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December 12, 2019

Problem 1

Let universal set £ = {1,2,3,4,5},set A = {1,4}, B ={1,2,5}, C = {2,4}, calculating
the sets:

1. AU-B

2. (AnB)U-C
3. (AuB)&C
4. P(A) — P(B)

Solution.
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. {1,3,4)

[\]

. {1,3,5)
. {1,5)
C{{ar {143}
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Problem 2

Let A, B and C' be sets. Prove that:

—_

. A®B=(AUB)N(BUA)

2. (A-B)—CCA-C

3. (B—A)U(C—A)=(BUC)—A
4. U(P(A)) = A

5. UAuB) =UA) U UB)

Solution.



2.z€e(A-B)-C
sSzre(A-B)Ax ¢l
SxeANx ¢ B)ANx ¢ C
srx¢BAN(xeANx ¢C)
szeANz¢C
SrcA-C

So(A—B)-CCA-C

3. (B—A)U(C—-A)=(BnA)U((CnNA)
=(BUC)n4
=(BUC)-A
4. z € J(P(A))
& (Fy)(zeyny e P(A))
& (Fy)(zeyny CA)
SreA

5. z€ | JLAUB) & (3y)(x e yAhy € (AU B))
< (Fy)(zeyn(ye AVvy € B))
& (Jy)(reyrhye AV (y)(zeyAy € B)
srelJAveeUBexze (UA)UUB)

Problem 3

Definition 9.5.1 Transitive Set :A set of sets A is called transitive set if any element

of A’s element is an element of A, or :
A is a transitive set < (Vz)(Vy)((r e yAy € A) — xz € A)

For example A = {@,{0},{9,{2}}} is a transitive set. Prove that:

A is a transitive set < U ACA

Solution.

A is a transitive set
s Vo) (Vy)(zxeyAhye A— x € A
& (Vo) (Vy)(zeynye A—x e A))
& (Vz)((Fy)(zr e yAny € A) — = € A) (according to 5.2.2)



< V) (reJA—x e A
sJACA

Problem 4

4.

5.

Let A, B and C' be sets. Prove that:

.ACCABCCsAUBCC

A=B< ACBABCA

. P(A)CP(B)= ACB

P(A)=P(B) & A=B

ACB=UJACUB

Solution.

4.

ACCANBCC& (Vx)(zeA—-xzeC)AN(Vz)(xe B—ze()

& (Vo) ((ze AVve e B) —»xze()
& (Ve)(re AUB -z € ()
s AUuBCC

)

& V) (zeeA—-2zeC)N(zeB—ze()
)(
)

A=B

& (Vz)(x € A<z € B)

& V) ((reA—zeB)AN(xeB—xeA))
& Vr)eeA—zeB)AN V) (xe B—xeA)
S ACBABCA

<: Assume that A C B.

re€PA) e xC A= CBsxeP(B)

So P(A) C P(B)

=: Assume that P(A) C P(B)
reAe{r}CAs {2}ePA)=>{2}ePB)e{r}CBsreB
SoACB

QE.D

A=Beo ACBABCAs P(A)CPB)APB)CPA) < P(A) =

P(B)



5. zeJA
& (Jy)(zreyny e A
= () €yny € D)
<sreUB

SoUACUB

Problem 5

Definition 9.7.2 Singular Set: A set A is called singular set if there exists an infinite
sequence of A’s elements, Ay € A, A1 € A, Ay € A,..., A, € A,...(not necessarily distinct)
such that:

wEA €A €A E A €A

Prove that:
1. If z € z, then {z} is a singular set.

2. There don’t exist set A and B such that (A € BA B € A). (Tips: Constructing a
singular set based on A and B and using theorem 9.7.9)

Solution.

1. If € x, then the infinite sequence x, x, x, x, ... satisfies that ... e z € x € x

2. If there exist set A, B such that A € BA B € A, then C = {A, B} is a valid set
according to axiom of unorder pair. And the infinite sequence A, B, A, B, A, B...
statisfies that ...B € A € B € A, so C' is a singular set. According to theorem 9.7.9,

C violates axiom of regularity. Contradiction.

Problem 6

Let A be a set, prove that {A} is a set :
1. Using the axiom of paring.
2. Without using the axiom of paring.

Solution.

1. Let x =y = A, then using axiom of paring, we get A is a set.

2. According to the axiom of empty set, @ is a valid set, and using the axiom of
power set, we get P(@) = {2} is a valid set. Then we let set t = {@} and define a
predicate P(x,y) : * = @ ANy = A. P(z,y) and t satisfy the axiom of replacement.

We can get {A} is a valid set using the axiom of replacement on P(z,y) and ¢ .



Problem 7

Let A be a set of sets and |A| = n(n > 0). Prove that:
Al >n= (340)(4p € AN|A| > 1)

Solution.

[JAl > n = (340)(4g € AN 4| > 1)
= =(340)(Ao € AN|Ag| > 1) = || JAl > n
= (VAo)(=(Ao € AN|Ag| > 1)) = [ JAl <n
= (VAo)(=(Ao € A) V|Ao| < 1) = [ J A <n
= (VA)(Ao € A= 4| < 1) = [[ Al <n

From [AU B| < |A| + [B] we have:|[JA[ <>, 4 |Ai]
Assume that (VAg)(Ag € A — |Ap| < 1), then we have

JAal< Y jal< > 1=14l=n

A;€A A;€A

Contradiction.
Q.E.D

Problem 8

Find the number of integers such that 1 < x < 2019 and x is relatively prime to 2020.

Solution.
2020 = 22 .5 - 101, so we only need to find the integer which is not devidable by 2, 5 and
101.

Let U = {z|1 <z <2019}, Ay = {z|z € UN2|z},A5 = {z|x € UA5|z}, A1 = {z|z €
UA101|z}, R = {z € U A (x is relatively prime to 2020)}

Then |R| = |U| — |A2 U A5 U A1)

According to principle of inclusion and exclusion:

|As U As U Ajp1|

= |As| + |As| + |A101] — [A2 N As| — |A2 N Ajo1| — |As N Ajor| + [A2 N A5 N Ajor |

= (2] + (292) + (252) - (2] - 298] — (25 + 15238

=1009+4+403 +19—-201 -9-3+1=1219
Then |R| = 2019 — 1219 = 800




Problem 9

Prove that:
1. [0,1] = [a, b], where a < b,a € R and b € R
2. [0,1] ~R

Solution.

1. Define function f(z) = (b—a)-z+a, then we can pair z € [0, 1] and f(z) € [a, b] with

out leaving any elements.

2. [[0,1]| < |R] since [0,1] C R.

arctan(x

- ) 4 3 from R to (0,1), so that we can
pair z € R with f(x) € (0,1), so we have [R| = |(0,1)| < [0, 1]|

So [[0, ]| = [R]

We can also define a function f(x) =



