’ € dom(M), either t’ € tidset(T), or M’(t") < M(t).
From (D), we have: Vt € dom(M)\tidset(T). M’ (t) < M(t).

From the induction hypothesis, we have:

ATy, W, Sy My
(W', §7) =5 * (W, ) A (get_obsv(Ty) = get_obsv(x.))
Ay E Wy, Sy) 2 (W, Sy) o My)
A (dom(M’) = activeThrds(W’) # 0) A (Vt € dom(M")\tidset(T,). My (t) < M'(t))
Thus we have (W, S) % *(Wy,Sy) and get_obsv(T :: T,) = get_obsv(e:: y;) =
get_obsv(yy). Also, forany t € dom(M)\tidset(T::Ty), weknowt € dom(M)\tidset(Ty).
Thus M’(t) < M(t). Also, we know t € dom(M’)\tidset(Ty). Thus M, (t) < M'(t).
By the transitivity of the well-founded order, we have M, (t) < M(t).
Xx
(4) (x F(W,8)x(W,S) o M), n>0, y = xx Xys Xo = €a Xai X, (W, S) —" (W, Sy),
get_obsv(yx) = eq: xa, (xy F O;;’(Wy, Sy, xp)), activeThrds(W) C tidset(yy):
To prove (M, W, S, x,) € F(S), we want to prove: there exist Ty, W, S, and M, such that

(W,S) LA (Wy,Sy), get_obsv(Ty) =eq:ya, (My, Wy, Sy, xp) €5,
dom(M) = activeThrds(W) # 0, Vt € dom(M)\tidset(Ty). M, (t) < M(t) .
Since (yy Og(Wy, Sy, xp)), we are done by (B.9).
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B.6 Equivalence between Contextual Refinement and
Starvation-Freedom/Deadlock-Freedom

Below we first define starvation-freedom starvation-freep (IT) and deadlock-freedom deadlock-freep (IT).
They are defined over complete execution traces.

Then we give the full formal definition of linearizability, IT ﬁ'li," I, and present a contextual
refinement which observes finite event traces only, II Eg“ I'. Following earlier work [Filipovi¢
et al. 2010; Liang and Feng 2013; Liang et al. 2013], we prove II 5'},” I is equivalent to II I;If,i” I.
This equivalence result (Theorem B.38) is the basis of our new results that relate IT Cp T to
starvation-freedom and deadlock-freedom of linearizable objects.

Finally, we show the new equivalence results (Theorems B.39 and B.40) between linearizability,
starvation-freedom, deadlock-freedom and the contextual refinement under fair scheduling.

Formalizing starvation-freedom and deadlock-freedom. Following the earlier work [Herlihy and
Shavit 2011; Liang et al. 2013], we define starvation-freedom and deadlock-freedom over execution
traces. We first introduce some auxiliary definitions in Fig. 29. We use 7,,[W, 8] to represent the set

of whole event traces generated by executions starting from (| W |, S). Here (|W ], S) oy (W, 8"
represents a zero or multi-step execution of (| W], S) that leads to (W', S”) with the sequence & of

events generated; (| W], S) Lo then represents an infinite execution with the whole event trace
&, which must be infinite too. We also insert a (spawn, n) event at the head of each event trace to
record the number of threads in the program. The lifting | W] appends an end command at the
end of each thread, which generates a (t, term) event to mark the termination of this thread t.

Besides, we say & is fair, i.e., fair(&), if & is finite or every non-terminating thread t has infinite
steps on the trace. Here &|; is the subsequence of & consisting of events from thread t only.

Also in Fig. 29, we define prog-t(&) to say that every method call in & eventually finishes. Here
pend_inv(&E(1..i)) gets the set of pending invocation events in the sub-trace £(1),...,E(i) of &,
and match(e, £(j)) says that E(j) is a return event which matches with the invocation e, so the
corresponding method call finishes. prog-p(&) requires that some pending method call finishes.
Different from prog-t(&), the return event E(j) in prog-p(&) does not have to be a matching return
of the pending invocation e. We also write abt(&) to say that & ends with a fault event.

Starvation-freedom and deadlock-freedom require prog-t and prog-p, respectively, in every fair
execution. They are defined below.

Definition B.31 (Starvation-free objects). starvation-freep(II) iff
Vn,Cy,...,Cn, 06,00, E. E € Tpy[(let I in Cy || . .. || Cp), (0¢, 06, ®)] A ((00, ) E P) A fair(E)
= prog-t(E) V abt(&).

Here © = {t; ~ o,...,t, ~ o}.

Definition B.32 (Deadlock-free objects). deadlock-freep(IT) iff

Vn,Cy,...,Cn, 06,00, E. E € Tpy[(let I in Cy || . .. || Cp), (0c, 06, ®)] A ((00,_) E P) A fair(E)
= prog-p(&) V abt(&).

Formalizing linearizability. Linearizability describes atomic behaviors of object implementations.
Following its standard definition [Herlihy and Wing 1990], we define linearizability using histories,
which are finite event traces & consisting of only method invocations, returns, and object faults.
As defined in Fig. 29, we say a return e, matches an invocation e;, denoted as match(ey, ez), iff they
have the same thread ID. An invocation is pending in & if no matching return follows it. We use
pend_inv(&E) to get the set of pending invocations in &. We complete a history & by appending zero
or more return events, and dropping the remaining pending invocations. The result is denoted by
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To[w.S] £
((spawn, [W]) =8 | (LW, S) v
VWL,S) K (skip, ) v (W), S) K5 * abort}

def

lletITin Cq||...||Cn] = letIlin (Cy;end)||...|| (Cpn;end)

letITin Cy || ... || Cxl o tnum((spawn, n):: &) &

fair(8) iff |E|=w = Vte [1.tnum(E)]. [(E|t)| = w V last(E]t) = (t, term)
match(ey, e2) = is_inv(ey) Ais_res(ez) A (tid(er) = tid(ez))

pend_inv(&) &f {e | Ji.e=&(i) Ais_inv(e) A =3j. (j > i A match(e,E(j)))}
prog-t(&) iff Vi,e.e € pend_inv(E(1..i)) = 3j. j > i A match(e, E(j))
prog-p(&) iff Vi,e. e € pend_inv(E(1..1)) = 3Tj.j > i Ais_ret(E()))

abt(&) iff di.is_abt(&(i))

04, IW.S] = {get_obsv(8) | & € T,[W, S| Afair(E)}
Ow.s[1E {get_obsv(&) | & € To,[W,S]}

TIW.S] & (& | W, 8. (W, S) rS* (W', 8') v (W, S) +2* abort}

Hw,S] &
O[W.8] & {get_obsv(&) | & € T[W,S]}

{get_hist(&) | &€ T[W,S8]}

is_inv(e) match(ey, e2) seq(&) Vt. seq(Elt)
seq(e) seq(e :: €) seq(eg €3 :: &) well_formed(&)
I (3,8) iff 3n,Cy,...,Cho00. & € H[(letTin Ci ... || Cp), (0c, =, ©)] A seq(E)

Fig. 29. Event traces.

completions(&). It is a set of histories, and for each history in it, every invocation has a matching
return event.

Definition B.33 (Linearizable histories). & <'™ & iff both the following hold.
(1) Yt. 8|t = 6/|t.
(2) There exists a bijection 7 : {1,...,|&|} — {1,...,|&’|} such that Vi. (i) = &' (x(i)) and
Vi,j.i < jAis_res(E(i)) ANis_inv(E(j)) = x(i) < n(j).
That is, & is linearizable with respect to & if the latter is a permutation of the former, preserving
the order of events in the same threads and the order of the non-overlapping method calls. Then an
object is linearizable iff each of its concurrent histories after completions is linearizable with respect

to some legal sequential history. As defined in Fig. 29, we use I' > (2, &’) to mean that &’ is a legal
sequential history generated by any client using the specification I' with an abstract initial state 3.

Definition B.34 (Extensions of a history). extensions(&) is a set of well-formed histories where
we extend & by appending return events. It is inductively defined as follows.
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well_formed(&) &’ € extensions(&E) is_ret(e) well_formed(&'::e)
& € extensions(&) &’ ::e € extensions(&)

Definition B.35 (Completions of a history). truncate(&) is the maximal complete sub-history of &.
It is inductively defined by dropping the pending invocations in &.

truncate(e) < e

. def e:truncate(&) if is_res(e) or di. match(e, E(i))
truncate(e: &) = { truncate(&) otherwise

Then completions(&) « {truncate(&’) | & € extensions(E)} .

Definition B.36 (Linearizability of objects). The object implementation II is linearizable with
respect to I', written as II 5'}'," T,iff

Vn,Cy,...,Cn,06,0,%,E. & € H(letTLin Cy ||. .. || Cp), (0c, 0,®)] A ((0,2) | P)
— 38, 8. & € completions(E) AT > (3,E') A&, <" &’

Equivalence results.

Definition B.37 (Basic contextual refinement). T Ci" TI" iff

vn,Cy,...,Cp,00,0,2. ((0,2) FP) =
O[(letIlin Cy||...||Cpn), (0c, 0,@)] € O[(let I in Cy || ... || Cp), (06, 2, ®)] -

THEOREM B.38 (BASIC EQUIVALENCE FOR LINEARIZABILITY). II SE," I = II E?,” I.
TueoreM B.39 (D 1N Fig. 25). II 5?," I’ A starvation-freep(Il) <= IICpT.
THEOREM B.40 (® 1v Fic. 25). 11 52” ' A deadlock-freep(IT) &= II Ty, (p) wri(T).
In the following subsections, we give the proofs of the above equivalence theorems.

B.6.1  Most general client. The key in our proofs is the use of the Most General Client (MGC).
Informally, an MGC is a special client which itself can produce all the possible behaviors produced by
any clients. We can define the MGC versions of linearizability, progress properties, and observable
refinements, and prove their relationships to the original definitions, which universally quantify
over arbitrary client programs. Then we reduce the problems of proving the equivalence between
original definitions to proving some relationships between the MGC versions. Since an MGC is a
specific client, the latter task is usually much simpler.

In fact, we define three MGCs, which produce different “general” behaviors. We assume dom(II) =
{fi,- -, fm},and introduce two instructions to get a random (nondeterministic) value. x := rand(m)
assigns x a random integer i € [1..m], and x := rand() computes an arbitrarily large random
integer. Then, for any n, we define MGC,, as follows.

ef

MGT; ' while (true){
xt := rand(); y; := rand(m);
zt = fy, (xt);
}

def
MGCn = |le[1..n] MGTt

Here xt, y: and z; are all local variables for thread t. Each thread in MGC,, keeps calling a random
method with a random argument. We also define MGCp,,, which print out the arguments and
return values for method calls.
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MGTp, " while (true){
xt = rand(); y; := rand(m); print(y:, x;);
zt = fy,(xt); print(zt);
}
def
MGCp, = |lie[1..n] MGTpy

The third MGC MGCp1,, is useful to observe the progress of objects. Each thread non-deterministically
decides whether to continue calling the methods or to end itself. Also it always prints out 0 before
a method call and prints out 1 when the method call finishes.

def

MGTp1, = while (rand() > 0){
xt := rand(); y; := rand(m); print(0);
2zt == fy, (x); print(1);
}
print(2);

def
MGCp1, = ”te[l..n] MGTp1;
The client memory for the above MGCs should contain the local variables for each thread.
def
OMGC(n) = Xt~ Y~ Lz~ _|1<t<n}

B.6.2 Basic equivalence for linearizability. Follow earlier work [Liang et al. 2013], we first define
the MGC versions of “linearizability” and “refinement”.

e MGC T
Definition B.41. T1 <> T'iff

Vn, omGe(n), 0, 2 €. & € H[(let ITin MGCp), (omGc(n)» 0, ©)] A ((0,2) EP)
= 3&., 8. & € completions(E) A T >y (omce(n)s % 87) A Ec <lin g

where

I By (omac(n5E) = & € H[(letT in MGCy), (amae (n) 5 @)] A seq(E).

Definition B.42. T1 CpT iff

¥n, omGc(n)s 05 2 ((0,2) E P)
= H[(let ITin MGCp), (omcc(n): 0> @)] € H[(let T in MGCp), (omcc(n), 2 @)] -

To prove Theorem B.38, we prove the following lemmas.
LEmMa B43. IT <INT = T <MOCT,

LemMAB44. TICI"T & T Cpl.

LEmma B45. IT1 Cpl' = II <MCCT.

Proof of Lemma B.43. We can see I < IA,"GC T is simply defined by fixing the arbitrarily quantified
client programs in II 52" I' (Definition B.36) as MGC,,. Intuitively, the key to prove this lemma is
to show that any history generated by an arbitrary client program can also be generated by MGC,
as shown in the following lemma.

LEMMA B.46 (MGC 1s THE MOST GENERAL). For anyn, Cy, ..., Cy, 0, OMcc(n) and oo, we have
H[(et T in C |]...||Cp), (0c, 00, ®)] € H[(let IT in MGC,,), (6mcc(n), Tos @)].

ProoF. We construct a simulation Syge between the client program and the MGC. We need
the simulation relation to satisfy the following (B.10).
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For any W, 81, W, S; and ey, if (W1, S1) Smec (Wa, Sz), then
(1) if (W1, Sy) > abort and is_obj_abt(e;), then

there exists &, such that (W5, S,) li *abort and

e; = get_hist(&E2);
(2) if (W1, S)) —> (W/,S]), then

there exist &, W, and S, such that (W, Sy) Ii* W), S8,),
get_hist(e;) = get_hist(&Ez) and (W/,S]) Smcc (W;,S;).
(B.10)

The simulation relation is constructed as shown in Fig. 30(a). That is, for each client thread t, if
the left side is in some normal client code, it corresponds to MGT; at the right side; otherwise, if
the left side is inside a method call, its code is the same as the right side. Informally, the following
hold for each thread t.

(1) Each normal client step of the left corresponds to zero step of MGT.

(2) Each method invocation corresponds to the steps executing MGT; to the same method body,
with the same argument.

(3) Each step inside the method body at the left corresponds to the same step at the right.

(4) Each return step at the left corresponds to the same return step (plus a few client steps)
executing the right side code to MGT;.

Then with (B.10), we can prove the following by induction over the number of steps generating
the event trace of H[Wi, Si].

If (W1, 81) Smae (W, Sp), then H[Wi, Si] € H[W,, Sz
Also we have
(let I in Gy ||...|[ Cn, (0c, 00, ®)) Smac (let ITin MGCy, (0mGC (n)s 0o, @)
thus we are done. O

Then Lemma B.43 is immediate by unfolding the definitions of II SI’X‘GC I' and I1 5'}” I', and
applying Lemma B.46.

Proof of Lemma B.44.
(1) ICfinT = M SpT:
To prove this direction, we show that any history generated by MGC,, is “equivalent” to an
observable trace generated by MGCp,,, i.e., the following lemma holds.

LEMMA B.47. For any n, o, and omgc(n), both the following holds.
(a) Forany &, if&; € H[(letII in MGC,), (6mcc(n), 0o, @)], then
there exists &, such that &, € O[(let Il in MGCp,,), (omcc (n)> 0o, @)] and E; = &,.
(b) For any &, if &; € O[(let I in MGCp,,), (0MGC(n), Oas @)], then
there exists &1 such that &; € H[[(let Il in MGC,), (omcc(n)> 0o, ©@)] and E; ~ &E,.
Here &1 = &, is inductively defined as follows.
e1 ~ ey &1~ &

Ex € e1:61 x e 6

(t, fi,n) = (t, out, (i,n)) (t,ret,n) ~ (t, out, n)

(t, obj, abort) ~ (t, obj, abort)
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(2)

Proor. By constructing simulations between MGC,, and MGCp,,. O
nCpr = mcinr:
Proor. Forany n, Cy, ..., Cp, 0c, 0mce(n) and o,, by Lemma B.46, we know

H[(Aet I in Cy |]...||Cp), (0c, 00, ®)] € H[(let IT in MGC,), (omGc(n), 0o @)] -
Since IT CpT, we know for any o, such that (o,, 0,) E P, we have

H[(let I in MGC,), (omGc(n)> 00, @)] € H[(let T in MGC,), (omcc (n)> 0as @)] -
Thus, for any & such that

EeT[(etTin Ci||...||Cn)s (0, 00, ®)],
there exists Emce such that get_hist(E) = get_hist(Emce) and
Emac € T[(etT in MGC,), (omcc(n) a ©)] -

Intuitively, we can then replace the object events in & with those in Epge and keep other
events (and the order between them) unchanged. Thus the resulting trace &’ satisfies
get_obsv(&’) = get_obsv(E). We prove &’ can be produced by the corresponding abstract
client program, that is

E eT[(etTinCy||...|Cn), (0c, 00, ®)] .

Then we are done.
Alternatively, we can actually construct a “simulation” relation < (see Fig. 30(b)) between
the three programs: the concrete client program, the abstract MGC and the corresponding
abstract client program, and prove it satisfies the following (B.11).
For any Wi, 81, Wa, S,, W3, S5 and ey,
if (W1, 81) S (Wa, Sz W3, Ss), then
(1) if (W, Sy) > abort, then there exists &3 such that
(W3, S3) rﬁ)* abort and e; = get_obsv(&s);
(2) if (W3, Sy) — (W[, S]) and is_clt(e;), then
there exist W, and S; such that (W3, S3) LN (W, 8;) and (W[, S]) <
(Wa, Sas Wy, S9).
(3) if (W, Sy) N (W/,S8]) and is_obj(e;), then
there exist &, W), S;, E3, W, and S; such that

(W, S2) 5 (W), S, (Wa, S3) +5" (WS, S5),
get_hist(e;) = get_hist(&E,), get_obj(&E;) = &5 and
W,8) S (W,, 8w, S)).
(B.11)
That is, the executions of the abstract program Wj follow the concrete program W; for client
steps and the abstract MGC W for object steps. Here we use get_obj(&) to get the sub-trace
of & consisting of object events only. We can prove the following from (B.11).

If (Wl,Sl) 5 (%,Sz;%,83), then O[[Wl,Sl]] c O[[I/V?,,S:;]]

Initially,
(let ILin C ||.. .|| Cp, (0, 00, ®))
< (Iet T in MGCy, (owcc(ms 0o ©); 66T in Cy Il .1 Co (06 00, ©))
holds, and we are done. O
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(letIlin Cy||.. .|| Cn, (0¢, 00, {1 ~ K1,...,n ~> Kn}))
<macc (letIlin C{ II...1Cp, (omGc(n)s Gos {1~ K{, S Kn}))
where Vi. (Cj, k) S;\AGC (Cl.x))

(Co) 3

NR,\GC (MGTy, 0) (C (o1,x,C")) SJ}V\GC (C, (o7, 2, (skip; MGTy)))

(a) the program is simulated by MGC

(letITin Cy||.. .| Cn, (0¢s 00, {1 ~ K1,..., 1~ Kp}))
S etTin Cl|l... || Cp, (OmGC(n)s Too {1~ K1, sn~r K });
letTin C{'||...|ICY, (oc, 00, {1~ k{',....n~> K}/}))
where Vi. (Cj,x;) < (Cx[;C/, k")
and H[letILin C1 ||...||Cp, (¢, 00, {1~ K1, ..., 0~ kp})]
CHletTin C{||...1Cp, (omcc(n)s G0 {1~ K1, .. on~s ki D]

(C’ O) S (C,s o c’ O) (C> (O'l, X, CC)) 5 (C/’ (O'I,X’, Cé): Cl> (O'/, X, CC))
(b) the concrete program is “simulated” by the abstract MGC and the abstract program

Fig. 30. Simulations between programs and MGC.

Proof of Lemma B.45.

(1)

NSpl = T <MOCT:

The premise IT SpT tells us that every history generated by using the concrete object IT
can also be generated with the abstract object I'. Thus, to prove the concrete object IT is
linearizable, we only need to show the abstract object I' (whose methods are atomic) is
linearizable with respect to itself.

LEMMA B.48 (T' 1S LINEARIZABLE).

For any n, opmcc(n), 04 and 8, if & € H[[(let T in MGC,,), (o0mGc(n), Oas @)], then there exist
E. and &' such that &, € completions(&), &, <" &', seq(&’) and

& e (H[[(let Tin MGCH), (GMGC(n)’ Og, @)]]

Proor. From the execution that generates &, we construct another execution as follows.
We postpone every invocation step and advance the latter return step to the single step of
the atomic method body in between. We prove the resulting execution generates a history
&’ satistying all the requirements. O
YT = MSpl:

The key is to prove that every linearizable history can be generated by the MGC with the
abstract object I'.

LEMMA B.49 (REARRANGEMENT).

For any n, omcc(n), 0a, € and &', if & <lin g, seq(&’) and
&’ € H[(letT in MGC,), (o0MmGC(n), Oa» @)], then

& e H[(letT in MGC,), (omGc(n)> 0as @)].

Proor. We construct the execution generating &, where the order to execute the atomic
method body for concurrent method calls simply follows the order of the pairs of invocation
and subsequent return events in &’. The detailed proof is by induction over the length of
&. O

78



Progress of Concurrent Objects with Dynamic Dependencies

B.6.3  Equivalence for starvation-freedom. By Theorem B.38, the goal is reduced to the following:
I1 Eg” I’ A starvation-freep(Il) < IICpT.

We first define the MGC version of starvation-freedom.

Definition B.50. SF-MGCp(11), iff

Vn,0,,E. & € T, [(let ILin MGCp1,), (omcc(n)> 0o, @)] A fair(E) A ((0o, ) E P)
= prog-t(&E) V abt(8E) .

We only need to prove the following lemmas.

LEemMaB51. TCp T = IICINT.

LEMmA B.52. IICp ' = SF-MGCp(1I).

LemMA B.53. SF-MGCp(II) = starvation-freep(II).
LEMmMA B.54. II Eg” T’ A starvation-freep(Il) = I CpT.

Proof of Lemma B.51. For any n, Cy, ..., Cp, 0, 0, and o, such that (oo, 0,) |= P, for any &, if

E € O(letIlin Cy||.. .|| Cp), (0c, 06, ®)],
we know there exists &; such that & = get_obsv(&;) and
E1 €T [(letIlin Cy||...||Cp), (0c, 06, ®)] -
We can prove: there exists &] and &;” such that
&/ = (spawn,n) =8, :&] , fair(&)) and &7 € T,[(letIlin Ci|...|[Cy), (¢, 00, ®)].
Since IT Cp T', we know there exists 82’ such that
&) € To[(letTin Cy ... || Cn), (0, 00, ®)] , fair(E)) and

get_obsv(&E)') = get_obsv(&]) = E::get_obsv(E]) .
Thus there exists &, such that
EreT[(letTin Ci||...||Cn), (0c 04, @®)] and get_obsv(E,) = &E.
Thus & € O[(letTin C; ||...|| Cv), (0¢, 04, ©)] and we are done.
Proof of Lemma B.52. For any n, 0o, 0, and & such that & € 7, [(let IT in MGCp1,), (6mcc(n)» G0, @)],
fair(&) and (o,, 0,4) | P, suppose
—abt(&),
then by the operational semantics, we only need to prove:
foranyiande,ife € pend_inv(&E(1..1)), then there exists j > i such that match(e, E(j))

Suppose it does not hold. Then we know there exists t, such that
3i.Vj. j 2 i = (Ely)(j) = (to, obj).
Thus we have
|(get_obsv(E)t,)| <i and last(get_obsv(E)[y,) = (to, out,0) .
Since IT Cp T', we know:
Op[(etITin MGCp1,), (omcc(n)s 0. @)] € Of,[(let T in MGCp1,,), (omcc (n)s 0as @)] -
Thus there exists & such that
& € T,[(letT in MGCp1,), (6mcc(n)s 00 @)]], fair(8’) and get_obsv(E’) = get_obsv(E).
Thus last(get_obsv(&E)];,) = (to, out, 0). But this is impossible from the operational semantics,
fair(&’) and the fact that I is atomic and total. Thus we are done.
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Proof of Lemma B.53. Similar to the proof of Lemma B.43, we first prove the following two lemmas
(Lemma B.55 and Lemma B.56). Then, from SF-MGCp(II), we know:
if & € 7,[(let IT in MGCp1,)), (omcc(n)» o @)], (00, _) | P and fair(E’), then either prog-t(&E’)
or abt(&’). By the definition of MGCp1,, and the operational semantics, we know either prog-t(&”)
or obj_abt(&’). From Lemmas B.55 and B.56, we know: if & € 7, [(let [T in C; || ... || Cy), (0¢, 00, ®)]s
(00,_) E P and fair(&), then either clt_abt(&), or prog-t(E), or obj_abt(&). Thus we have
starvation-freep (II).

LEMMA B.55 (MGC 1s THE MOST GENERAL). Foranyn, Cy, ..., Cy, 0c, 0, and &, if
E e T,[(let I in Cy ||. .. || Cn), (0c, 00, ®)] and fair(E),
then one of the following holds:

(1) clt_abt(&); or
(2) there exists &' such that

(& € T,[(let I in MGCp1,). (omac(n: 90 @)]) A (get_obj() = get_obj(E")) A fair(&").

Here get_obj(&) gets the sub-trace consisting of only object events (i.e., method invocation,
return, object fault and normal object events).

Proor. We construct a simulation relation between the arbitrary client program and the MGC,
under the fixed scheduling & for the client at the left side. O

LeEMMA B.56. Forany & and &', if get_obj(E) = get_obj(&’) and prog-t(&E’), then prog-t(E).
Proor. By unfolding the definitions. O

Proof of Lemma B.54. The key is to show the following (B.12).

For any n, Cy, ..., Cy, 0¢, 0, and o, such that (o,,0,) E P,

if ([letITin Cq|]...||Cul, (0c, 05, ®)) o and fair(&), then there exists &, such
that e

([letTin Cy || ... || Cul, (0¢, 04, ®)) — © -, get_obsv(E) = get_obsv(&,) and
fair(&y).

(B.12)

Its proof is similar to the proof of I1 SpT = 11 Eg“ I'. We can replace the object events in the
concrete infinite trace & with those generated by MGC using I'. The resulting trace &, satisfies
get_obsv(&E,) = get_obsv(E). From starvation-freep(I), we can show &, must be infinite and fair.

In detail, we construct a “simulation” relation < (see Fig. 30(b)) between the three programs:
the concrete client program, the abstract MGC and the corresponding abstract client program,
and prove it satisfies the following (B.13). (It is derived from (B.11).) Here we use E\(_, obj) for a
sub-trace resulting from removing all the events of the form (_, obj) in &.

For any Wy, 81, Wa, Sz, W3, S5 and ey,
if (W1, S1) < (We, So; W5, Ss) and (Wh, Sp) +— (W, S)),
then there exist &;, W,, S;, &, W, and S; such that
& & , ,
(Wa, S5) " (W, S5), (Ws, S3) +—>" (W}, S)),

&3\ (L, obj) = e;\(_, obj) and (W], S]) S (W), S;;W;,S;). 5.15)
13

With (B.13), we can prove the following (B.14) by induction over the length of &;.
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For any M/l, Sls ‘/VZ> 829 VV’j, 83 and 815

if (W0, 81) < (W, 8o W, S3), (Wh, S1) +os+ (WY, S7) and last(&,) # (_. obj),

then there exist &;, W,, S;, &, W, and S; such that

& &

(W, S2) F5" (W, Sy), (W3, S3) >+ (W, S)),

&:\(_.obj) = &:\(_. obj) and (W}, S]) < (W, S} W, S)).
(B.14)

Then we prove the following (B.15) by co-induction.
For any n, Cl’ cees Cn, O¢, Op, Wl’ Sl> WZa 82’ M/l’n 835 80 and 815
if ([let ILin C|]...[|Cul, (0c, 00, ©)) K0 (W1, 81),
&

(W], Sl) S (Wz, 82; Wg, 83), (M, 81) |—1>w . and prog—t(80 ::81),

then there exists &3 such that (W3, S3) »&‘” -and &1\ (_, obj) = E3\(_, obj).
(B.15)

Also we can prove: for any n, Cy, ..., Cp, 0¢, 0, and oy, if (05, 04) = P, then

(I.let H ln Cl ” M ” Can (O.Cs O-Os @))
S (let T in MGCy,, (0mGc(n)> 0 ©); |let T in Col... [|Cyl, (0c, 04, ®)) .

If ([letIIinCy || ... || Cul, (o¢, 00, ®)) &5 . and fair(&), by starvation-freep(II), we know
prog-t(&). Then from (B.15) we get: there exists &, such that

(lletTin Ci||...||Cpnl, (6c, 04, ®)) RNES ,and E\(_, obj) = E,\(_, obj).
Thus we know get_obsv(&) = get_obsv(&,).
Below we prove fair(&,). Since fair(&) and |E| = w, we know for any t,
either |(E]1)| = w, or last(&E]y) = (t, term) .
(a) last(&]t) = (t, term):
Since E\(_, obj) = &,\(_, obj) and by the operational semantics, we know last(E,[t) =
(t, term).
(b) [(ElD)] = w:
Since E\(_, obj) = E,\(_, obj), we know
(El)\(t, obj) = (Eale)\(t, obj) .
Suppose |(Eqlt)| # w. Then we know | ((E4]t)\(t, 0bj)) | # w. Thus
Ji.Vj.j=i = (El)(j) = (t, 0bj).
By the operational semantics, we know there exists i such that
tid(&E(i)) =t, is_inv(&E(i)), and Vj.j>i = —-match(&E(i),E())).
This contradicts the premise prog-t(&). Thus we know [(E,4lt)| = w.
Thus fair(&,) holds and we are done.

B.6.4 Equivalence for deadlock-freedom. We first define the following contextual refinement £
which assumes fair scheduling at the concrete side only.
Definition B.57. T1 Ep T iff
vn,Cy,...,Cn 00 0,2. ((0,2) FP) =
Op[(etIlin Ci||.. .|| Cp), (0c, 0, ®)] € Otet T in yl}.JICw), (0e.5.0) L] -
We also define the assertion id for the identity relation between the lower-level and the higher-
level states:
(0,2)Eidiff 0=2
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Then wr) (id) adds the shared variable 1 to the higher-level states, and wr; (id) removes 1 which

should be 0:
(0,2) Ewni(id) iff X=o0cw{l~ 0}
(0,2) E erl(id) iff o=Xw{l~ 0}
To prove Theorem B.40, we prove the following:

I " T A deadlock-freep(TT) & M CpT
I Cypypy wri(l) = HEpT

II Eg“ I' A deadlock-freep(IT) == II Ty, (p) wr1(T)
Proofs of (B.16). We first define the MGC version of deadlock-freedom.

Definition B.58. deadlock—freefj‘GC (IT), iff

Vn,0,,&. & € T, [(let ILin MGCp1,,), (omcc(n)> 0o, @)] A fair(E) A ((0o, ) E P)
= prog-p(E) V abt(E) .

We only need to prove the following lemmas.

LEMMAB.S59. IICp T = II Ef,i" r.

LEMMAB.60. IICp I = deadlock—freeg‘GC(H).

LEMMA B.61. deadlock—freeﬁ,"GC (IT) = deadlock-freep(IT) .
LEmMmA B.62. T1 Eg" T A deadlock-freep(I1) = IICpT.

Proor oF LEMMA B.59. Similar to the proof of Lemma B.51.

(B.16)

(B.17)

(B.18)

]

Proor oF LEMMA B.60. Similar to the proof of Lemma B.52. For any n, ¢,, 0, and & such that

& € T,[(let IT in MGCp1,), (omcc(n), G0, @)], fair(E) and (oo, 04) = P, suppose
—-abt(&),

then by the operational semantics, we only need to prove:

foranyiande,ife € pend_inv(&(1..1)), then there exists j > i such thatis_ret(&(j))
holds.

Suppose it does not hold. Then we know:
Ji.Vj.j=i= &) =(_obj).

Since fair(&E), we have

Vto € [1..n]. last(get_obsv(E)lt,) = (to, out,0) V last(get_obsv(&E)[y,) = (to, out, 2) .

Since IT Cp T', we know:

Op,[(let T in MGCp1,,), (GMGC(n) T0s ©)] € O(tet T in MGCp1,). (omce(m-0a®) [ -

Thus there exists & such that

&’ € T,[(let T in MGCp1,), (omGc(n)s 02 ©)] and  get_obsv(E’) = get_obsv(E).
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Thus Vty € [1..n]. last(get_obsv(&E’)|t,) = (to, out, 0) V last(get_obsv(E’)[y,) = (to, out, 2). But
this is impossible from the operational semantics and the fact that I is atomic and total. Thus we
are done. O

Proor oF LEMMA B.61. Similar to the proof of Lemma B.53. From deadlock—free}ﬁ"GC (I1), we get:

if & € 7,[(let IT in MGCp1,), (6mGC(n)s T0> @)], (00, ) |= P and fair(E’), then either prog-p(&E’)
or abt(&’). By the definition of MGCp1,, and the operational semantics, we know either prog-p(&”)

or obj_abt(&’). From Lemma B.55, we can prove: if & € 7,[(letILin Cy || ... || Cp), (oc, 00, ®)]
(00,_) E P and fair(&), then either clt_abt(&), or prog-p(&), or obj_abt(&E). Thus we have
deadlock-freep(II). O

Proors oF LEMMA B.62. Similar to the proof of Lemma B.54. The key is to show the following
(B.19).

For any n, Cy, ..., Cy, 0¢, 0, and o, such that (o,, 0,) | P,

if ([letIIin Cyi||...||Cnl, (0c, 00, ®)) 259 . and fair(&), then there exists &, such
that e

(lletT in Ci||...||Cnl, (0c, 04, ®)) —>< - and get_obsv(E) = get_obsv(&E,).

(B.19)

As in the proofs for (B.12), we construct a “simulation” relation < (see Fig. 30(b)) between the three
programs: the concrete client program, the abstract MGC and the corresponding abstract client
program, and prove it satisfies the following (B.20).

For any n, Cy, ..., Cy, 0¢, 00, W1, S1, Wa, S, W3, Ss, &y and &4,

if (|let T in Cy [|. .. [| Cul, (0e, Gor ©)) F25* (Wi, 1),

(Wi, S1) S (Wa, S35 Wa, S5), (W, S1) =25 - and prog-p(&:En),

then there exists &s such that (W3, Ss3) 0. and &1\ (_, obj) = E3\(_, obj).(B

20)

Also we can prove: for any n, Cy, ..., Cy, d¢, 0, and oy, if (0,, 0,) = P, then

(llet I in Cy ... ||Cpl, (0, 00, ®))

S (et T in MGCy, (omac(n)s 0 @); [letTin Ci||.. . || Cul, (¢, 04, @)) .
If ([letITinC; || ... || Cnl, (0c, 00, ®)) Vs o and fair(&), by deadlock-freep(IT), we know
prog-p(&). Then from (B.20) we get: there exists &, such that

. Ea . .

(LetTin Ci||...[ICnl, (0¢,00,®)) = -, and E\ (L, obj) = E,\(_, obj).

Thus we know get_obsv(&) = get_obsv(&,) and we are done. )

Proofs of (B.17). We only need to prove the following:
wrip (F) Ewrfl(id) Tr
By (B.16), we only need to show:

fin
wry(T) Ev\l/r;l(id) r (B.21)
deadlock—freewril(id) (wr (D)) (B.22)
Proor oF (B.21). We want to show: for any n, Cy, ..., Cp, 0. and o,
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O[(let wri(T) in C1|].... || Cp), (06, 04 W {1 ~ 0}))]
CO[(etTin Cy||...||Cp), (00, 0a)] -

We construct a simulation relation < as follows.
(Iet wri (D) in C{ |I... | Cp, (0c, 04, {1~ K7, ..., n~> kp}))
S (letTin Cy|l...||Cn, (0¢, 00, {1 ~ K1, ..., ~> Kn}))
if Vi. (C}, 04,x7) Si (Ci, 0a, ki)
(CooqW{l~ _}0) 5t (Coog,0)
(wr1({C)); wry (return E); noret, o, W {1 ~ _},x") <t ((C); return E; noret, g, k)
(wr] ({C)); wr1 (return E); noret, o, W {1 ~ _}, k") St ((C); return E; noret, o, k)
(wri’((C));wrl (return E);noret, o, W {1 ~ t},x’) <t ((C); return E; noret, g, k)
(wr]”({C)); wr (return E); noret, o W {1 ~ _},x’) St ((C); return E; noret, og, k)
({C); wry (return E);noret, o, W {1 ~ _},k”) <t ((C); return E; noret, o, k)
(wry (return E); noret, o, W {1 ~ _},k’) <t (return E; noret, o4, k)
(wr] (return E); noret, oz ¥ {1 ~ _}, k) <t (return E; noret, ag, x)
(wr’(return E); noret, 5, W {1 ~» t}, k") <t (return E; noret, o, k)
(wr]”(return E);noret, o ¥ {1 ~ _}, k) St (return E; noret, o, k)
(return E;noret, o, & {1 ~ _},k’) <t (return E; noret, oq, k)
where ¥ = (s; W {ul ~ _u2~ _},x,C’), ifk = (s;,x,C’)
By case analysis and operational semantics, we can prove the following property of the simulation.
If (W, Sp) < (W4, Sa), then the following hold.
(1) If (W, Sp) —> abort, then
there exists &4 such that (Wu, Sa) & *abort and eg = get_obsv(E,).
(2) If (Wg, Sp) F= (W}, S}), then
there exist &4, W) and S/, such that (Wa, S4) &* (W,,S8)), get_obsv(ep) =

get_obsv(E4) and (W3, Sp) < (W), S)).
(B.23)

With (B.23), we can prove the following by induction over the number of steps generating the event
trace of O[Ws, Sg].

If (WB, SB) 5 (WA, SA) and & € OHWB,SBH, then & € O[[WA, SAH

(B.24)
Since
(let wri(T) in Cy|].. .|| Cys (6, 0o W {1l ~ 0},©)) < (et Tin Cy||... || Cy, (0c, 04, ®)),
from (B.24), we are done. o
Proor oF (B.22). We want to show: for any n, Cy, ..., Cp, 0. and oy,
VE. & € Ty[[(let wri(T) in Cy||... || Cp), (0c, 0a)] A (04(1) = 0)
= deadlock-free(&) .
It is reduced to the following.
VE. & € Tp[[(let wri(T) in Cy || .. || Cp), (0, 0a)] A (04(1) = 0) A fair(E) A —abt(E)

= prog-p(E) .
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o If || # w, we know prog-p(&) must hold.

o If |E] = w, suppose prog-p(&E) does not hold. Then there exist i and e such that e €
pend_inv(E(1..0)) and Vj. j > i = —is_ret(E())).
Suppose the execution generating such & is:

&(1) &(2) &(3)
(W0, So) —— (W1, S1) —— (WL, Sp) — ...

Here we write W, for let wr1(T') in C;||...||C,, and Sy for (o¢, 04, ®).

Suppose tid(e) =t and e = E(ip). We know —=3j. (j > iy A match(e, E()))).

Since fair(&), we know |(&E|t)] = . From the operational semantics, we know there
exist iy, iz, ... (an infinite number) such that iy < i; < iz < ..., &E(i1) = E(ip) = ... =
(t, obj), and the code of thread t in W;, _y, W;,, W;,_1, W;,, ...1s all the same, which is either
wr] ((C)); wri(return E); noret or wr] (return E); noret.

Suppose the lock 1 has the values ty, t,, . .. in the states S;,, S;,, .. .. We know t; # 0, t; # 0,
.... Since there are only n threads, we know there exist j, ji, ja, . . . (an infinite number) such
that t; = t;; = t;, = .... In other words, thread t; holds the lock infinitely often in the
execution.

Since fair(&), we know [(Elt;)| = w. By the operational semantics, we know t; must return
infinitely often.

So we get a contradiction. Thus prog-p(&) holds.

Thus we are done. O

Proofs of (B.18). The key is to show the following (B.25).

For any n, Cy, ..., Cp, 0¢, 0,, 01 and o, such that (o,, 01) E P and 0, = 01 W {1 ~ 0},
if ([letITin Cq|]...||Cul, (0c, 05, ®)) NS and fair(&), then there exists &, such
that o
(llet wry(T)in Cy || ... || Cul, (e, 0 ®)) —> @, fair(E,) and get_obsv(&E) =
get_obsv(&Ep).

(B.25)

Following the proof of (B.19), we get:

For any n, Cy, ..., Cy, 0¢, 0, and o such that (0,,01) E P,
if ([letITin Cy|]...||Cul, (0c, 00, ®)) o and fair(&), then there exists &, such
that .
(Ut T in G- 1ol (0 00 ) =5 and B\ obl) = EACob).

Since fair(&), we can prove that &, satisfies the following cltfair in Definition B.63. Since E\ (_, obj) =
E4\(_, obj), from prog-p(E), we know prog-p(&E,) holds. By the following Lemma B.64, we can
construct the execution of let wr1(T') in C; || ... || C, generating the trace & such that fair(&p)
and E,\(_, obj) = Ep\(_, obj) hold. Thus we are done.

Definition B.63. cltfair(&,) iff

[Ea]l = w0 = Vt € [1.tnum(EL)]. [(Ealp)| = @ V last(E,lt) = (t, term)
Vlast(Eg4lt) = (t, obj) Vv 3f, n. last(Eqlr) = (t, f,n)

LemMmA B.64. If (letT in Cy||.. .|| Cul, (0c, 04, ®)) ey o -, cltfair(E,) and prog-p(&E,), then
there exists E, such that ([let wry(T) in Ci||...||Cpl, (6¢, 04 W {l ~ 0},®)) ALNE -, fair(&p) and

Ea\(L obj) = Ep\(_, obj).

ProOF. We construct a simulation relation < that satisfies the following property.
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HE F (WaSa) S (Wh, Sp) and (W, S) = (W, S;), then
there exist &, W, and S; such that (W}, Sp) lﬁfr (W, S,),
83:9a |: (Wa’> Sé) 5 (W/s S;)’ ea\(_, Ob.]) = 8[7\(_’ Obj) and
if is_ret(e,) holds, then Ve. e € pend_inv(E) = 3i. tid(e) = tid(Ep(i)).

(B.27)
The simulation is established as follows.
EEletTinCy|...||Cn, (0c, 04, {1 ~ K1,...,n~ Kp}))
S (et wry (D) in Cy ||... || Cp, (0¢, 04, {1 ~> k7, ...,n~> k1 }))

if Vi. (Ci, 0a, i) Si (CJ, 04, K7)

(C.0a,0) St (Coqg W {l~ 0},0)
({C); return E;noret, o4, k) <t (wr1({C)); wry (return E); noret, o, W {1 ~ 0}, k")
(return E;noret, 04, x) <t (wry(return E);noret, o, & {1 ~ 0},«”)
where ¥’ = (s; W {ul ~ _u2~ _},x,C’), ifk = (s;,x,C’)
We can prove (B.27) by case analysis and operational semantics. The idea is to execute the lock

instructions of the threads which are pending just after the lock instruction of the thread that

returns. Then if is_ret(e,) holds, the pending threads in & must have been executed in the execution
of (Wb, Sb).
With (B.27), we can prove the following by co-induction over the event trace &, generated in

(Wa: Sa) 'ﬁ)w .
Ife E(WaoSa) S (Wp, Sp), (Wa, Sp) &“’ - and prog-p(&,), then

there exists &;, such that (W}, Sp) &“’ -, 84\ (_, obj) = E\(_, obj) and
Ve. e € pend_inv(Ep) = Vi. 3j > i. tid(Ep(j)) = tid(e).

(B.28)

Since

e (letTin Cil...|[Cpl, (¢, 00,©)) < (llet wri(T) in Ci|l... || Cpl, (0c, 00 W {1 ~ 0}, @),
from (B.28), we know there exists & such that

&
(et wr (D) in Cy ... [1Cal, (000 ¥ {1~ 0}, @)) =5,

Eq\ (L, obj) = Ep\(_, obj) and Ve. e € pend_inv(Ep) = Vi. Jj > i. tid(Ep(j)) = tid(e).
Since ([letTin C( || ... || Cul, (0c, 04, ®)) R and cltfair(&,), we know fair(Ep) holds. Thus
we are done. O
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C EXAMPLES

In this section, we show the examples that we have verified. The examples cover concurrent list
algorithms such as lock coupling list, optimistic list and lazy list, and also the nested locking object
and transfer lists.

C.1 Nested locking object with TAS lock

Below we verify the nested locking object with test-and-set lock. Fig. 31 shows the implementation
and the auxiliary code for the object. The abstract specification for the object’s operation is skip.
The object is deadlock-free because test-and-set lock allows one to acquire the lock and delay
others.

Fig. 32 shows the assertions and specifications. Most of them are the same as that in Sec. 5.
Now we use LRG, so we define I to fence over rely and guarantee transitions. Each thread may
acquire the lock and release the lock. Also when a thread executes AB() or BA(), it needs to set the
auxiliary string str correspondingly. The str distinguishes the context and allows to assign layers
dynamically.

AOA ABO{ BAO{ lock X {
1 1lock A; 5 1lock L; 13 lock L; 21 1local b := false;
2 unlock A; 6 str="AB"; 14 str="BA"; 22 while(!b) {
} 7 lock A; 15 lock B; 23 b := cas(&X, 0, t);
8 1lock B; 16 lock A; 24 3}
BO{ 9 str=""; 17 str=""; 3
3 lock B; 10 unlock L; 18 unlock L;
4 unlock B; 11 unlock A; 19 unlock B; unlock X {
} 12 unlock B; 20 unlock A; 25 X := 0;
3 } }

Fig. 31. Nested locking object with auxilary code.

The definite actions describe the lock release action. The layer feature is either a variable referring
to the lock or a special L for B,. B, can never be enabled. It serves as a place holder when no definite
action is needed for a command, (e.g., for an assignment command which always terminates). We
assign definite action on L the highest layer 3, and give 8, the lowest layer 0. Definite actions for A
and B are normally layer 1, but may also be lifted to layer 2 to allow the dependency among definite
actions.

Fig. 33 shows the proofs of AB(). The precondition says the thread does not hold any lock. Before
verifying each lock statement, we first apply the csq rule to strengthen the guarantee conditions to
G’. Then we apply the LIVE-FRM rule to pick the needed definite actions for proving the command.
Fig. 34 shows the verification of each lock statement. Here we sketch a proof template for lock
statement. P is the frame part of memory. The specification of lock X only needs the definite action
on X and a place holder 8y when no definite action is needed. Before entering the while loop, we
first apply the HIDE-{ rule to get a {-token. The while rule needs to prove the definite progress
condition. When we prove the loop body, we can further apply the L1vE-FRM to allow more local
proofs. The proof of test-and-set lock is similar to the proof of it in other objects that will be
introduced later. Therefore, we may omit their proofs of lock statement.
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I % lock(L) * lock(A) * lock(B) * str=_

locks(x) &f (x=5s)

lock(x) & 3s. locks(x)

unlocked(x &f lockg(x)

locked(x) & 3t. lockedBy, (x)
lockedBy, (x) &f lock¢(x) A (t #0)
notOwny¢(x) gy, locky (x) A (t # t7)
R Y Vst Gr

Gt & (Ge(L) V Gi(A) V Gi(B) V SetStry V Id)
sld A (I x )

Gi(x) £ Acgy(x) V Reli(x)
Acq; (x) &f unlocked(x) x 1 lockedBy, (x)
Relt(x) «f lockedBy, (x) x¢ unlocked(x)

SetStr «f (lockedBy, (L) * str=_)xg
(lockedBy, (L) * str=_)

Mo Zou

Dy & Bi(L) A Bi(A) A Bi(B) A By

LayFeat € Var | L
Bi(x) = (bpy(x) ~ bq(x).x)

By &f (False ~» True, L)

2(E6,8)=1 2

def
Pap =
def

Ppa =

bp, (x) & lockedBy, (x) * true

bq(x) &

unlocked(x) * true
3 iftBF =L
2 ifBF =AANGC[EPup
if B.F =BAGS |=Pga
0 ifBF=1
1 otherwise
str="AB" x true

str="BA" * true

Fig. 32. Assertions and specifications for the nested locking object with TAS locks.

AB()
LD,RG, I+

{notOwnt(L) # notOwng(A) % notOwng(B) = str=_ A 4¢(3) A arem(skip)}

// apply csQ rule and LIVE-FRM rule
1 lock L;

{lockedByt(L) * notOwn (A) = notOwny(B) = str=_ A 4¢(2) A arem(skip)}

2 <str := "AB";>

{lockedByt(L) = notOwn¢ (A) * notOwn(B) * str="AB" A ¢(2) A arem(skip)}

3 lock A;

{lockedByt(L) * lockedBy, (A) * notOwn;(B) * str="AB" A (1) A arem(skip)}

4 lock B; <str := "";>

{lockedByt(L) # lockedBy, (A) * lockedBy,(B) # str="" A arem(skip)}

5 wunlock L; unlock A; unlock B;

{notOwnt(L) * notOwn¢ (A) * notOwn(B) = str=_ A arem(skip)}

Fig. 33. Proofs for the AB() method of nested locking object.
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1 if B.F =X
(&, B)=4 0 ifB.F =L G € (Acg(x) = 1d) A (I x I)
undefined otherwise def
T % ock(X) P
[0 ifB.F =1 def
£(& B) = { undefined otherwise Q = unlocked(X) « P
_ | 1 if S [E locked(X) * true pr B(X)
f(&X) ‘{ 0 if S k unlocked(X) * true
lock X

Lx, B(X) A By, RG" +
{(notOwnt(X) A®)xPA arem(skip)}
6 1local b := false;
// apply HIDE-{ rule
{((notOwnt(X) A ® AO A =b) V (lockedBy, (X) A b)) =P A arem(skip)}
// apply WHL rule
7 while(!b) {
// apply LIVE-FRM rule
Lo, Bo, R, G’ +
{((unlocked(X) A®)V (locked(X) A ¢ A Q) =P A arem(skip)}
8 b := cas(&X, 0, t); }

Fig. 34. Proof reuse of lock X for the nested locking object with TAS locks.
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C.2 Nested locking object with ticket lock

Next, we show the nested locking object implemented with ticket locks. Here, we only show the
implementation of lock X. We implicitly assume every instruction that accesses the shared state
is in an atomic block. We introduce some auxiliary structures to facilitate the proof. As shown in
Fig. 35, we introduce the explicit tickets ticket,, tickety, .... Each ticket; records the ID of the
unique thread which gets the ticket number i. We use cid to record the current thread ID. The
explicit connection from the ticket numbers to the thread IDs gives us the knowledge about the
queue of the threads requesting the lock.

struct Lock {

int owner;

int next;

int[] ticket; //initially all -1
}

lock X {
1 local i, o;
<i := getAndInc(X.next); X.ticketp; := cid>;
<o := X.owner>;
while (i <> o) {
<0 := X.owner>;

o U1 A~ W N

}

unlock X {
7 <X.owner++>;

8}

Fig. 35. Concrete implementation and auxiliary code for ticket lock.

Fig. 36 defines the precise invariant I which determines the boundaries of shared states. lock(L, t1, ny, n,)
contains the auxiliary tickets in addition to owner and next, where ¢/ (hidden in the definition
of I) is the list of the threads ticketoyner, ..., ticketnext—1. We also use locked(L, tl, ny, ny) for
the case when ¢l is not empty. That is, the lock is acquired by the first thread in ¢, while the
other threads in t] are waiting for the lock in order. Besides, we use locklrr¢(L, £, ny, nz) short for
lock(L, tl,ny,ny) A (t ¢ tl). That is, the thread t is irrelevant to the lock: it does not acquire or
request the lock.

The guarantee condition G in Fig. 36 defines the atomic actions of a thread t. ReqLock, adds the
thread t at the end of #/ of the threads requesting the lock and increments next. RelLock; releases
the lock.

The definite action requires whenever a thread holds a lock with owner = ny, it should eventually
release the lock by incrementing owner to n; + 1. The layers are defined similarly to the objects
with TAS locks.

Fig.37 shows the proof outline of lock L. We also assume a frame part that stay unchanged during
lock L. Only the stability proof needs to open FRM. And we only need to prove it once. To verify
the loop at lines 4-6, we first define J and Q. Both J and Q are stronger than I. For thread t, J; says
t is requesting the lock. Here tlockedy, ¢ 4, (L, n1, X, n2) says (1) t takes the ticket number X, which
satisfies n; = L.owner < X < L.next = ny, and (2) the threads requesting the lock before and after
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t constitute the lists t/; and tl; respectively. Then, the first thread of the whole concatenated list
tly :: t = tl; holds the lock. Q; specifies the case when tl; is empty (thus X = L.owner). The loop
terminates when Q holds. We also strengthen the guarantee of the loop to G’ o [I], the identity
transitions. We have Sta({J,0},G’ V R).

Next we define f and prove ] = (R,G": D A BOL Q). The metric function f maps each
shared state & to the value of (X — owner) at that state. Here X is a logical variable recording
the ticket number of the current thread (i.e., X = i holds). Since J ensures owner < X, we
can use the usual order on natural numbers as the associated well-founded order. The condition

J={RG: Dy A BOL Q) holds due to the following reasons:

(1) Each action in R or G’ either increases owner or keeps owner unchanged.

(2) Either Q holds, or owner < X and some environment thread t” acquires the lock. In the
latter case, the value of (X — owner) decreases when t’ releases the lock. That is, the metric
decreases after a definite action made by the environment.
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tl =€ | tutl

list2set(€) )

list2set(t::tl) S {t} U list2set(t])

i lock(L) = (lock)(A) * (lock)(B) * str = _
lock(L) &f 3Any, ny. lock(L, ny, ng)
lock(L, n1, ng) dof 3Atl. lock(L, tl, n1, no)

lock(L, tl, n1, ny) & ((L.owner = ny) = (L.next = ny) A (n1 < ny))*
tickets(L, 0, n1) = tickets(L, tl, n1, np) * tickets_new(L, ny)

tickets(L, ny, na) o 3tl. tickets(L, tl, ny, ny)

tickets(L, tl, n1, n2) o
(tl=€) A (n1=ng) Aemp VvV 3t tl'. (tl =t:tl") A (t ¢ list2set(tl')) A (L.ticketn, =t) = tickets(t!’, n1 + 1, nz)

tickets_new(L, ny) &ef (®izn,L.ticket; = -1)

lock_irr¢ (L) &f 3ny, ny. lock_irry (L, ny, ny)

lock_irry (L, n1, n2) = 3t lock _irre (L, tl, n1, ny) lock_irry (L, thn1, n2) = lock(L, t], 1, n2) A (t ¢ list2set(tl))

def
Rt = Vyz Gy

Gt ¥ (GH(L) V Ge(A) V Gy(B) V SetStry v Id)  1d A (I x I)
Gi(L) & Reqlock,(L) v RelLocki(L)
ReqLock, (L) &f 3t ny, ny. lock_irry (L, tl, ny, np) X lock(L, tl::t, n1, ny + 1)

RelLocki(L) & 3t1, ny, ny. lock(L, t=:tl, ny, na) % lock irre(L, th ny + 1, n2)

D, « Di(L) A Di(A) A Di(B) A By LayFeat < var | L

D(L) £ Vni. By(Lm) Bi(Lny) = (bpy(L.ny) ~ bq(L ny),L)
bpi (L, ny) o 3tl, ny. lock(L, t::tl, ny, ng) = true A I

bgi (L, n1) o Any. lock_irry (L, ny + 1, n2) = true A I

3 fBF =L

2 ifB.F =AAG [ str="AB" * true
2(G,B)=1 2 ifB.F =BAG [str="BA" « true

0 ifBF=1

1 otherwise

Fig. 36. Invariant, rely/guarantee and definite action of nested locking object with ticket lock.
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def
tlockedL’tll’t’tl2 (n1,n,n2) =
(list2set(tly) N list2set(t::tlz) = @) A ((L.owner = ny) * (L.next = ng) A (n1 < n < ny))
x tickets(L, 0, ny) = tickets(L, tly, ny, n) = tickets(L, t:: tly, n, np) * tickets_new(L, ny)
Py(L,ny,n,n3) o 3tly. Po(L, tly, ny, n,nz) P3(L,ny,n,n3) o 3t’, thy. Po(L,t’ :: tly, n1, n, ny)
Py (L, tly, ny, n,ng) def 3tly. tlockedy, 1 41, (L, n1, 1, n2)

ef

Py (n1,n2) gy lock(L, t:: tl, ny, n2)

Py(n1,n2) 5 lock(L, t::tl, ny, n2)

7 % 3y, ny. Po(L, ny, n,nz) % FRM
Q def 3Atl, nq, ny. lock(L, t::tl, ny, np) *« FRM

GL & (RegLlock, (L) v 1d) * Id A (I x I)

¢ ¥
f(&) =k iff S (n—owner =k)
1 ifBF =L
21(6,8)=1 0 ifBF =1
undefined otherwise
0 ifB.F =1
£(&.8) = { undefined otherwise
lock L:

1 local i, o;
L, D(L) ABy,R,Gp +
{3”1,”2. lock_irri (L, n1,n2) * FRM A arem(Aop)}
2 < i := getAndInc(L.next); L.ticket; := cid;>
{Elnl,n, ng. (Po(L,ny,n,n2) A (i =n)) « FRM A arem(Aop)}
{3”1,”2. (Po(L,n1,n,n2) A (i =n)) «x FRM A arem(Aop)}
3 o0 := L.owner;
{Hnl,ng. (Po(L,ny,n,n2) A(i=n)A(o<ny)*FRMA arem(Aop)}
{E!nl,ng. (Po(L,ny,n,n2) A (i =n) A (o < np)) = FRM A arem(Aop) A O(n — o)}
4 while (i !'=0) {
ﬂo,Bo,R, G+
3ny, ng. (Pr(L,n,nz) A O(n— (0 +1)) V Ps(L,n1,n,n2) A $(n— o))
{ Ao <n; <n=1)A(o# 1) Aarem(Aop) }
5 0 := L.owner;
{Enl, ny. Po(L.ny,n,nz) A (1 =n) A (o < ny) Aarem(Aop) A O(n — o)}
6 3}

Fig. 37. Proof reuse of ticket locks.
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C.3 Lock-coupling list with ticket lock

Fig. 38 and 39 shows the abstract code of the set algorithm and the concrete implementation of
the lock-coupling list with auxiliary code (in red and purple). In the concrete implementation, the
node locks are all implemented using ticket lock. The algorithm implements an abstract set with
add and rmv operations. The concrete list is an ordered singly-linked list with the Head pointer
and two sentinel nodes at the two ends of the list containing the smallest and the biggest values
respectively. Each list node is associated with a lock. Traversing the list uses “hand-over-hand”
locking: the lock on one node is not released until its successor is locked. add(e) inserts a new node
with value e in the appropriate position while holding the lock of its predecessor. rmv (e) redirects
the predecessor’s pointer when both the node to be removed and its predecessor are locked.

ADD(E) { RMV(E) {
local R; local R;
<if (E € 9 { <if (E ¢ S) {
R := false; R := false;
} else { } else {
S:=S U {E}; R := true; S :=S\ {E}; R := true;
} }
> >
return R; return R;
} 3

(a) Abstract operations.

bool[] toadd; //initially all false

struct Lock { struct List {
int lowner; struct Node *Head;
int lnext; }
int[] ticket; //initially all -1

} initialize(){

struct Node { Head := cons(@, @, MIN, null);
struct Lock lock; Head.next := cons(@, @, MAX, null);
int data; }
struct Node *next;

}

(b) Data structures.

Fig. 38. Lock-coupling list.

To verify the code, we need some auxiliary structures. Since the locks are implemented using
the ticket lock algorithm, we introduce the auxiliary tickets for the lock of each node (as in the
previous proof for the nested locking object with ticket locks). Also, we introduce the auxiliary
toadd bit for each thread to indicate whether the thread attempts to do the add operation. toadd,
is true if the thread t is calling add but has not really inserted the new node into the list. It is false
if the thread t is not calling add or it has already inserted the new node. The auxiliary tickets and
toadd bits are all shared. In addition, we introduce an auxiliary local variable aux to encode the
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rmv(e) {

add(e) { 1 local p, ¢, n, pi;

1 local p, c, x, pi;

. 2 po, ci, co, u, r, aux;
2 local po, ci, co, u, r, aux; P ! o
3 p := Head;
3 <p := Head; toaddciq := true>;
4 lock(p);
4 lock(p);
5 ¢ := p.next;
5 ¢ := p.next;
6 <u := c.data;
6 <u := c.data; .
. 7 aux := metric(p)>;
7 aux := metric(p)>; .
. 8 while (u<e) {
8 while (u<e) {
9 lock(c);
9 lock(c); 10 unlock(p);
10 unlock(p); 11 o c~p ’
11 p :=c; P ’

12 C := p.next;

12 = p. t;
c p.next; 13 <u := c.data;

13 <u := c.data;

.= i >
14 aux := metric(p)>; 1;‘ ;ux := metric(p)>;
15 3} . -
16 if (ul=e) { 16 if (u=e){
17 X := cons(@, @, e, C); 17 Lock(e);
T R ’ 18 n := c.next;

18 <p.next := x;

19 toadd.iq := false>;
20 r := true;

21 } else {

22 <r := false;

23 toaddciq := false>;
24 %

25 unlock(p);

19 p.next := n;
20 unlock(p);
21 dispose(c);
22 r := true;
23 } else {

24 unlock(p);
25 r := false;

26 return r; 26 3
27 return r;
’ }

(c) Concrete implementations for add and rmv.

Fig. 39. Lock-coupling list.

metric for the loop of list traversal. Fig. 40 shows the auxiliary code, metric(p), to compute the
metric for the loop of list traversal. Here p points to the “predecessor” node during the list traversal
Informally, metric(p) is the sum of the current maximal length of the remaining nodes to traverse
(i.e., the number of the nodes from p to the end of the list) and the number of the environment
threads accessing the remaining nodes which attempt to do add (i.e., these threads is going to add
nodes, increasing the maximal length of the nodes remained for the current thread to traverse).

Fig. 41 defines the precise invariant and the precondition. The shared state contains the toadd
bit for each thread and the list. Each list node contains a ticket lock. The predicate ss requires the
concrete list should be sorted and its elements should constitute the abstract set.

Fig. 42 defines the rely and guarantee conditions and the definite action. In addition to the actions
add and rmv which successfully inserts and removes a node, the thread may do the ToAdd action to
set its toadd bit to true when it just starts its add operation. If the add fails (i.e., for the case when
the value it attempts to insert has already in the list), the thread does the FailedAdd action that
simply resets its toadd bit to false. The ReqLockH action requests the lock of the head node in the
list. At that time, the thread must just starts its operation, thus it has not requested the lock of a list

95



Mo Zou

int metric(p){

1 local n, 1, s, o,
n := p.next; 1 :=
while (n <> null)

1++;

’

t
0; s :=0;
{

while (o < n.lnext) {
t := n.tickety;

3
4
5 o := n.lowner;
6
7
8 if (toaddt = true) s := sU({t};

9 }
10 n := n.next;
11 3

12 1 :=1+ |s|;
13 return 1;

3
ol = o
ISU{x} = Is|+1
len(e) Lo
len(v::A) &t len(A) +1
toaddThrds(S) & {t | (teS) A (toadd; = true)}

Fig. 40. Auxiliary code to compute the metric for the list traversal.

node. The Reqlock2 action requests the lock of a node when the thread has already acquired the
lock of the predecessor node. The Unlock action releases the lock of the predecessor node.

We can modularly specify the layered definite actions for lock coupling lists. Each thread should
ensure to release the lock on a node, or the lock is disposed due to the rmv method. Here, we use
the data on the node as its layer, since the definite actions at list head should have higher layer. We
define a total order on Layer reversely. If the value of Layer is smaller, then its layer is higher. Using
the data value is not the only way to define the layer. We also could assign layer by calculating
the node’s position in the list. With the L1vE-FRM rule, the verification for each lock only specifies
locally-needed definite actions and layer function so the progress proofs can be reused. We can
sketch a proof template for each lock statement, which is very similar to the verification of the
ticket lock for nested locking object and omitted here.

The whole proof follows the basic linearizability proof of lock-coupling list (e.g., see [Liang and
Feng 2013]). Now we also verify the starvation-freedom of the object.
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A =€ |0v:A tlu= e | tutl L == €| tl+L B € ThrdID — Bool

1 3A, L. toadds * Isy (Head, A, null) = ss(A)

Py &f 3JA, L. toaddi (false) * Is_irr, 1 (Head, A, null) * ss(A)
toadds & 3B. toadds(B) toadds(B) £ (®¢toadd; = B(t))
toadd; () & 3B. toadd; (b, B) toadd (b, B) & (toadd; = b) * (®p 4 toaddy = B(t'))

Isp(x.Ay) &
(x=yANA=eAL=€eAemp)
V(x#yAdz,o, At L. A=v: A’ ANL=tl+L A Ny(x,0,2) = Isp(z,A”, y))

Is_irre 1 (x, A, y) &f
(x=yANA=eANL=¢€eAemp)
V(x#yATzo,A L A=v:A" AL=tl+L AN_irr (x,0,2) * Is_irry 1 (2, A’, )
def

Is_unlocked(x, A, y) =
(x=yAA=eAemp) V (x #yAJz,u,A’. A=0v:A" AU(x,0,2) = Is_unlocked(z, A’, y))

Nia(p.0.y) < locky(p) * (p.data =) = (p.next = y)

Nirrea(po.y) € 3n Noimgaa(poy)  La(poy) < 3n Lya(p.o.y)

N_irr 1., (p,0, 1) &« lock_irry 4., (p) * (p.data = v) * (p.next =y)

Litm, (p,0,9) & locked g, (p) * (p.data = v)  (p.next = y)

U(p,v,y) &« unlocked(p) = (p.data = v) * (p.next = y)

locky(p) & 3n. locky (p) lockyn(p) £ lockedpn (p) V (¢ = € A unlockedy (p))
lock_irry(p) < Tn. lock_irry 1.0 (p) lock_irry i (p) & lockyn(p) A (t ¢ 1)
locked (p) € . lockedy;.,, (p) unlocked(p) &g, unlockedy (p)

locked g, (p) =

3t tl ng. (tl=tutl’) A (t ¢ tl') A ((p.lowner = np) * (p.1next = ny) A (n1 < nz))
* tickets(p, 0, ny) * tickets;; (p, n1, n2) * tickets_new(p, nz)

unlocked, (p) &f (p.lowner = n) * (p.lnext = n) * tickets(p, 0, n) * tickets_new(p, n)

tickets(p, n1, nz) o 3¢l tickets; (p, n1, n2)

. def | (n1=nz) Aemp iftl=¢
ticketsy(p.n1,n2) = { (p-ticketn, =t) * tickets,y (p,ny +1,ny) if tl = t=:tl’
tickets_new(p, nz) « (®izn,p-ticket; = -1)

s(A) L JA’. (A = MIN:A’MAX) A sorted(A)
ss(A) € A’ (A =MIN=A’:MAX) A sorted(A) A (S = A')

def | true fA=eVA=v:ue
sorted(4) = { (v1 < vy) Asorted(vz::A’)  if A=0vyu0vpuA’

tetl iff At (=t'=t)A(t=t' Vtetl)

Fig. 41. Invariant and precondition of the lock-coupling list.
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def
Rt = VyztGr

Gt &f (ToAdd; v Addy V FailedAddy vV Rmvy V ReqlockH; Vv ReqlLock2, vV Unlocky v Id) * 1d A (I x I)

ToAdd; * 3A, L. [Is_irr, [ (Head, A, null)] * ((toadds = false) x (toadd; = true))

def

Add;y =
Ix,y,z,n,0,w,u, tl, t',ny, S.
((Le:tn, (x,0,2) * (toaddt = true) * (S=5)) X (Lupn, (x,0,y) * U(y, w, 2) * (toadd; = false) * (S =S U {w})))
# [N_irre g (z,u,n) A (0 < w < u)]

FailedAdd} & (toadd; = true) x (toadd; = false)

def
Rmvy =

Iy, zo,u th 0y, S (Liarn, (6,0,9) * Ly (Yo u,2) * (S=SW{u}) A (u <MAX)) X (Lpypn, (x,0,2) (S =5))

ReqLockH, o
3x, A L Long. (N_irre ., (Head, MIN, x) X Lyj..t.p, (Head, MIN, x))
* [Is_irre 1 (x, A, null)]

ReqLock2, <
Ix,y,z,A0,u, ALt tl L', ny. [Is_irrg g (Head, A, x)  Ly.;i(x, 0,9)]
# (NZireg g (0, 4,2) X Lypopn, (you,2)) * [(u < MAX) Als_irrg 7 (2, A, null)]

Unlocky def

3x,y, A0, L thny. [Is_irry p (Head, A, x)] * (Legrn, (2,0,y) X N_irrg g, 41 (X, 0, 1))

Dy &f (Vx,n1,0. Bi(x,n1,0)) A By LayFeat «f Int| L Layer &f Int | MIN
Bi(x,n,0) € (dpe(xni,0) ~ dge(xn,0)0) By £ (False ~ True, 1)

dpt(x, nq,0) &« Fy, tl. Legn, (x,0,4) * true AT

dqt(x,n1,0) f ((Fy, tl N_irrg 1.5, 41 (x,0,9)) V (3S.S=SAv ¢ S)) * true A I
data if B.F =data
£2(6,8) =1 MIN ifB.F =1

undefined otherwise
layerl > layer2 iff
(layer1 € Int A layer2 € Int A layerl < layer2) V (layerl € Int A layer2 is MIN)

Fig. 42. Rely, guarantee and layered definite actions of the lock-coupling list.

98



Progress of Concurrent Objects with Dynamic Dependencies

def
tLut, b thysnyn (05 0,Y) = tlockedyy, t 11,:n,,n (P) * (p.data = v) * (p.next = y)

def
t|0Ckedtll,t,tlz;nl,n (p) =

Ang. (t ¢ tl) A (t ¢ tl2) A ((p-lowner = nj) * (p.1lnext =ng) A (n; < n < ny))
* tickets(p, 0, n1) * tickets,y, (p, n1, n) * tickets..,p, (p, n, n2) * tickets_new(p, n2)

def
P{ = 3z. P{(2)

def
Pi(z) =

A, tl, L. toaddciq(true) * Leig..(Head, MIN, z) * Is_irrciq 1 (z, A, null) * ss(MIN:: A)
A (MIN < e < MAX) A (p = Head)

def
p; =

Az, A1,0, Az, Ly, th t!', L. toaddcjq(true) = Is_irrciqr, (Head, A1, p) * Leig.(p, 0, C)
# N_irreiq v (€, U, 2) * Is_irreiq r, (2, Az, null) # ss(AgmounAg) A (v < e < MAX)
A (1 +len(A) + |toaddThrds(tidset(tl’+Ly))| < aux)

Piez) &
Ay, Az, Ly, tl, Ly. toaddciqg(true) = Is_irreiq r, (Head, Ag, ¢) * Leig.si(c, u, 2) * ss(AquzAg)
ls_irrcigr, (z, A2, null) A (1 +len(Az) + |toaddThrds(tidset(Lz))| < aux) A O(aux —1)
A(u < e < MAX) A arem(ADD) A (e =E)

add(e) {

1

2

w

11

12

13

local p, ¢, x, pi, po, ci, co, u, r, aux;

{P A (MIN < e < MAX) A arem(ADD) A (e =E)}

<p := Head; toaddciq := true>;

Jz, A, tl, L. toaddcig(true) * N_irreiq g(Head,MIN, z) * Is_irrciq 1 (2, A, null) * ss(MIN:: A)
{ A (p = Head) A (MIN < e < MAX) A arem(ADD) A (e =E) }

lock(p);

{Pl’ A arem(ADD) A (e = E)}

C := p.next;

{Pl’(c) A arem(ADD) A (e = E)}

<u := c.data; aux := metric(p)>;

{P3 A arem(ADD) A (e =E)}
{P3 A arem(ADD) A (e = E) A O(aux)}
while (u < e) {
{P3 A Q(aux — 1) A (u < e) A arem(ADD) A (e = E)}
lock(c);
{3z. pi(c.2)}
unlock(p);
p =cC;
C := p.next;
{p;(p.0)}
<u := c.data; aux := metric(p)>;
{P3 A arem(ADD) A (e =E) A O(aux)}
3
{P3 A (e < u) A arem(ADD) A (e = E)}
3z, A1,0, Az, Ly, tl, tl', Ly. toaddciq(true) = Is_irreiq 1, (Head, A1, p) * Leig.(p, 0, €)
# N_irreiq (G, U, 2) * Is_irreiqr, (2, Az, null) * ss(ArmouzAz) A (v < e <u)
A(e < MAX) A arem(ADD) A (e = E)
if (u!l=-¢e) {

Fig. 43. Proof outline for add (1).
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13

14

15

16
17
18
19

20

21

if (u'l=-e) {

Jz,A1,0,Ag, Ly, tl tl, Ly. toaddcig(true) = Is_irreig 1, (Head, A1, p) * Leigau(p. 0, €)
* N_irrgiq (G, U, 2) % Is_irrciqr, (2, A2, null) * ss(ApozuzAz) A (v < e <u)

Aarem(ADD) A (e = E)
X := cons(@, @, e, C);
3z, A1,0, Ay, Ly, t] tl', Ly. toaddciq(true) * Is_irrciq r, (Head, Ay, p) * Leig.n(p, 0, €)%

U(x,e,c) * N_irrejqp(c,u,2) *Is_irreiqr, (2, A2, null) = ss(Ag::v::uiAp)

A(v < e <u) Aarem(ADD) A (e =E)

<p.next := Xx;

toaddciq := false>;

Mo Zou

3z, A1,0,Ag, Ly, tl t, 1", L. toaddciq(false) = Is_irreiqr, (Head, A1, p) * Leig.u(P, v, X)

# N_irreiq o (X, €,¢) * N_irregq 7 (¢, u,2) # Is_irreiq 1, (2, Az, null)=

ss(A1vuenunAg) A arem(skip) A (R = true)

r := true;
} else {
<r := false;

}

3z, A1,0, Az, Ly, tl, L. toaddcig(false) * Is_irrciq 1, (Head, A1, p) * Leig..q(p, 0, 2)
*Is_irreigr, (2, A2, null) # ss(Aq::0:: Az) A arem(skip) A (r =R)

unlock(p);

{EIA, L. toaddciq(false) # Is_irrcig r (Head, A, null) # ss(A) A arem(skip) A (r = R)}

toaddciq := false>;

{P A arem(skip) A (r = R)}

return r;

Fig. 44. Proof outline for add (2).
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rmv(e) {

1 local p, ¢, n, pi, po, ci, co, u, r, aux;
{P A (MIN < e < MAX) A arem(RMV) A (e =E)}

2 p := Head;

3z, A1,0, Az, Ly, tl, tl', Ly. toaddciq(false) = Is_irrciq 1, (Head, Ay, p) * Leig.(p, 0, €)
# N_irreiq (G, U, 2) * Is_irreiqr, (2, Az, null) # ss(AgmounAz) A (v < e < u) A (e < MAX)
Aarem(RMV) A (e = E)
16 if (u=¢e) {
3z, A1,0,Ag, Ly, tl tl’, L. toaddiqy(false) = Is_irrciq 1, (Head, A1, p) * Leigs.(p, 0, €)
{ # N_irreiq v (C, €, 2) * Is_irreiqr, (2, Az, null) = ss(Ag moenAg) A (e < MAX) A arem(RMV) A (e = E)}
17 lock(c);
{PA; A arem(RMV) A (e = E)}
18 n := c.next;
3A1,0,Az, Ly, t, Ly. toaddciqg(false) * Is_irrciq 1, (Head, A1, p) * Leig.(p, 0, €)
{ * Leid(c,e,n) * Is_irreiqr, (n, Az, null) * ss(Ajv:eAz) A (e < MAX) A arem(RMV) A (e = E)}
19 p.next := n;
3A1,0,Az, Ly, tl, L. toaddciq(false) * Is_irrciq 1, (Head, A1, p) * Leig:(p, v, n)
* Leig(c,e,n) * Is_irreiq g, (n, Az, null) * ss(Aj0::Az) A arem(skip) A (R = true)
20 unlock(p);
{HA, L. toaddcjq(false) # Is_irrcjq r (Head, A, null) # Leig(c, e, n) # ss(A) A arem(skip) A (R = true)}
21 dispose(c);
{EA, L. toaddciq(false) * Is_irrciq 1 (Head, A, null) = ss(A) A arem(skip) A (R = true)}
22 r := true;
23 7} else {
3z, A1,0, Az, Ly, t, Ly. toaddcjq(false) * Is_irrciqr, (Head, A1, p) * Leig..n(ps 0, 2)
{ * Is_irrciqgr, (2, Az, null) * ss(A; ::0::Ag) A arem(skip) A (R = false) }
24 unlock(p);
{HA, L. toadd¢iq(false) * Is_irrciq 1 (Head, A, null) = ss(A) A arem(skip) A (R = false)}
25 r := false;
26}
{EIA, L. toaddciq(false) * Is_irrciq 1 (Head, A, null) = ss(A) A arem(skip) A (r = R)}
{P A arem(skip) A (r = R)}
27 return r;

}

Fig. 45. Proof outline for rmv.

101



Mo Zou

C.4 Optimistic list with TAS lock

Fig. 46 and 47 shows the code of the optimistic list implemented with TAS locks (where the auxiliary
code is in red). In the optimistic list, a thread traverses the list without taking any locks, and when
finding the candidate nodes, it locks the nodes and validates that they are still in the list and
adjacent. If the validation fails, the nodes are unlocked and the operation is restarted. In Fig. 47,
the thread locks only one node p before validation. It does not lock ¢ until the thread is going to
remove C at line 27. We prove it is deadlock-free.

Fig. 48 defines the precise invariant and the precondition. Fig. 49 defines the rely/guarantee
conditions and the definite actions. Other figures in this section give the proof outlines.

struct List {

intSet ; initiall t
intSet gn; //initially empty struct Node *Head;

struct Node { ¥
int lock:
izz d;’i:ﬁ initialize(){
’ Head := cons(@, MIN, null);
struct Node *next;

Head.next := cons(@, MAX, null);

} )

Fig. 46. Data structure for optimistic list with TAS lock.

As for the lock-coupling list, the invariant I defined in Figure 48 requires the concrete list to be
sorted and its elements to constitute the abstract set S. Since the optimistic algorithm ignores the
locks when traversing the list, it may access nodes that have been removed from the list. Thus
we cannot dispose removed nodes as in the lock-coupling list. Instead, we need to introduce a
write-only auxiliary variable gn to remember those removed nodes (see line 29 in Fig. 47). The
precise invariant I should include those nodes (garb).

As shown in Figure 49, the delaying actions of a thread t are stratified. The Add and Rmv actions
which update the list are classified at level 2. The lock acquirements Lock are at level 1. The Unlock
actions are not delaying actions.

The definite actions describe the release of each lock. As usual, the progress proof of lock
statement can be reused, and is similar to the TAS lock proof for nested locking object. The layers
are the same as lock coupling list, and represents the reverse relation of Int.

The add method is given 4(1,1) initially, where the 2-level #-token is for doing Add and the
1-level ¢-token is for doing Lock. Fig. 50 and Fig. 51 show the proof outlines. Note that when the
environment threads perform Add or Rmyv, the current thread could gain more 1-level ¢-tokens (by
the stability checking) so that it can rollback and re-do its Lock action. In the proofs, the assertions
for inner loops are in cyan color, to be distinguished from the assertions for the outer loop. As
we mentioned, we apply the (HIDE-Q) rule to reuse the proofs of the inner loop at the outer loop,
which allows us to discard the tokens of the inner loop. Following earlier work [Liang et al. 2014],
we also provide the (FR-conJ) rule to add back the original tokens of the outer loop.

The rmv method is given 4(1, 2) initially, where the 2-level ¢-token is for doing Rmv and the
two 1-level #-tokens are for doing the two Lock actions respectively. The proof in Fig. 52 is similar
to the proof of the add method.
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rmv(e) {
add(e) { 1 local p, ¢, n, s, done,
1 local p, c, x, s, done; b, w, v, u, r;
b, w, v, u, r; 2 done := false;
2 done := false; 3 while (!done) {
3 while (!done) { 4 p := Head;
4 p := Head; 5 C := p.next;
5 C := p.next; 6 u := c.data;
6 u := c.data; 7 while (u <e) {
7 while (u < e) { 8 p :=c¢;
8 p :=c; 9 C := c.next;
9 C := c.next; 10 u := c.data;
10 u := c.data; 11 }
11 } 12 lock(p);
12 lock(p); 13 v := p.data;
13 v := p.data; 14 s := Head;
14 s := Head; 15 w := s.data;
15 w := s.data; 16 while (w < v) {
16 while (w < v) { 17 S := s.next;
17 S := s.next; 18 w := s.data;
18 w := s.data; 19 3
19 3 20 if (s = p & p.next = ¢) {
20 if (s = p & p.next = ¢) { 21 done := true;
21 done := true; 22 } else {
22 } else { 23 unlock(p);
23 unlock(p); 24 }
24 3 25 3}
25 %} 26 if (u=-¢e) {
26 if (u !'=e) { 27 lock(c);
27 X := cons(@, e, ¢); 28 n := c.next;
28 p.next := x; 29 <p.next :=n; gn := gn U {c}>;
29 r := true; 30 unlock(c);
30 } else { 31 r := true;
31 r := false; 32 } else {
32 %} 33 r := false;
33 unlock(p); 34 %
34 return r; 35 unlock(p);
} 36 return r;
}

Fig. 47. Add and rmv method of optimistic list with TAS lock.
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A u=€|v:A su=0]t L u=¢€|s:L B € ThrdID — Bool
o] £ o ISU{x}] & Is]+1 len(e) & 0 len(v:A) ¥ len(A) +1
I % 3A L. Is;(Head, A, null) * ss(A) * garb

P & A, L. Is_irry 1 (Head, A, null) * ss(A) * garb

garb déf ®xegn Ni(X, =)

Isp(x, A y) f
(x=yANA=€eAL=€Aemp)
V(x#yAdz,o,Als,L'. A=vuA’ AL=s:L ANg(x,0,2) *Isp(z,A’, 1))

. def
Is_irre 1 (x, A, y) =

(x=yANA=€eAL=€Aemp)
V(x#yATzoA,s L' A=v:A" AL=s:L" AN_irrg(x,0,2) * Is_irry 17 (2, A”, )
def

Is_unlocked(x, A, y) =
(x=yAA=enemp) V (x #yA3z,0,A’. A=0v:A" AU(x,0,2) = Is_unlocked(z, A", y))

Ns(p, v, y) &f locks(p) = (p.data = o) = (p.next =y)
N_irres(po,y) = lock_irre(p) * (p.data =) * (p.next = y)
Ls(p,v,y) &f lockeds(p) = (p.data =0) = (p.next =y)
Lirrgs(po.y) = (s # ) A Ls(p.o.y)

U(p,ov,y) & unlocked(p) = (p.data =) * (p.next = y)

locks (p) &f lockeds(p) Vv (s = 0 A unlocked(p)) lock_irry s(p) &f locks(p) A (t#s)
locked(p) &' (p.lock = t) A (t € TIDS) unlocked(p) & (p.lock = 0)

s(A) € 3A’. (A = MIN:: A" :MAX) A sorted(A)
def

ss(A) = JA’. (A =MIN:A’:MAX) A sorted(A) A (S=A")
def | true ifA=eVA=uv:e
sorted(4) = { (v1 <vy) Asorted(vg:A’)  if A=u0q:0pA

Fig. 48. Invariant and precondition of the optimistic list with TAS lock.
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def
R = \/t’;tt Gy
Ge & (Addy v Rmvy V Locky V Unlocky v 1d) % 1d A (I x I)

Add, %

Ix,y,z,n,0,w,u,s, S ((Li(x,0,2) * (S=5)) X2 (Li(x,0,y) * U(y,w,2z) * (S=S U {w})))
# [N_irrgs(z,u,n) A (0 < w < u)]

Rmvy o
Ay, z,0,u,S,Sy. (Lt(x,0,y) * (gn = Sy) * (S =S W {u}))
X2 (Lt(x,0,2) = (gn =Sy U {y}) * (S =5)) * [Le(y,u,2) A (u < MAX)]

def
LOth =

Jx,y,0. U(x,0,y) X1 Li(x,0,7)

Unlock o

3x, y,0. Li(x,0,y) X U(x,0,1)

Deid &f (Vx,0. Beig(x,0)) A By LayFeat &f Int| L Layer &f Int | MIN

Bi(x,0) &f (dpt(x,v) ~ dq(x,v),0) By &f (False ~» True, L)

dpt(x,v) &f Jy. Li(x,0,y) = true A T dq(x) «f dy. U(x,0,y) * true A I

data if B.F =data
£(6,8) =4 MIN ifBF =1
undefined otherwise
layerl > layer2 iff
(layer1 € Int A layer2 € Int A layerl < layer2) V (layerl € Int A layer2 is MIN)

Fig. 49. Rely, guarantee and definite actions of the optimistic list with TAS lock.
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findLocked(x, v, y, u) dzef

Jz, A, A’,s, L. Is_irrcigp(Head, A, x) * Leig(x, 0, y) * N_irreigs(y, u, 2)
#ls_irreiqr(z, A’ null)  ss(Azov:u:A’) * garb

def
p1(v, Az, 51) =

3z, Ay, Ly, s, Ly. Is_irrcig r, (Head, A1, p) * Ns, (p,0, ) * N_irrcigs(c, u, z)*
Is_irrcigr, (2, A2, null) * ss(Agzo:usAp) = garb

def
p1(0,Az,51) =

3x, 2,5, L. Ns; (P, 0, x) * N_irrciqs(c, u, 2) * Is_irrciqr, (2, Az, null) = true
ApegnVvecegnV I AL Is_irrgiqp (x,0":: A%, ) * true)

def def .
p2(v) = 3FAz. pa(v, Az) p2(0,A2) = 3s1. P A p1(v, Az, 51) A (s1 # cid)
pg(U) déf dA;,. P’ A P1 (v, Ag, cid)

def def .
pé(v) = 3A2.pé(v,A2) pé(v,Az) = ds;. P /\p{(v,Ag,sl) A (s1 # cid)

add(e) {
1 local p, ¢, x, s, done, b, w, v, u, r;

2

(S0

11

{P A #(1,1) A arem(ADD) A (MIN < e < MAX) A (e =E)}
done := false;
{(ﬂdone APA®(L,1)AQ(1) vV To. done A findLocked(p, v, ¢, u) }
A®(1,0) A (v < e < u)) Aarem(ADD) A (MIN < e < MAX) A (e =E)
while (!done) {
{~done A P A #(1,1) A arem(ADD) A (MIN < e < MAX) A (e =E)}

p := Head;
C := p.next;
u := c.data;

{ﬂdone A Jo,Az. (p2(v, A2) A #(1,1) V ps (0, Az) A €(1,2) A 0(1))}
A(v < e <MAX) A arem(ADD) A (e = E)
{ﬁdone A Jo, Ay. (pg(U,Ag) A®(1L,1)V pé(U,Ag) A®(1,2) A0+ ]en(Ag))}
A(v < e < MAX) A arem(ADD) A (e =E)
while (u < e) {
{—‘done AT, Az. (p2(0,Az) A #(1,1) V p)(0, Az) A 4(1,2)) A Q([en(Az))}
A(u < e < MAX) A arem(ADD) A (e =E)

p = c;
C := c.next;
u := c.data;

—|c.lone A To, As. (pz(v,/-\z) A ’(1, 1) Vp;(U,Az) A ’(1,2)) AO(1+ [Cr](Az))
A(v < e < MAX) A arem(ADD) A (e =E)

}

{—|done A Fo. (p2(0) A #(1,1) V ps(0) A #(1,2) AO(1)) A (v < e < u) Aarem(ADD) A (e = E)}

Fig. 50. Proof outline of add (1).
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P}(0) £ Az P’ A p!(0, Az, cid)

def
pa(A2) =
3z, A1, L1, s, Ly. Isg, (Head, Ay, s) * Ng(s,w, z) * Isg, (z, Az, null) * ss(Aq =w: Ap) = garb

def
pi(A2) =
Jz,5, L. N_irrcig (s, W, 2) * Is_irrciq 1, (2, A2, null) = true A (s € gn)

ps o o, x, e. findLocked(p, v, x, e)

12 lock(p);
{—|done A Fo. (p3(0) A €(1,0) V pi(0) A #(1,1) AO(1)) A (v < e <u) Aarem(ADD) A (e = E)}
13 v := p.data;
14 s := Head;
15 w := s.data;
{ﬁdone A FAz. (pa(A2) V py(A2)) A (p3(v) A #(1,0) V p3(v) A (1, 1) A 0(1))}
A(v < e <u) Aarem(ADD) A (e =E)
{ﬁdone AFAz. (pa(Az) V py(A2)) A O(1+len(Az)) A (p3(v) A 4(1,0) V pi(v) A €(1, 1))}
A(v < e <u) Aarem(ADD) A (e =E)
16 while (w < v) {

17 S := s.next;
18 w := s.data;
19

A(V <w) A (v <e<u)Aarem(ADD) A (e =E)
20 if (s = p & p.next = ¢) {
{~done A p3(v) A #(1,0) A (v < e < u) Aarem(ADD) A (e =E)}
21 done := true;
{done A findLocked(p, v, c,u) A 4(1,0)) A (v < e < u) Aarem(ADD) A (e =E) }
22 } else {
23 unlock(p);
{~done A P A 4(1,1) A O(1) A arem(ADD) A (MIN < e < MAX) A (e =)}

}
{—\done A JAz. (pa(A2) \/p"}(Az)) A (p3(v) A 4(1,0) \/pé(v) A€(1,1) A 0(1))}

24}
25 }
{Elu. findLocked(p,v,c,u) A €(1,0) A (v < e < u) Aarem(ADD) A (e = E)}
26 if (u !'=e) {
{30. findLocked(p, v, c,u) A 4(1,0) A (v < e < u) A arem(ADD) A (e =E)}
27 X := cons(Q, e, C);
28 p.next := x;
29 r := true;
{ps A arem(skip) A (r = R)}
30 ) else {
{EIU. findLocked(p,v,c,u) A 4(1,0) A (e = u) A arem(ADD) A (e = E)}
31 r := false;
{p5 A arem(skip) A (r = R)}
32}
{p5 A arem(skip) A (r = R)}
33 unlock(p);
{P A arem(skip) A (r = R)}
34 return r;

Fig. 51. Proof outline of add (2).
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adjLocked(x, v, y, u, z) =

3A, A, L. Is_irrcig(Head, A, x) * Leiq(x, 0, ) * Leig(y, 4, 2)
#ls_irreiq (2, A’ null) # ss(Azovzu:A’) « garb

rmv(e) {

local p, ¢, n, s, done, b, v, u, r;

1

2

3 while (!done) {

25
26

27

28
29

30
31

32
33
34

35

{P A #(1,2) A arem(RMV) A (MIN < e < MAX) A (e =E)}

done := false;

}

{31}. findLocked(p,v,c,u) A 4(1,1) A (v < e < u < MAX) A arem(RMV) A (e = E)}

if (u=-¢e) {

{findLocked(p, _,c,e) A #(1,1) A arem(RMV) A (e = E < MAX) }

lock(c);

{3z. adjLocked(p, . c,e,z) A #(1,0) A arem(RMV) A (e = E < MAX)}

n := c.next;

{adjLocked(p, _,c,e,n) A #(1,0) A arem(RMV) A (e = E < MAX) }

<p.next := n;

gn

= gn U {c}>;

{ps A arem(skip) A (R = true) }

unlock(c);
r := true;

{p5 A arem(skip) A (r = R)}

} else {

{30. findLocked(p,v,c,u) A #(1,1) A (v < e < u) Aarem(RMV) A (e = E) }

r := false;

{ps A arem(skip) A (r = R)}

}

{p5 A arem(skip) A (r = R)}

unlock(p);

{P A arem(skip) A (r = R)}

return r;

Fig. 52. Proof outline of rmv.
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C.5 Lazy list with TAS lock

Fig. 53 and 54 shows the code of the lazy list implemented with TAS locks (where the auxiliary
code is in red). We prove it is deadlock-free.

Similar to the optimistic list, in lazy list, a thread traverses the list without taking any locks, and
when finding the candidate nodes, it locks the nodes and validates that they are still in the list and
adjacent. But now every node in the concrete list has an additional mark field. The rmv(e) method
first logically removes the node by setting its mark field before the physical removal (unlinking
it from the list). Since we mainly focus on progress properties, here we only show the proofs
for the add and rmv methods, which involve blocking operations (i.e., lock acquirements). The
contain method of the lazy list does not acquire locks. It can be verified using earlier technique for
linearizability verification (e.g., [Liang and Feng 2013; Vafeiadis 2008]), and we omit its proofs here.

Fig. 55 defines the precise invariant and the precondition. Fig. 56 defines the rely/guarantee
conditions and the definite actions. Other figures in this section give the proof outlines.

As for the optimistic list, we introduce a write-only auxiliary variable gn to remember the
removed nodes. We also introduce the auxiliary variable tmark for each thread to indicate whether
the thread has performed marking but has not perform the physical removal.

bool[] tmark; //initially all false
struct List {

intSet gn; //initially empty struct Node *Head;
3
struct Node {
int lock; initialize(){
int data; Head := cons(@, MIN, null, false);
struct Node *next; Head.next := cons(@, MAX, null, false);
bool mark; 3

Fig. 53. Data structure for lazy list with TAS lock.

As shown in Figure 56, the delaying actions of a thread t are stratified. The Add, Rmv and Mark
actions which update the list are classified at level 2. The lock acquiring action Lock17 with certain
constraints is at level 1. When a thread does Lock17, it must locks a node x which is really on the
list and other nodes behind x (i.e., the nodes which are closer to the tail of the list) must be neither
locked nor marked. Lock27 acquires the lock of the successor node with similar constraints. It is
also at level 1. Other lock acquirements LockT and Lock2 are at level 0, which we do not viewed as
delaying actions.

The add method is given 4(1, 2) initially, where the 2-level #-token is for doing Add and the
two 1-level ¢-tokens are for doing Lock17 and Lock21. Note that the thread does not need to lose
level-1 #-tokens when the node it attempts to lock has been marked by an environment thread. It
consumes level-1 ¢-tokens for only Lock17 and Lock21 actions. Thus for Lock and Lock2 actions,
the thread still keeps the level-1 #-tokens so that it can roll back and do Lock77 and Lock21in the
future. Similar to the proofs for the optimistic list, the assertions for inner loops here are also in
cyan color, to be distinguished from the assertions for the outer loop. We apply the (HIDE-() rule
to reuse the proofs of the inner loop at the outer loop, which allows us to discard the tokens of the
inner loop. Following earlier work [Liang et al. 2014], we also provide the (FrR-cony) rule to add
back the original tokens of the outer loop.
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rmv(e) {
add(e) { 1 local p, ¢, n, done, b, u, r;
2 done := false;
1 1local p, ¢, x, done, b, u, r;
3 while (!done) {
2 done := false; 4 - Head:
3 while (!done) { =
5 C := p.next;
4 p := Head; _
5 C := p.next: 6 u := c.data;
’ <
6 u := c.data; ; Whélé_(z ) {
7 hil < : !
8 wnt e_(z. e { 9 C := c.next;
P =G 10 u := c.data;
9 C := c.next; 1 }
10 u := c.data; _
1 } 12 b := false;

i 1
12 b := false; 13 while (!'b) {

13 wh11e (b { lg , b := cas(p.lock, 0, cid);
1; ) b := cas(p.lock, 0, cid); 16 b := false;

i !
16 b := false; 17 while (!'b) {

17 while (1b) { 13 ) b := cas(c.lock, 0, cid);
12 ) b := cas(c.lock, @, cid); 20 if (!'p.mark && !c.mark
20 if (!p.mark && !c.mark 8& p.next = )
21 done := true;
&& p.next = ¢)
22 else {
21 done := true;
23 p.lock := 0;
22 else {
24 c.lock := 0;
23 p.lock := 9; 25 }
24 c.lock := 0;
% 3 26 3}
27 if (u=-¢e) {
26}
28 <c.mark := true;
27 c.lock := 0; tmarkeig := true>;
28 if (ul=e) { cid - ’
29 n := c.next;
29 x := cons(@, e, c, false);
30 <p.next :=n; gn := gn U {c};
30 p.next := x;
tmarkciq := false>;
31 r := true; 31 iz true:
32 ) else { 32 } else {
33 r := false;
33 r := false;
34 3} 34 3
;Z ﬁeiz‘;ﬁ r: % 35 p.lock := 0;
3 ’ 36 c.lock := o;
37 return r;
3

Fig. 54. Lazy list with TAS lock.

The rmv method is given 4(2, 2) initially, where the two 2-level ¢-token are for doing Mark and
Rmv. The proof of rmv is similar to the proof of the add method.
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A =€ | vzA s u=0 | t L u=¢€|s:L M =€ | b:M B € ThrdID — Bool
0] £ o 1SU{x}| & 18]+1 len(e) & 0 len(v:A4) < len(A) +1

i A, L. tmarks = Isy (Head, A, null) = ss(A) = garb

def

Pt Pt(false) Pi(b) = 3A, L. tmarkst(b) * Is_irry 1 (Head, A, null) * ss(A) = garb
tmarks & 3B. tmarks(B) tmarks(B) (@ttmarkt B(t))
tmarkst(b) " 3. tmark; (b, B) tmarks; (b, B) (tmarkt b) * (®yxrtmarky = B(t'))

garb = ®xegn Ni(x, P _)

Isp(x, A, y) " 3. Isp(x, A, y, M) Is_irre 1 (x, A, y) < am. Is_irr 1 (x, A, y, M)

Isp(x, Ay, M) = &f
(x=yANA=eAL=eAM=cAemp)
V(x#yAdz,o,A,s,L',bM . A= (v,b) A" AL=s:L" AM=b:M"ANg(x,0,2b) *Isp(z, A, y, M"))

Is_irre L (x, Ay, M) = &«
(x=yANA=eANL=€eAM=¢€Aemp)
V(x#yAdzo A s, L',bM . A= (v,b):A’ AL=s:L' AM=b:M’
AN_irre s (x,0,2,b) * Is_irry 17 (2, A, y, M"))

Is_unlocked_unmarked(x, A, y) &

(x=yAA=¢€Aemp)
V (x £y A3dz,u,A’. A= (v,false) A" A U(x, v, z, false) * Is_unlocked_unmarked(z, A’,y))

Ns(p, v, v, b) Iock (p) = (p.data =v) * (p.next = y) = (p.mark = b)
N_irr s (p, 0, y, b) " Jock _irre s (p) * (p.data = o) = (p.next = y) * (p.mark = b)
Ls(p, v, y, b) Iocked (p) * (p.data = 0) * (p.next = y) = (p.mark = b)
L_irrys (p.o, y,b> < (s # 0 ALs(p.o.y.b)

U(p,ov,y,b) « unlocked(p) = (p.data = 0) = (p.next = y) = (p.mark = b)

locks(p) % lockeds(p) V (s = 0 A unlocked(p)) lock irrts(p) ' Jocks(p) A (t # 5)
Iockedt(p) (p lock =t) A (t € TIDS) unlocked(p) (p lock = 0)
s(A) = 34, (A = (MIN, false) :: A’ :: (MAX, false)) A sorted(A)
ss(A) " aa, (A = (MIN, false) :: A’ :: (MAX, false)) A sorted(A) A (S = elems(A”))
def | true ifA=eVA=(v,b):e€

sorted(4) = { (01 < v) A sorted((vg, ba) =A")  if A = (v1,by) = (vg, by) A’

0 ifA=¢
elems(A) &f {v} Uelems(A”) if A= (o, true)=A’

elems(A”) if A = (v, false) :: A’

Fig. 55. Invariant and precondition of the lazy list with TAS lock.
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def
Rt = VyztGr

Gt f (Addy vV Marky vV Rmvy V Lock11y V Lock21: V Lock1y V Lock2: Vv Unlocky Vv Id) = I1d A (I x I)

def

Addy =
Ix,y,z,n,0,w,u,s,S. ((Li(x, 0,2, false) « (S =S)) xa (Li(x,0,y,false) * U(y, w, z, false) * (S =S U {w})))
# [N_irrg s(z,u,n, false) A (v < w < u)]

def
Marky =

Ix,y,z,0,u,S. [Li(x,0,y,false)] = ((Li(y,u, z, false) = (tmark; = false) = (S = Sw {u}) A (u < MAX))
X2 (Lt (y, u, z, true) = (tmark; = true) = (S = S)))

def
Rmvy =

Ix,y, z,0,u,Sy. (Lt(x,0,y,false) * (tmarke = true) * (gn = Sy))
X2 (Lt (x,0, z, false) * (tmark, = false) * (gn = Sy U {y})) * [Lt(y,u, 2 true) A (u < MAX)]

Lock11; o

3x,y, A1, 0, Az. [Is_irre 1, (Head, A1, x) A (v < MAX)] * (U(x,0,y,false) x;1 Li(x,0,v,false))
* [Is_unlocked_unmarked(y, A2, null)]

Lock1; &ef

3x,y,2,2",0, Az, A), b, b’, Ly, s, L. (U(x,0,4,b) X Li(x,0,y,b))
# [Is_irre 1, (y, Az, 2) * N_irr (2, _, 2/, b") * Is_irrt’L;(z', Aj,null) A (b =true Vv b’ = true Vs # 0)]

Lock21; =

3x,y,2,A1,0,u, Az, L1, Ly, M. [Is_irry 1, (Head, Ay, x) = Lt (x,0,y, false) A (v < MAX)]
(U(y, u, 2 false) x1 Li(y,u, z false)) * [Is_irr 1, (2, Az, null, Mo) A (Vb € M. b = false)]

Lock2; &ef

Ix, Y.y’ z,0,u, Az, by, bz, Lo, Ma. [Le(x,0,9,b1) A (0 <MAX)] * (U(y,u,2,b2) X Li(y',u,z b2))
* [Is_irry 1, (2, Az, null, Ma) * true A (by = true V by = true V true € Mp
VI, A% L s irreiq p (y, (v, ) = A" y') * true)]

Unlock &f

Ix,y,0,b. [tmarks; (false)] * (Li(x,0,y,b) X U(x,0,y,b))

Deid «f (Vx,0. Beid(x,0)) A By LayFeat & Int| L Layer %f Int | MIN

Bi(x,v) «f (dpt(x,v) ~ dq(x,0),0v) Bo & (False ~+ True, L)

dpi(x,0) r Jy. Li(x,0,y) = true A I dq(x,v) &t Jy. U(x,0,y) * true A T
data if B.F =data
£2(6,8) =1 MIN ifB.F =1

undefined otherwise
layer1 > layer2 iff
(layer1 € Int A layer2 € Int A layerl < layer2) V (layerl € Int A layer2 is MIN)

Fig. 56. Rely, guarantee and definite actions of the lazy list with TAS lock.
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adjLocked (x, 0, y, 1, b, b, byy) <

3z, A, A’, L. tmarks(bm) * Is_irrciqp (Head, A, x) * Leig(x, 0, y, b) * Leig(y, u, z,b”)
#ls_irreiqr(z, A’ null) * ss(A: (v, b) : (u,b") :A”) * garb

po(bm) «f 3A, L, M. tmarkst (by,) * Is_irre  (Head, A, null, M) * ss(A) * garb A (Vb € M3. b = false)

P4 (bm) &f A, L, M. tmarkst(by,) * Is_irry  (Head, A, null, M) * ss(A) * garb A (true € Mp)
def
p1(v, Az, 51,52) =
3z, A1, Ly, Ly, M. tmarksg(false) * Is_irrciq 1, (Head, A1, p)*
Ns, (p,v, ¢, false) * N, (c, u, z, false) * Is_irrciq 1, (2, A2, null, Ma) * true A (Vb € M. b = false)

def

p1(v, Az, 51,82) =

3x, z, Lz, b1, b, Ma. tmarksy(false) = Ny, (p, v, x, b1) * N, (c, U, 2, b2) * Is_irrciq 1, (2, A2, null, Mz) * true

A (by = true V by = true V true € My vV J0’, A, L. Is_irresq (%, (v’,_)=A’,c) * true)

def def . .

p2(v) = Az p2(v,Az) p2(v,Az) = Ts1,2. P A p1(v, Az, s1,52) A (s1 # cid) A (sg # cid)
p}(0) € 3Az. p)(0, A7) P)(0,A2) € Fsi,52. P A pl (0, Az, s1,52) A (s1 % cid) A (s # cid)
p3(0) € FAg, 5p. P A p1(v, Az, cid, sy) A (53 # cid) P5(0) € FAg, 5. P A pl (0, Az cid,2) A (52 # cid)
pa(v) & 34y P A pr(cid, cid) pi(0) € 34 P” A pl(cid,cid)

add(e) {
1 local p, ¢, x, done, b, u, r;
{P A #(1,2) A arem(ADD) A (MIN < e < MAX) A (e =E)}
2 done := false;
(—~done AP A 4(1,2) A O(1) V Fo. done A adjLocked(p, v, ¢, u, false, false, false)
{/\0(1, 0) Av <e <u)A arem(ADD) A (MIN < e <MAX) A (e =E) }
3 while (!done) {
{—|done A (po(false) v pj(false) A O(1)) A 4(1,2) A arem(ADD) A (MIN < e < MAX) A (e = E)}
p := Head;
C := p.next;
u := c.data;
{~done A Jv, Az. (p2(v, A2) V p}(0,A2) A O(1)) A #(1,2) A (v < e < MAX) A arem(ADD) A (e =E) }
—done A Jo, Az. (p2(v,Az) V pé(v,Ag)) A®(1,2) AO(1+1en(Az)) A (v < e < MAX)
Aarem(ADD) A (e = E)
while (u < e) {
p = C;
C := c.next;
u := c.data;
3
{—|done A Fo. (p2(0) V ps(0) AO(1)) A €(1,2) A (v < e < u) Aarem(ADD) A (e = E)}
12 b := false;

[8)]

- © W o

—_

{—\done ATo. (b A (p3(0) A #(1,1) V p}(0) A #(1,2) A O(1)) V =bA }
(p2(0) A #(1,2) V p5(v) A 4(1,2) AO(1))) A (v < e <u) Aarem(ADD) A (e =E)
rdone ATo. (b A (p3(0) A #(1,1) V pi(0) A #(1,2)) V =bA }
(p2(v) A €(1,2) V ps(0) A 4(1,2)) AO(1)) A (v < e <u) Aarem(ADD) A (e = E)
13 while (!b) {
14 b := cas(p.lock, 0, cid);
15 }

Fig. 57. Proof outline of add.
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ps(v) £
3z, A, A’,s, L. tmarks(false) * Is_irrciq 1 (Head, A, p) * Leid(p, v, ¢, false) * N_irreiq5(c, u, z, false)
# Is_irrciq (2, A’, null) = ss(A:: (v, false) :: (u, false) :: A”) * garb
def
Pe =
3z,A,0,A’, L. tmarks(false) * Is_irrciq 1 (Head, A, p) * Leig(p, v, 2, false)
#ls_irreiqr(z, A, null) * ss(A:: (v, false) = A”) * garb

{—|done A Fo. (p3(0) A #(1,1) V ps(0) A #(1,2) AO(1)) A (0 < e <u) Aarem(ADD) A (e = E)}
b := false;

{ﬂdone ATo. (b A (pa(o) A #(1,0) V pi(0) A 4(1,2) A O(1)) }

Vab A (p3(0) A €(1,1) V pi(o) A 4(1,2) AO(1))) A (v < e <u)Aarem(ADD) A (e =E)

{ﬁdone AFo. (b A (pa(o) A #(1,0) V pi(0) A 4(1,2)) }
Vab A (p3(0) A €(1,1) V ps(0) A €(1,2)) AO(1)) A (0 < e < u) Aarem(ADD) A (e =E)

while (!'b) {
b := cas(c.lock, 0, cid);
3
{—|done A Fo. (pa(v) A €(1,0) Vp;(v) A€(1,2) AO(1)) A (v <e <u) Aarem(ADD) A (e = E)}
if (!p.mark & !c.mark & p.next = c) {
done := true;
{done A Jo. adjLocked(p, v, ¢, u, false, false, false) A 4(1,0) A (v < e < u) A arem(ADD) A (e = E)}
} else {
{—-done A Fo. (pa(0) V py(0)) A #(1,2) AO(1) A (v < e < u) Aarem(ADD) A (e = E)}
p.lock := 0;
c.lock := 0;
{—-done A Fo. (p2(0) V py(0)) A #(1,2) AO(1) A (v < e < u) Aarem(ADD) A (e = E)}
3
3
{EIU. adjLocked(p, v, c, u, false, false, false) A 4(1,0) A (v < e < u) A arem(ADD) A (e = E)}
c.lock := 9;
{E!v. ps5(v) A €(1,0) A (v < e <u) Aarem(ADD) A (e = E)}
if (u'l=e) {
{Hv.pg;(u) A €(1,0) A (v < e <u) Aarem(ADD) A (e = E)}
x := cons(@, e, c, false);
p.next := x;
r := true;
{p6 A arem(skip) A (r = R)}
} else {
{30. ps5(v) A #(1,0) A (e =u) A arem(ADD) A (e = E)}
r := false;
{p6 A arem(skip) A (r = R)}
3
{p6 A arem(skip) A (r = R)}
p.lock := 0;
{P A arem(skip) A (r = R)}
return r;

Fig. 58. Proof outline of add (2).
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rmv(e) {
1 local p, ¢, n, done, b, u, r;
{P A #(2,2) Aarem(RMV) A (MIN < e < MAX) A (e =E)}
2 done := false;
3 while (!done) {
26 %}
{Elv. adjLocked(p, v, c, u, false, false, false) A 4(2,0) A (v < e < u <MAX) A arem(RMV) A (e = E)}
27 if (u=-¢e) {
{adjLocked(p, _,C, e, false, false, false) A 4(2,0) A arem(RMV) A (e =E < MAX)}
28 <c.mark := true; tmarkciq := true>;
{adjLocked(p,_, c, e, false, true, true) A 4(1,0) A arem(skip) A (e <MAX) A (R = true)}
29 n := c.next;
30 <p.next :=n; gn := gn U {c}; tmarkciq := false>;

31 r := true;
{p6 A arem(skip) A (r = R)}
32 } else {

{30. adjLocked(p, o, ¢, u, false, false, true) A 4(2,0) A (v < e < u) A arem(RMV) A (e = E)}
33 r := false;
{p(, A arem(skip) A (r = R)}
34 3}
{p(, A arem(skip) A (r = R)}
35 p.lock := 0;
36 c.lock := 0;
{P A arem(skip) A (r = R)}
37 return r;

Fig. 59. Proof outline of rmv.
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C.6 Transfer lists with TAS lock

Fig. 60 and 61 shows the implementation of the simplified transfer lists, where we assume there are
only two lists 11 and 12. And for convenience, we use subscript in the method to distinguish the
list that the method operates on (e.g., Locate;(e) searches on 11). The abstract operation for each
method is defined in Fig. 62. Note that MOVE should atomically transfer the head of S; to S,.

To verify the example, we introduce some auxiliary variables. The local variable aux and shared
variable toadd have the same functionality as in lock coupling lists. The shared variable todel
is an option value of a pair of 1ist and value. It represents a temporarily removed node in the
move method (see line 28 in Fig. 61). When move first removes the node in the source list, the
concrete list does not match the abstract representation because the abstract operation has not
taken effect. So we introduce todel to help establish the relation between the concrete list and
abstract representation. The auxiliary variable level in each list helps give their dependencies.

Fig. 64 gives the invariants. Most part of the invariants are the same as lock coupling lists, except
we have some extra properties for move method. When the lock mutex is not holden, we know that
the levels of the lists are both 1 and todel is None, because these variables only change in move
with mutex holden and get restored before release mutex. Fig. 65 shows the rely and guarantee
conditions. We have MoveRmv and Move to respectively represent the remove and add action of
the move. There are also the pair of Lockmutex and Unockmutex for acquiring and releasing the
lock mutex, and a SetLevel for setting the level of list in move method.

Fig. 66 gives the definite actions and layers. As we have introduced in Sec. 5, the layer is a pair
of Nat (ny,nz). n; gives the dependency relation among lists, which corresponds to the level field.
ny represents the dependency relation in a list, decided based on the node’s distance to the end of
the list. We can flexiblely alter the dependencies among lists by setting the level field.

The proof of move is given in Fig. 67 and Fig. 68, while the proofs for add and rmv are similar to
the lock coupling lists and omitted here. move may encounter a long dependency chain as it has to
traverse two lists. However, it is not a problem for us because the layered definite actions can allow
modular and local progress proofs on each lock.
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bool[] toadd; //initially all false
int mutex;
struct Node {

initialize(){

11

.Head

:= cons(@, GUARD, null);

int lock; 11.Head.next := cons(@, GUARD, null);
int data; 12.Head := cons(@, GUARD, null);
struct Node *next; 12.Head.next := cons(@, GUARD, null);
} 11.1evel := 1;
struct List { 12.1evel := 1;
struct Node *Head; mutex := 0;
int level; todel := None;
} }
20 <x.next :=y; toadd.jq := false>;
locatei(e): 21 r := true;
1 local p, ¢, u, aux; 22 7} else {
2 p := 11.Head; 23 <r := false;toaddqiq := false>;
3 lock(p); 24 3}
4 c := p.next; 25 unlock(x);
5 <u := c.data; aux := metricTAS(p)>; 26 return r;
6 while (u != e && u != GUARD) { rmvi(e):
7 lock(c); 27 local x, vy, z, v;
8 unlock(p); 28 (x, y) := locateq(e);
9 p :=c¢; 29 v := y.data;
10 c := p.next; 30 if (v =¢e) {
11 <u := c.data; aux := metricTAS(p)>; 31 lock(y);
12 3} 32 z := y.next;
13 return (p,c); 33 x.next := z;
add; (e): 34 unlock(x);
14 local x, y, z, u; 35 unlock(y);
15 toaddciq := true; 36 dispose(y);
16 (x, z) := locatej(e); 37 return true;
17 u := z.data; 38 } else {
18 if (u = GUARD) { 39 unlock(x);
19 y := cons(@, e, z); 40 return false;
41 3

Fig. 60. Code for transfer lists with TAS lock (except move method).
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movei2(): 19 unlock(m);

1 local x, y, z, e, m, n, u; 20 <12.level := 1;>

2 lock(mutex); 21 unlock(mutex);

3 toaddciq := true; 22 toadd.iq := false;

4 x :=11.head; 23 return false

5 lock(x); 24 3}

6 y := x.next; // remove y in 11

7 e := y.data; 25 <12.level := 2;>

8 if (e = GUARD) { 26 lock(y);

// 11 is empty 27 z := y.next;

9 unlock(x); 28 <x.next := z; todel := Some (11, e);>
10 unlock(mutex); // insert y at the end of 12
11 toaddqiq := false; 29 y.next := m.next;

12 return false; 30 <m.next :=y;
13 3% toaddciq := false; todel := None;>
14 <12.level := 0;> 31 unlock(x);
15 (m, n) := locate(l2,e); 32 unlock(y);
16 u := n.data; 33 unlock(m);
17 if (u =¢e) { 34 <12.level := 1;>
// if e already in 12 35 unlock(mutex);
18 unlock(x); 36 return true;

Fig. 61. Code for move method of transfer lists with TAS lock.

ADD(S, E) { RMV(S, E) { MOVE(S1, S2) {
local R; local R; local R;
<if (InES) { <if (~InES) { < if (S1 = nil Vv In S1.head S2) {
R := false; R := false; R := false;
} else { } else { } else {
S :=S :: E; S := remove(S, E); S1 := removehead(S1);
R := true; R := true; S2 := S2 :: Sl.head;
} } R := true;
> > 3}
return R; return R; >
} } return R;
}

Fig. 62. Abstract operations for transfer lists.
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int metricTAS(p){

1 local n, 1, ts, o, t;

2 n :=p.next; 1 :=0; ts := 0;

3 while (n <> null) {

4 1++;

5 t := n.lock;

6 if (t !'=09) {

7 if (toadd: = true) ts := tsU{t};
8 }

9 n := n.next;

10 3

11 1 :=1+ |ts];

12 return 1;

3

o] = o SULxH £ IsI+1

len(e) o len(v::A) &f len(A) +1

toaddThrds(S) & {t | (t € S) A (toadd; = true)}

Fig. 63. Auxiliary code to compute the metric for the list traversal.
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A =€ |0v:A su=0]t L = ¢ s:L B € ThrdID — Bool

JAy, Az, Ly, Ly.
]SL1 (I1.Head, A1, null) = ss(A1, Sq, todel)
xlsp, (Io.Head, A2, null) # ss(Ay, Sz, todel) * mutex_lock * toadds * levels A props

props & (mutex =0 — (I1.1evel =1 Al2.1evel = 1 A todel = None))

toadds & 3B. toadds(B) toadds(B) £ (@¢toadd; = B(t))
toaddy () £ 3B. toadd; (b, B) toadd (b, B) & (toadd; = b) * (®p 4 toaddy = B(t'))
levels &' (I.1evel = ) = (Ip.1evel = ) levels(lev1,lev2) f (I;.1evel = levl) * (Iz.1evel = lev2)

Isp(x, A y) &

(x=yANA=eAL=€eAemp)

V(x#yAJz,oAls,L'. A=v: A’ AL=s:L ANg(x,0,2) *Isp (2, A, y))
Is_irre 1 (x, A, y) def

(x=yANA=eAL=€eAemp)

V(x#yAdzo A s, L/ A=0v:A" AL=s:L" AN_irrgs(x,0,2) * Is_irrg 17 (2, A%, y))

Is_unlocked(x, A, y) &f

(x=yAA=eAemp) V (x #yA3z,u,A’. A=0v:A" AU(x,0,2z) = Is_unlocked(z, A’, y))

Ns(p,o,y) & locks(p) * (p.data = o) * (p.next = y)
N_irre s(p,0,y) L lock_irr s (p) * (p.data = v) * (p.next = y)
Ls(p.o,y) & lockeds(p) * (p.data = v) * (p.next = y)

Lirrs(poy) & (s#1) ALs(po,y)

Up.o,y) & unlocked(p) * (p.data = o) * (p.next = 1)

locks(p) ' lockeds(p) V (s = 0 A unlocked(p)) lock_irrs(p) < locks(p) A (t £ 5)
locked(p) & (p.lock =t) A (t € TIDS) unlocked(p) & (p.lock = 0)

def def
mutex_lock = (mutex =_) mutex_locked; = mutex =t At € TIDS

def . def
mutex_unlocked = mutex =0 mutex_irry, = 3t/ ,mutex =t/ At’ #t

s(A) €' 3A’. (A = GUARD:: A’ :: GUARD)

ss(A, S, todel) o

JA’,1,v. (A = GUARD:: A" :: GUARD) A
((map(S,A’,L,0) = todel = Some(l,0)) V (S = A’ * todel = None))

map(S, A, L) & (match(S,1) A S = A’ :0) V (-match(S,1) A S = A”)

match(S,1) & (S=S1Al=0)V(S=SAl=1)

Fig. 64. Invariant and precondition of the transfer lists with TAS lock.
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Geid =
(ToAddciq V Addciq V FailedAdd.iq V Movecig V Rmvciq V MoveRmvciq V Unlockmutexciqy
V Lockmutexciq V LockHciq V Lock2ciq V Unlockciq V SetLevelciq V 1d) = Id A (I x I)

ToAdd; ' 3Ay, Ay, Ly, Ly. [Is_irrg 1, (I Head, Ay, nul1)] * [Is_irrg 1, (I Head, Az, null)]
#((toadd; = false) x (toadd; = true))

Add, %

Ix,y,z,0,w,LALS,S.

[Is_irry 1 (I.Head, A, x)]*

((Lt(x, 0, 2) * (toadd; = true) = (S = S) A match(S,1)) x

(Lt (x,0,y) * U(y, w, z) * (toadd; = false) * (S = S :: w) A w # GUARD))

Movey &ef
3x,y,z,0,w,LI",ALS,S,S,S.
[Is_irry  (I.Head, A, x)] * [mutex_locked; ] *
((L¢(x,0,2) * (toaddt = true) * (todel = Some(l’, w))
*(SE S)* (S > w = S’) Amatch(S, 1) A match(S’,1")) x
(Lt(x,0,y) * Lt (y, w, z) = (toadd; = false) * (todel = None) * (S= S = w) = (§' = S”)))

FailedAdd} &f (toadd; = true) x (toadd; = false)

def
Rmvy =

Ix,y,z,0,u,l,ALS,S.
[Is_irry 1 (I.Head, A, x)]
(Le(x,0,y) * Li(y, u, z) = (S = S) A match(S,1)) x (Li(x,0,2) * (S = remove(S,u)))

MoveRmvy &ef
Ix,y,z,0,u, 1A L.
[Is_irre 1 (I.Head, A, x)] * [mutex_locked, ]+
(Lt (x,0,y) * Lt (y, u, z) * todel = None) x (Li(x,v,z) * todel = Some(l,u))

def
Unlockmutexciq = mutex_locked; x; mutex_unlocked

def
Lockmutex; =
A, B, Ly, Ly. (mutex_unlocked x; mutex_locked)=
[Is_irry 1, (I1.Head, A, null)] * [Is_irr 1, (I2.Head, B, null)]

def
LockHy =
3x, A, 1, L. (U(l.Head, GUARD, x) 1 L¢(l.Head, GUARD, x)) * [Is_irr 1 (x, A null)]

def
Lock2y =
Ix,y.z, Ao, u A LLL. [Is_irrgp (IL.Head, A, x) = Le(x,0,19)] * (U(y,u,2) X Le(y,u,2))
* [Is_irrg yr (2, A’,null)]

def
Unlocky =
3x,y, Ao, L L [Is_irry g (I.Head, A, x)] * (Lt(x,0,y) x U(x,0,y))

def
SetLevel; =

3l. [mutex_locked;] = ((I.level = _) x (l.level = ))

Fig. 65. Rely and guarantee of the transfer lists with TAS lock.
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D € Bl A (V. B2())ABy  LayFeat < Addr | M | L

By &f (false ~> true, L)

B1 € (bpli ~ bgl, M)

bp1t &ef mutex_locked; * true AI  bql &ef mutex_unlocked * true A I
B2(x) £ (bp2t(x) ~ bq2(x),x)

bp2¢(x) &ef locked¢(x) = true A I bq2(x) &f unlocked(x) * true A I
def

Layer = Nat X Nat (n1,n2) < (n},n3) iff ny <n]V(ng=n]Anz<nj)
(2,0) ifB.F =M

2(6,8) =1 (nlen(B)) ifB.F=xASEP
(0,0) otherwise

p & AL L', 1,AB,n. Isp(1.Head, A, x) * Is;/(x,B,null) * (1.1evel = n) * true A I

Fig. 66. Definite actions and layers of the transfer lists.
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Is_irreiq(todel, head, ) &

A1, Ly ds_irrgiq 1, (head, A1, null) = ss(Ay, S, todel)
adjacent.;q(todel, head, S, x,v, y, u, z) oo
A1, Az, Ly, Ly, s. Is_irrgiq 1, (head, Ay, x) * Leig (X, 0, y) * N_irrgig s (y, U, 2)
Is_irrcigr, (z, A2, null) * ss(Ay v::uzAy, S, todel)
plciq(b, levl, lev2, tk, aop) o
mutex_irreig * toaddcig(b) * levels(levl, lev2) A props A #(tk) A arem(aop)

P2.iq(b, levl, lev2, tk, aop) def
mutex_lockedciq * toaddciq(b) * levels(levl, lev2) A props A #(tk) A arem(aop)

movei2():
1 local x, y, z, e, m, n, u;

{Eltodel. Is_irrcig(todel,11.Head, S1) * Is_irrcjq(todel, [2.Head, So) * p1.;4(false, _, _,3, MOVE)}
2 lock(mutex);

{lsfirrcid(None, I1.Head, S1) * Is_irrciq(None, [2.Head, Sz) * p2.;4(false, 1,1, 2, MOVE)}
3 toaddciq := true;

{Is_irrcid(None, I1.Head, S1) * Is_irrciq(None, [2.Head, Sp) * p2.;4(true, 1, 1,2, MOVE)}
4 x := 11.head;

{ls_irrcid(None, I1.Head, S1) * Is_irrcjq(None, [2.Head, Sp) * p2.;q(true,1,1,2, MOVE) A x = ll,Head}
5 lock(x);

Ty, e, z. adjacent ;4(None, [1.Head, S1, x, GUARD, y, e, z) * Is_irrci4(None, [2.Head, So)

{ *p2.iq(true, 1,1,1, MOVE) A x = [1.Head }
6 y := x.next;

Je, z. adjacent ;4 (None, [1.Head, S1,x, GUARD, y, e, z) * Is_irrci4(None, 12.Head, S2)

*p2.iq(true,1,1,1, MOVE) A x = I1.Head }

7 e := y.data;

Jz. adjacent;4(None, I1.Head, S1,x, GUARD, y, ¢, z) * Is_irrci4(None, [2.Head, S2)

{ #p2.iq(true, 1,1,1, MOVE) A x = [1.Head }
8  if(e=GUARD)

Jz. adjacent.;q(None, I1.Head, S1, x, GUARD, y, e, z) * Is_irrc;4(None, [2.Head, S)

{ *p2.iq(true, 1,1,1, MOVE) A x = 11.Head A e = GUARD }
9 unlock(x);
10 unlock(mutex);
11 toaddciq := false;

{Eltodel. Is_irrcig(todel, I1.Head, S1) * Is_irrciq(todel, [2.Head, So) * p1.;4(false, _, 1, skip)}
12 return false;
13 3}

Jz. adjacent.;q(None, I1.Head, S1,x, GUARD, y, €, z) * Is_irrci4(None, [2.Head, S2)

{ *p2.iq(true,1,1,1, MOVE) A x = [1.Head A e # GUARD }
14 <12.level := 0;>

Jz. adjacent.;q(None, I1.Head, S, x, GUARD, y, e, z) * Is_irrc;4(None, [2.Head, S)

{ *p2.iq(true, 1,0,1, MOVE) A x = [1.Head A e # GUARD }

Fig. 67. Proof outline of move method (1).
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adjacent_noting;qy(todel, head, S, x,v,y, u, z, e) &ef
A1, Az, Ly, Ly, s. Is_irrgiq 1, (head, Ay, x) * Leig (X, 0, y) * N_irrgig s (v, U, 2)*

Is_irrcigr, (2, A2, null) * ss(Ap::v::uz A, S, todel) A —Ine (Ay::0)

adjacent_locked,; 4(todel, head, S, x,v,y,u, z) f

A1, Az, Ly, Ly. Is_irrgiq 1, (head, Ay, x) # Leig(%,0,y) * Leia(y, u, 2)*
Is_irrcigr, (2, A2, null) * ss(Aq::0::us Ay, S, todel)
15 (m,n) := locate(l2, e);
3z, ¢, u, p. adjacent,;y(None, I1.Head, S1, x, GUARD, y, ¢, z) * adjacent_notin.;q(None, [2.Head, Sz, m, ¢, n, u, p, e)
{ *p2.iq(true,1,0,0, MOVE) A x = I1.Head A e # GUARD A (e # u — p = null) }
16 u := n.data;
3z, ¢, p. adjacent;4(None, [1.Head, S1, x, GUARD, y, e, z) * adjacent_notin.;q(None, [2.Head, So, m, ¢, n,u, p, e)
{ *p2.iq(true, 1,0,0, MOVE) A x = I1.Head A e # GUARD A (e # u — p = null) }
17 if(u=e) {
18 unlock(x);
19 unlock(m);
20 <12.level := 1;>
21 unlock(mutex);
22 toaddciq := false;
{Eltodel. Is_irrcig(todel, 11.Head, S1) * Is_irrciq(todel, [2.Head, So) * p1.;4(false, _, _,0, skip)}
23 return false;
24 3}
3z, c. adjacent.;4(None, I1.Head, S, x, GUARD, y, ¢, z) * adjacent_notin_; 4(None, [2.Head, So, m, ¢, n,u,null, e)
{ #p2eiq(true, 1,0,0, MOVE) A x =[1.Head A e # GUARD Ae # u }
25 <12.level := 2;>
3z, c. adjacent.;4(None, [1.Head, S1, x, GUARD, y, e, z) * adjacent_notin.;q(None, [2.Head, So, m, ¢, n,u, null, e)
{ *p2.iq(true, 1,2,0, MOVE) A x =I1.Head A e # GUARD Ae # u }
26 lock(y);
3z, c. adjacent_locked ;4 (None,I1.Head, S1, x, GUARD, y, ¢, z) * adjacent_notin.;q(None, [2.Head, Sz, m, ¢, n, u, null,
{ *p2.iq(true, 1,2,0, MOVE) A x =[1.Head A e # GUARD Ae # u
27 z := y.next;
Jc. adjacent_locked.;4(None, [1.Head, S, x, GUARD, y, e, z) * adjacent_notin_; 4(None, [2.Head, Sz, m, ¢, n,u,null, e)
{ *p2.iq(true, 1,2,0, MOVE) Ax =11.Head A e # GUARD Ae # u
28 <x.next := z; todel := Some(l1,e);>
Jc. adjacent;4(todel, [1.Head, S1, x, GUARD, z, _, ) * adjacent_notin;q(todel, [2.Head, Sz, m, ¢, n,u, null, e)
{ *Leig(y, e, 2) * p2.iq(true, 1,2,0, MOVE) A x = [1.Head A e # GUARD A e # u A todel = Some(I1, e) }
29 y.next := m.next;
dc. adjacent.;q(todel, I1.Head, S1, x, GUARD, z, _, _) * adjacent_notin.;4(todel, 12.Head, Sz, m, ¢, n, u,null, e)
{ *Leig(y, e,n) # p2.iq(true, 1,2,0,MOVE) A x = [1.Head A e # GUARD A e # u A todel = Some(l1, e) }
30 <m.next :=y; toadd.iq := false; todel := None;>
dc. adjacent.;q(None, I1.Head, S1, x, GUARD, z, _, _) * adjacent.;4(None, [2.Head, Sz, m, ¢, y, e, n)
{ *p2.iq(false, 1,2,0, skip) }
31 unlock(x);
32 unlock(y);
33 unlock(m);
34 <12.level := 1;>
35 unlock(mutex);
{Eltodel. Is_irrcig(todel, I1.Head, S1) * Is_irrciq(todel, [2.Head, So) * p1.;4(false, _, _,0, skip)}
36 return true;

Fig. 68. Proof outline of move method (2).
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