Homework 11

123456,AllMight

December 21, 2019

Problem 1

Find ¢(R) using warshall algorithm for the relation given blow.
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Problem 2

Theorem 10.5.11: For a relation R on a non-empty set, prove that:
1. If R is reflexive, then s(R) and ¢(R) are both reflexive.

2. If R is transitive, then r(R) is transitive. And find a counterexample to show that

s(R) is not transitive.

Solution.

Assume that R is a relation on set A.

1. For all x € A, we have (x,z) € R since R is reflexive. And we have R C s(R) and
R C t(R), so for all x € A, (z,z) € s(R) and (z,z) € t(R) still holds. So s(R) and
t(R) are both reflexive.

2. For any z,y,z € A, if (z,y) € r(R) and (y, z) € r(R).

(a) If z = y Vy = 2, then we can easily get (x,z) € r(R)
(b) Ifx £ yAy # z,as r(R) = RUI4, so we have (z,y) € r(R) Az #y = (z,y) € R.
Similarly we have (y, z) € R, so we have

(r,y) € RA{y,z) € R= (z,z) € R= (x,z) € r(R)

So r(R) is transitive.

Let A= {1,2}, R = {(1,2)}, Ris transitive, but s(R) = {(1,2), (2,1)} is not transitive.



Problem 3

An equivalence closure e(R) for releation R is defined by:
1. e(R) is an equivalence relation.
2. For any equivalence R, if R C R/, then e(R) C R/

For a relation R on a non-empty set, prove that tsr(R) (defined in theorem 10.5.12) is

the equivalence closure of R.

Solution.

Assume that R is a relation on A.
Method 1:
1. Firstly we prove that tsr(R) is an equivalence relation.

According to Theorem 10.5.11, we know that:

(a) R is reflexive = s(R) is reflexive A t(R) is reflexive

(b) R is symmetric = t(R) is symmetric
Then:

(a) r(R) is reflexive = sr(R) is reflexive = tsr(R) is reflexive
(b) sr(R) is symmetric = tsr(R) is symmetric
tsr(R) is transitive by definition.

So we have tsr(R) is an equivalence relation.

2. Then we prove that e(R) = tsr(R)

We have sr(R) = s(RUI,) = R"YURUI,. Since e(R) is an equivalence relation and
R Ce(R),s0 R™! Ce(R) and I4 C e(R). Then we have sr(R) C e(R)

As tsr(R) = t(sr(R)) is the transitive closure of sr(R), sr(R) C e(R) and e(R) is

transitive, according to the definition of transitive closure we have tsr(R) C e(R).

As e(R) is the equivalence closure of R and tsr(R) is an equivalence relation, we have
e(R) C tsr(R).

So we have e(R) = tsr(R)
Q.ED

Method 2:

1. Similarly we can prove that tsr(R) is an equivalence relation first.



2. Then we prove that any equivalence relation R’ | if R C R’ then tsr(R) C R'.

For any (x,y) € tsr(R), which means there’s a path from z to y in sr(R), or there exists

P1, P2,y --Pr—1 € A for certain k € N such that (z,p1), (p1,p2), ...(Px—1,y) € sr(R).

Let pg = = and py = y, we have ({pg,p1) € sr(R)) A ({p1,p2) € sr(R))... AN ({pr_1,Pk) €

ST(R)) - /\ (<pzapz+1> € ST(R))

So for any (x,y) € tsr(R), we have:

(x,y) € tsr(R)

= (Fk)(keNt Az =py Ay =pr A (/\ o (Di,pis1) € sT(R))

= (Fk)(keNt Az =py Ay =pi A (/\ ((pz,pl+1> er(R)V (pir1,pi) € r(R)))

= (3k)(k € N* Aw = po Ay = p AN ((pispi1) € TaV (pi, piv1) € RV (pig1,p) €

R))

= (Fk)(keNt Az =pyAy = Pk/\(/\ (<pzvpz+1> € 14V (pi,pit1) € R'V (piy1,pi) €
R'))

= (k) (k € N* Az =po Ay =pi ANy (i pis1) € R)))

= (x,y) € R

So we have tsr(R) C R'.

QE.D

Problem 4

Determine wether f :7Z x Z — 7Z is surjective if:

- f(m,n) =m+n

2. f(myn)=m—n

3. f(m,n) = [m| —|n|

L. fm,m) = m? + 72

5. f(m,n) = m? —n?
Solution.

1. YES

2. YES

3. YES

4. NO (m? +n? # —-1)

5. NO (m? —n? #2)



Problem 5

For every function below, answer the questions:

1. Whether the function is injective, surjective or bijective. If it is bijective, write down

the expression of f~*
2. Write down the image of the function and the inverse image of a given set S.

3. The relation R = {(z,y)|z,y € dom(f) A f(z) = f(y)} is an equivalence relation on
dom(f), find this relation for the function.

All the functions:
1. f:R = (0,00), f(z) = 27,8 = [1,2]
2. f:No N, f(n)=2n+1,5 = {2,3}
3. f:Z >N, f(z)=|z|,S = {0,2}

4. f: N> NxN, f(n)=(n,n+1),5 =(2,2)

5. f:00,1] = [0,1], f(z) = 25,5 = [0, 1]

4

Solution.

1. (a) Bijective. f~1(x) = logs(x)
(b) image: f[R] = (0,00), reverse image f~'[S] = [0, 1]
(C) R = IR

2. (a) Injective.
(b) image: f[N] = {positive odd numbers}, reverse image f~'[S] = {1}
(c) R=1In
3. (a) Surjective.
(b) image: f[Z] = N, reverse image f~'[S] = {-2,0,2}
(¢c) R=L;U{{(x,y)|lr € ZNy € ZNx=—y}
4. (a) Injective.
(b) image: f[N] = {(n,n + 1)|n € N}, reverse image f~'[S] = &
(c) R=Iy
5. (a) Injective.
(b) image: £[[0,1]] = [}, 3], reverse image f-1[S] = [0, 3]

(c) R=1Ipy



Problem 6

Let f,g € Ag,and fNg # &, are f Ng and f U g are functions? If so, prove it. If not,

show the counterexample.

Solution.

1. fNyg is a function.
For any x,y1,y2 € dom(f Ng):
(T,y1) € fNgA(z,y2) € fNg
S (T, 1) € fA (T y1) €EgN(wy2) € fA(w,2) €9

< ((z,01) € fA(z,92) € f) AN ((z,91) € gA (7, 92) € 9)
=y =Yy2

So fNyg is a function

2. fUg is not a function.

Let A = {1,2},B = {1,2},f = {(1,1),(2,2)},9 = {(1,2),(2,2)}, now fUg =
{(1,1),(1,2),(2,2)} is not a function.



