Solution 3

November 7, 2019

Problem 1

Convert the following formulas to polish notation and reverse polish notation.
1. PN\-R+< PV Q
2. =PV (WAR)V-Q

Solution.

1. Polish notation:<+ AP—=R V PQ. Reverse polish notation: PR— A PQV <.

2. Polish notation:V V =—P A W R—(Q). Reverse polish notation: P-—W R A VQ-V.

Problem 2

Convert the following formulas to CNF, DNF, PCNF and PDNF.
1. PV -P
2. PAN—P

3. P& (Q — (Q— P))



Solution.

1. CNF: Pv =P
DNF: PV —P
PCNF': none
PDNF: PV =P = Vg4

2. CNF: PA—-P

DNF: P A =P
PCNF: PA =P = Aoy
PDNEF: none
3. CNF:
P& (Q—(Q—P)
=P & (-QV-QV P)
=P+ (-QV P)
=(P = (-QV P)) A ((-QV P) = P)
=(=PV-QVP)AN((QAN—P)VP)
=(PVQ)N(PV~-P)
=PVQ
DNF: PV @

PCNF: P+ (Q — (Q = P))=PVQ=A;

Problem 3

Prove the following formula with three proof methods, including theorem 2.8.1 in p32
of the textbook, theorem 2.8.2 in p32 of the textbook and interpretaion method in p32 of
the textbook.

(PAQ)= (P —=Q)

Solution.



(PAQ)—= (P—=Q)
=~(PAQ)V (P VQ)
=—PV-QV-PVQ
——PV-PV-QVQ
=T

Because (P A Q) — (P — Q) is a tautology, (P A Q) = (P — @) is proved.

(PAQ)A—(P — Q)
=(PAQ)N(PA-Q)
=PAQAPA-Q
=F

Because (P A Q) A —(P — Q) is a contradiction, (P A Q) = (P — Q) is proved.

3. Assuming that PAQ = T, then P =T and Q = T. Therefore, P — @ =T. So
(PAQ) = (P — Q) holds.

Problem 4

Assuming that P, — Q;(i =1,...,n), P,V P,V ..V P, and =(Q; A Q;)(i # j) are true,
prove that Q; — P;(i = 1,...,n) are true by deduction in 2.9.

Solution.

We want to prove

P = Qili=1,. 0 PLV Po V..V Py, 2 (Qi A Qj) it = Qi = Piliz1,.n-

.....



(1)=(Qi A Qj)liz GIEEIPN
(2)Qi = ~Qjliz (1) E 4
(B)P; = Qjliz GIEEIPN
(4)-Q; = —Pjliz; (3)E ik
(5)Qi = —Pjliz (2)(4) =it
(6)Q: [SNETE/EI PN
(T)=Pjlizs (5)(6)73
(8)"Py A ... N\=P,_y A=Piy Ao AP, (7)
(9)~(P,V..VP_ VP V..VPE,) (8)EHt
(10)PLV P,V ..V P, RGN
(A)~(P,V..VP_ VP V..VP)— P (10) & #
(12)P; (9)(11) 535
(13)Q; = B, A AR )

Problem 5

Prove the following theorem by resolution in 2.10.

(PVQANP —->RNQ—R)=R

Solution.
We want to prove (PVQ)A (P — R)A(Q — R)A—R is a contradiction. Firstly, we convert
the formula to CNF.

(PVQ)AN(P—R)AN(Q— R)A-R
=(PVQ)A(-PVR)A(-QV R)A-R

Then we can construct the set of clauses.
S={ PVQ,-PVR,-QVR,-R}



PvQ
-PVR
“QVR

Q
<
=y

(1)(2) a4
(3)(5))94%
(4)(6))9%5

O =

Problem 6

Prove
1. A — B is a tautology iff B* — A* is a tautology
2. A — B is satisfiable iff B* — A* is satisfiable
3. A < B is a tautology iff B* <+ A* is a tautology
4. A < B is satisfiable iff B* <> A* is satisfiable

Solution.

1. If A — B is a tautology, then =B — —A is a tautology. Because -A = A*~ and
-B = B*", B*~ — A*" is a tautology. Therefore, B* — A* is a tautology.

If B* — A* is a tautology, then (A*)* — (B*)* is a tautology. Because A = (A*)*
and B = (B*)*, A — B is a tautology.

In conclusion, A — B is a tautology iff B* — A* is a tautology.
2. If A — B is satisfiable, then =B — —A is satisfiable. Because -A = A*~ and

-B = B*", B*~ — A*" is satisfiable. Therefore, B* — A* is satisfiable.

If B* — A* is satisfiable, then B*~ — A*~ is satisfiable. Because A = A*~ and
-B = B*", -B — —A is satisfiable. So A — B is satisfiable.

In conclusion, A — B is satisfiable iff B* — A* is satisfiable.

3. A < B is a tautology iff (A — B) A (B — A) is a tautology. (A — B)A (B — A) is
a tautology iff A — B is a tautology and B — A is a tautology. A - Band B — A



are tautologies iff B* — A* and A* — B* are tautologies. B* — A* and A* — B* are
tautologies iff B* <+ A* is a tautology.

. A & B is satisfiable iff =A +» =B is satisfiable. Because A = A*~ and =B = B*~,
—-A < =B is satisfiable iff A*~ < B*~ is satisfiable. A*~ <« B*~ is satisfiable iff
B* < A* is satisfiable.



