Homework 9

123456, Ik K2

December 21, 2019

Problem 1
List all the elements of relation R
1. A={1,2,3},B=10,2,4}, and R = {(z,y)|x,y € AU B}
2. A={1,2,3,4,5},B={1,2,3}, and R = {(z,y)|lxr € ANy € BNz =1y?}

Solution.

2. R= {<17 1>7 <47 2>}

Problem 2

Let R, S be relation on A, prove that:
Ro(SUT)=(RoS)U(RoT)

Solution.

(x,y) € Ro(SUT)

x,2) € (SUT)A(z,y) € R)

(x,2) € SV (z,2) € T)N(2,y) € R)

(x,2) € SA(z,y) € R)V ((z,2) e TN (2,9) € R))
(,2) € SA(z,9) € R))V(I2)(((x,2) e T A(z,y) € R))
€RoSV(zx,y) € RoT

€E(RoS)U(RoT)

SO R



Problem 3

Let R; and R, be relations on a set A represented by the matrices:

Mp, =

e =)
S =
o R O

0
and Mp, = | 0
1

— =
—= = O

Find the matrices that represents:

1. RiUR,y
2. RiNR,
3. Ri® R,
4. R10R2
Solution.
(01 0|
1. RUR, =1 1 1
1 1 1
_ , 0_
2. leRQZ O 1 1
0 0
_O .
3. Rl@RQZ 1
0 1
1 1 1
4. R10R2: 1 1 1
1 1 1
Problem 4

For set A = {1,2,3,4}, the relation R on A:
R= {<1’ 2>7 <473>’ <272>7 <2a 1>}

Construct a relation R; on A for each following problem, such that R C Ry , Ry # E4

and:
1. Ry is reflexive.

2. R, is symmetric.



3. R is transitive.
4. R, is an equivalence relation, then write the quotient set of R; on A
5. Ry is a compatible relation, then write the complete cover of A

Solution.

1 Ry = {(1,1),(1,2),(3,3), (4,4), (4,3),(2,2), (2,1)}

2. Ry = {(1,2), (4,3),(3,4),(2,2), (2, 1)}.

3. Ry ={(1,1),(1,2),(4,3),(2,2),(2,1)}.

4. Ry = {(1,1),(1,2),(3,3), (4,4), (4,3), (3,4), (2,2), (2,1)}
A/Rr={{1,2},{3,4}}

5. Ry = {(1,1),(1,2),(3,3), (4,4), (4,3), (3,4), (2,2), (2, 1)}
Cr(4) = {{1,2},{3,4}}

Problem 5

Let R, and R, are equivalence relations on a non-empty set A, determine whether
the following relation is an equivalence relation on A. If so, prove it. If not, write a

counterexample.
1. (AxA)— Ry
2. R?
3. Ry — Ry

Solution.

1. (A x A) — Ry is not an equivalence relation.

Let A={1,2}, Ry = {(1,1),(2,2)}, then (A x A) — Ry = {(1,2),(2,1)}. Now (1,1) ¢
(A x A) — Ry, so the reflexivity does not holds.

2. R? is an equivalence relation.

Reflexivity: Vz € A, (x,z) € R; since R; is an equivalence relation. And we have:
(x,x) € Ry

= (z,x) € Ry AN(z,z) € Ry

= (F2)((x,2) € Ry A (z,z) € Ry)

= (z,z) € R?



Symmetry: Vx,y € A

(z,y) € R

< (32)((z,2) € Ry A (z,y) € Ry)

= (F2)((z,z) € Ry A (y,2) € Ry)(R; is symmetric)
& (y,z) € R?

Transitivity: Vz,y,z € A

(x,y) € R A (y,2) € R

< (Ft)((x,t1) € Ry A (t1,y) € Ry) A (Fta)((y, t2) € Ry A (t2,2) € Ry)
= (x,y) € R1 A (y, 2) € Ri(R, is transitive)

= (3t3)((z,t3) € R1 A (t3,2) € Ry)

& (1, z) € R}

. Ri — R, is not an equivalence relation.

Let R{ = Ry = A x A, then R, — R, = () is not an equivalence relation.

Problem 6

R is a relation on set A, prove that:

S =1,4URUR™!is a compatible relation on A

Solution.

Prove:

Reflexivity:

Vo € A we have (z,z) € I4 . And I, C S, so (Vz)(z € A — (z,z) € S)
Symmetry: For (z,y) € S, if:

1. (z,y) € 14, then x =y, so we have (y,z) € S too.

2. (z,y) € R, then (y,z) € R™', and R~! C S. So (y,x) € S too.

3. (x,y) € R7!, then (y,z) € R, and R C S. So (y,z) € S too.

So (Vz)(Vy)({z,y) € S — (y,x) € 5)
QED.



