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) Review

« Computational Problems
— Well-defined Input, output constrain

« Set Theory Basics
— Definition, representation, operation, set identities

« Formal Language
— Alanguage is a set of string
— Convert a problem solving into language recognizing
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How we investigate computability?

(BEEBES5ESIC) 9.6-9.7,12.2-12.6

2.1 Discussion on
Problems

Part2. Set Theory(ll): Axiom
system & Cardinality.
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Recap: Solving Decision Problem

For any decision problem, we can define a predicate P:
P(x): (x is a valid input) A (x has the property the problem asks)

Then we can build the set: - EEETE
S = {x|P(x)}

Then the decision problem can be converted to:

Take x as input and decide whether x € S, that S is a known set.
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} Nalve Set Theory

Intuitive formulation of sets is called naive set theory — goes back to
German mathematician George Cantor (1800’s)

In naive set theory, {x|P(x)}is a set, for any predicate P
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Set of objects that doesn’t contain itself

So we can build a set S with predicate P(x): x ¢ x, that is the set which
doesn’t contain itself:

S ={x|x & x}
Also recall that for any set 4 and any object a, eithera€ Aora ¢ A

SeSorses?

2019/11/11



2019/11/11




) S ={x|x ¢ x}

If § € S, according to the set construction process, P(S): x &€ x is true,
which means S ¢ S, so we get:

SES=>5S¢E¢S
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) S ={x|x ¢ x}

If § € S, according to the set construction process, P(S): x &€ x is true,
which means S ¢ S, so we get:

SES=>5S¢E¢S

If S ¢ S, then the predicate P(S): x ¢ x is true, then we can assert that
S €S, sowe get:

SES=>S€ES
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) S ={x|x ¢ x}

If § € S, according to the set construction process, P(S): x &€ x is true,
which means S ¢ S, so we get:

SES=>5S¢E¢S

If S ¢ S, then the predicate P(S): x ¢ x is true, then we can assert that
S €S, sowe get:

SES=>S€ES

The results above lead to :
SeES=SeS

2019/11/11
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) S ={x|x ¢ x}

If § € S, according to the set construction process, P(S): x &€ x is true,
which means S ¢ S, so we get:

SES=>5S¢E¢S

If S ¢ S, then the predicate P(S): x ¢ x is true, then we can assert that
S €S, sowe get:

SES=>S€ES

The results above lead to :
S¢S SeS
[t’s a logic paradox!!Can’t be true!!

2019/11/11
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Russell’s Paradox

This paradox is call Russell’'s paradox, discovered by Bertrand
Russell in 1901, showed that some attempted formalizations of
the naive set theory created by Georg Cantor led to a
contradiction.

MY NOSE WILL
GROW NOW!

Russell in 1916
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Russell’s Paradox: Solution

To solve this paradox, Ernst Zermelo and Abraham Fraenkel
proposed an axiomatization of set theory called ZF axioms that
avoided the paradoxes of naive set theory.

ZF set theory is the most general accepted axiom system of set
theory now.

Theorems: Branches and leaves

Axioms: Trunk

Definitions: Roots

Undefined Terms: Root Tips

Logical system: Ground. ——————— =
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ZF Axiom System

- ZF.1 Axiom of extensionality (#MIEZNE)
 ZF.2 Axiom of the empty set (TSESFENIE)
« ZF.3 Axiom of pairing (FTGFREXNESFENE)

« ZF.4 Axiom of union (HESAXIE)

« ZF.5 Subset axiom schema(F&ENTEE)

« ZF.6 Axiom of power set (BEALIE)

« ZF.7 Axiom of regularity (IERIZIE)

« ZF.8 Axiom of infinity (FTC35AIE)

 ZF.9 Axiom of replacement (&, 1F)

«  ZF.10 Axiom of choice (&N IE)

2019/11/11
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ZF.5 Subset Axiom Schema (FEALAHIET)

* Russell’'s paradox can be excluded by ZF.5 subset axiom schema
and ZF.7 axiom of regularity.

« ZF.5 subset axiom scheme states that for any predicate P(x), you
can build a new set whose elements satisfy P but in a given set.

®
o o
T Wy P(x):x is blue| @
®o_® o ® g ® ®
o ®, o ¢

Prior Set A Apply P(x) in A
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ZF.5 Subset Axiom Schema (FEALAHIET)

« In other words, for a set A, and predicate P(x), set{x| x € A A P(x)}
Is valid under ZF axiom.

 From set A and predicate x € B:
— Ayg={x|lx€eANxEB}=ANB

 From set A and predicate x € B:
— Ay={x|lx€eAANx¢B}=A—-B

« From a non-empty set 4 and predicate (Vy)(y € A = x € y):.
— As Ais non — empty, so there exists a set A € A
— Ag={x|x€eA;A(Vy)(yeAd->x€Ey)}=NA
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) ZF.5 & Russell’s Paradox

But Russell’s construction S = {x| x € x} lacks the prior set A.

2019/11/11
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) ZF.5 & Russell’s Paradox

« But Russell’s construction S = {x| x ¢ x} lacks the prior set A.

What If there exists a set U contains all the sets, so that
S={x|er/\x<7'£x} satisfies subset axiom scheme?

2019/11/11
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) ZF.7 Axiom of regularity (IERJAIR)

« ZF.7 Axiom of regularity states that every non-empty set x contains a
member y such that x and y are disjoint sets.

— vy is called the minimum element of x

ST =l Every set has a
. I UM
element
n 1 =9
MIinimum

element
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) ZF.7 Axiom of regularity (IERIZTR)

e ForanysetA,can A4 € A?

2019/11/11

Assume that 4 € A.
We can build a new set A, = {A}.

According to the ZF.7 axiom of regularity, set Ay contains an element
which is disjointed with 4y. As 4, contains only one element A, so Ay is
disjointed with A.

ButA € A,and A € Ay, SO AN Ay + 0, this violates the axiom of regularity
So A ¢ A for any set A.

20



) ZF.7 & Russell’s Paradox

What if there exists a set U contains all the sets, so that
S={x|er/\x<7'£x} satisfies subset axiom scheme?

* |f such universal set U exists, as U Is also a set, so we have U € U.
* But we know for any set x, we have x € x

 This means that U doesn’t exists.

Russell’s paradox doesn’t exist in ZF set theory.

2019/11/11
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ZF Axiom System

ZF.1 Axiom of extensionality

Two sets are equal (are the same set) if they have the same elements.

(Vz)(Vy)(z =y < (V2)(z € z & z € y))

ZF.2 Axiom of the empty set

There exists a set contains no elements.

(3z)(Vy)(y ¢ =)

ZF.3 Axiom of pairing

If x and y are sets, then there exists a set which contains x and y as
elements.

(V) (Yy)(32)(Yu)(u € 2 < ((u = 2) V (u=1y)))

2019/11/11
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ZF Axiom System

ZF.4 Axiom of union

The union over the elements of a set exists.
(Vx)(Jy)(V2)(z €y & (Fu)(z € uAu € x))

ZF.5 Subset axiom schema

For any predicate P(z),for any set x, then there exists a set y such that
the element of y is also the element of x and P(z) holds.

(Vz)(F2)(Vy)(z € y > (z € x A P(2)))

ZF.6 Axiom of power set

For any set x, there exists a set y such that the element of y is subset of x.

(Vx)(Fy)(Vz)(z € y <> Vu)(u € z — u € x))

2019/11/11
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ZF Axiom System

ZF.7 Axiom of regularity (Axiom of foundation)

Every non-empty set x contains a member y such that x and y are disjoint
sets.

Vz)(z # 2 = ()(y ez A (ynz = 9))

ZF.8 Axiom of infinity

There exists a set containing all the natural numbers.(First infinite set.)

(Fr)(@ exA(Vy)(y €x— (yU{y}) € ))

2019/11/11
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ZF Axiom System
ZF.9 Axiom of replacement (B IEIRZ()

For any predicate P(x,y), if for any = there exists a unique y such that
P(z,y) holds. Then for all set t there exist a set s, such that the element
y in s is exact the the corresponding y(P(x,y)holds) of x in t.

(Vz)(Fy) (P(z,y) A (V2)(P(z,y) = 2 =y)) =
(Vt)(3s)(Vu)(u € s > (Fz)(z € t A P(z,u)))

ZF .10 Axiom of choice (& 18)

For any relation R, there exists a function F', such that F' is a subset of R
and the domain of F' and R are equal.

(V Relation R)(3 Function F)(F C R A dom(R) = dom(F))

\

2019/11/11
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Size of “The set of all computer programs”
and
Size of “The set of all problems to solve”



Cardinality of finite set

* The cardinality of a set is the number of elements it contains.
« If |A| is a set, we denote its cardinality by writing |A| or card(A)

« Examples:
— @] = card(®) =0
— {17,23}| = card({17,23}) = 2
— |{x|x € NAx <157}| = card({x|x € N Ax < 157}) = 157

* Only finite set’s cardinality is a specific number
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) Cardinality with Set Operation

A1 U A, < [Aq] + |4

A; N Ay < min(|44],145])

Ay — Ay = [Aq] — |A,]

Ay @ Ay = |Aq] + [Az] = 2|14, N Ay
Ay U Ay | = Ay |+] A, - Ay NA

2019/11/11
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) Cardinality of Union

2019/11/11

¢
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) Cardinality of Union

Al + |B]

2019/11/11
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) Cardinality of Union

|Al + |B| = |A N B|

2019/11/11
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) Cardinality of Union

|JAUB| = |A| + |B| — |AN B

2019/11/11
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) A Problem

* Question: Find the number of positive integers not exceeding 100
that are not divisible by 5 or 7.

2019/11/11
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) A Problem

* Question: Find the number of positive integers not exceeding 100
that are not divisible by 5 or 7.
d|n means that n is divisible by d

/ \
Universe U = {n|n < 100}, Ac = {n|n < 100 A5|n}, A, = {n|n < 100 A 7|n}

e Answer:;

Numbers divisible by 50or 7=A4: U A,

Soresults = |U| — |Ag U A5

2019/11/11
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) A Problem

* Question: Find the number of positive integers not exceeding 100

that are not divisible by 5 or 7.

_ d|n means that n is divisible by d
e Answer: y \

Universe U = {n|n < 100}, Ac = {n|n < 100 A5|n}, A, = {n|n < 100 A 7|n}
Numbers divisible by 50or 7=A4: U A,

Soresults = |U| — |Ag U A5

100 100 100
|As U A/ = |As] + |A7] — A5 N4, = +

— =20+14—-2 =32
5 7 5%7 i

So results = 100-32=68
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) Principle of Inclusion and Exclusion(BFEE)

|JAfUA, U---UA,| = ZlSiSn |Ai| - lei<j5n|Ai N Aj| +

lei<j<kSn|Ai NA4;N Ak| +o+ (DAL NA; N A3 NN A

nN=2: [A4 U Ay| = |Aq] + |A2] = |41 N Ay]
n=3: |A1 UAZ UA3| —
|Aq| + [Az|+|As| — |Ag N Ay| — |A; N Az| — [A; N As| + [A; N Az N As|
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) Cardinality of Infinite Set

 What is the cardinality of infinite set?
« Can we simply define the cardinality of all infinite sets as co?

 Or are there infinite sets of different sizes?

2019/11/11
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HILBERT'S

HOTEL
NO VACANCY

- —

hooray!

2019/11/11

HILBERT'S

HOTEL
YES VACANCY!




Cardinality of Infinite Set

The cardinality of N can’t be a natural number, since it’s infinitely large.

Let’s define ¥, = |N|
— X, is pronounced "aleph-zero”, "aleph-nought”, or "aleph-null” (fI;E2XZ)

Now consider the set S = {n|n € NAniseven}

What is |S|? Is it half of Xy?
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) Comparing Cardinalities

2019/11/11
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) Comparing Cardinalities

For set A and B, A and B are equianumerous (838) if there is a way
to pair their elements off without leaving any elements uncovered,
marked as A=B. Otherwise marked as —A=B.

2019/11/11
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) Comparing Cardinalities

For set A and B, card(A) < card(B) if there is a way to pair their
elements off without leaving any elements of A uncovered.

2019/11/11
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) Comparing Cardinalities

For set A and B, card(A) < card(B) if card(A) < card(B) and
—-A=B.

Everything
has been
paired up,
and this
one s all
alone.
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) N and Non-negative Even Integer

S={nneNAniseven}

2019/11/11
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) N and Non-negative Even Integer

nen

S={nneNAniseven}

S| = IN| =Ry
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) NandZ

N

2019/11/11

o 1 2 3 4 5 o

e

4 -3 -2 -1 0 1 2

3
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) NandZ

N

2019/11/11

©c 1 2 3 4 5 o 7

o 1 2

4 -3 -2 -1

3
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-4

-3

-2

-1
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) NandZ

8

e

o 1 2 3 4 5 o

1

N

1

1

1

1

o -1 1 -2 2 -3 3 -4 4 -5 .

Z

50
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) NandZ

8

©c 1 2 3 4 5 o 7

N
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) NandZ

8

©c 1 2 3 4 5 o 7

N

[Z| = IN| = R

52
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) Nand Q

N

2019/11/11

©c 1 2 3 4 5 o 7 8

/ numerator

a

E,Whe‘reaEZ,b EZb+0

\ denominator

q
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) Nand Q

N o 1 2 3 4 5 o

numerator

\

’ 1
A2
contains all the &
rational number 4

(may duplicated)

2019/11/11

-2
o
1/-2
2/-2
3/-2
4/-2

-1
O
1/-1
2/-1
3/-1
4/-1

1
O
1/1
2/1
3/1
4/1

2
O

1/2
2/2
3/2
1/2

-

3
O
1/3
2/3
3/3
4/3

q

... «= denominator

o4



) Nand Q

2019/11/11

A WM » O

O
1/-2
2/-2
3/-2

4/-2

1
O
1/1
2/1
3/1

4/1

2

o
1/2
2/2
3/2
4/2

3
O
1/3
2/3
3/3

4/3

o5



) Nand Q

2019/11/11

A WM » O

O
1/-2
2/-2
3/-2

4/-2

Oo
1/1
2/1
3/1

4/1

2

o
1/2
2/2
3/2
4/2

3
O
1/3
2/3
3/3

4/3
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) Nand Q

corvesponding

element in Q element in N
\ /

-2 -1 \1 / 2 3

o O Oy O o

1/-2 1/-2 1/12 1/2 1/3
2/-2 2/-1 2/1 2/2 2/3

3/-2 3/-1 3/1 3/2 3/3

A WM » O

4/-2  4/-1  4/1  4/2  4/3
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) Nand Q

2019/11/11

A W DN » O

O
1/-2
2/-2
3/-2

4/-2

1 2

O, =+ O

1/1 1/2
2/1  2/2
3/1 3/2
4/1 4/2

3
O
1/3
2/3
3/3

4/3
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) Nand Q

2019/11/11

O has been paired, skip

-2 -1 1 2 : 3
o O O O, =» O O
1 i/-2 1/-1  1/1  1/2  1/3
2 2/-2 2/-12 2/1 2/2 2/3
3 3/-2 3/-1 3/1 3/2 3/3
4 4/-2  4/-1 4/1  4/2  4/3
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) Nand Q

2019/11/11

A WM » O

O
1/-2
2/-2
3/-2

4/-2

1 2
O, =» O
¥
1/1  1/2,
2/1  2/2
3/1 3/2
4/1  4/2

3
O
1/3
2/3
3/3

4/3
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) Nand Q

2019/11/11

A W DN » O

O
1/-2
2/-2
3/-2

4/-2

1 2

O, = O

\
1/1,+«1/2,
2/1  2/2
3/1 3/2
4/1  4/2

3
O
1/3
2/3
3/3

4/3
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) Nand Q

-2 -1 1 2 3
o o 00—>i> o

1/-2  1/-1,«1/1,+1/2, 1/3
2/-2 2/-1  2/1 2/2 2/3

3/-2 3/-1 3/1 3/2 3/3

A W DN » O

4/-2  4/-1  4/1  4/2  4/3
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) Nand Q

-2 -1 1 2 3
o o O, =» O o
t \

1/-2  1/-1,«1/1,+1/2, 1/3
2/-2 2/-1  2/1 2/2 2/3

3/-2 3/-1 3/1 3/2 3/3

A W DN » O

4/-2  4/-1  4/1  4/2  4/3
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) Nand Q

2019/11/11

A W DN » O

-2 -1 1 2

O « O O, =» O

t ¥
1/-2 1/-1,«1/1,«1/2,
2/-2  2/-1 2/1 2/2
3/-2 3/-1 3/1 3/2
4/-2  4/-1  4/1 4/2

3
O
1/3
2/3
3/3

4/3
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) Nand Q

-2 -1 1 2 3
O (0, o, =—» O O
i < 3 o) '

1/-2, 1/-1l,«1/1,«1/2, 1/3
2/-2 2/-1  2/1 2/2 2/3

3/-2 3/-1 3/1 3/2 3/3

A W DN » O

4/-2  4/-1  4/1  4/2  4/3
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) Nand Q

-2 -1 1 2 3
(i - c: o, = O o
\
Q' 1/ $24 1/-1,«1/1,+«1/2, 1/3

2/-2 2/-1 2/1 2/2 2/3

3/-2 3/-1 3/1 3/2 3/3

A W DN » O

4/-2  4/-1  4/1  4/2  4/3
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) Nand Q

-2 -1 1 2 3
(i - c: o, = O o
\
Q' 1/ $24 1/-1,«1/1,+«1/2, 1/3

2/-2=*2/-1. 2/1 2/2 2/3

3/-2 3/-1 3/1 3/2 3/3

A W DN » O

4/-2  4/-1  4/1  4/2  4/3
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) NandQ

A WD » O

2019/11/11

We've paring N and Q!!!
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) Nand Q

N o 1 2 3 4 5 6 7 8

a

Q E,WhereaEZ,bEZ,biO

|Q| = [N =Ry
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) Countable Set

« Asetis countable if the cardinality of which is smaller than or equal
to that of the set of all natural number.

— Ais countable if |4] < X,
o All finite sets are countable.

« As |Z| = |Q| = |N|, Z and Q are also countable sets.
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Do all infinite sets have the same cardinality?



) Power Set

ZF.6 Axiom of power set(BESLIE)

For any set x, there exists a set y such that the element of ¥y is subset of .

(Vx)(Jy)(V2)(z € y < (Yu)(u € z = u € 1))

« Donate the power set of set 4 as P(A) or 24

. A={1,273)
- P(A) = {6, {1},{2},{3},{1,2},{1,3},{2,3},{1,2,3}}

* For finite set A with |A| = n, what is |P(4)|?
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Cardinality of Power Set

« For finite set A with |A| = n, we can use a binary string of length n to
represent its subset.

r 2 3 4 5 6 .. n

c o 1 1 o 1 . 1
O means the subset 1 means the subset
doesn’t contain contains corvesponding
corresponding element

element
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Cardinality of Power Set

« For finite set A with |A| = n, we can use a binary string of length n to
represent its subset.

« Every binary string represent an unique subset
— Let A ={1,2,3,4}, then 0101 represents {2,4} and 0011 represents {3,4}

 There are 2" different binary string of length n, so A has 2" subsets.

« So|P(A)| = 2" = 2l
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) Cardinality of Power Set

« As 2" > n for all positive integer n, we can get
|P(A)| = 211 > 4]
for all finite sets 4

* Does |P(S)| > |S| for all infinite sets §7?

2019/11/11
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) Power Set of Infinite Set

« For aninfinite set S = {xy, X1, X3, ... }, we assume that P(S) = S

* It means we can pair up the elements of § and the elements of P(S)
without leaving anything out.

2019/11/11 76



) Power Set of Infinite Set

« For aninfinite set S = {xy, x1, X3, ... }, we assume that P(S) = §

* It means we can pair up the elements of § and the elements of P(S)
without leaving anything out. /

subset of S

2019/11/11 i’



) Power Set of Infinite Set

« For aninfinite set S = {xy, X1, X3, ... }, we assume that P(S) = S

« |t means we can pair up the elements of § and the subset of §
without leaving anything out.

What would that look like?

2019/11/11
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— {Xp,%5,X 5.}
—> {Xz,Xs,...}

> {X5,%1,X5,X5,... }
— {X %4}
—{X,5,..}
—>{Xp,X1.X5,...

2019/11/11
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Xo Xy X, Xs
— {Xp,%5,X 5.}
—> {Xz,Xs,...}
> {X5,%1,X5,X5,... }
— {X %4}
—{X,5,..}
—>{Xp,X1.X5,...

2019/11/11

Xy Xs
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—{ X, X, X4 e }
— X Xs, o}
«—{ X, X, Xs, o}
— Xy X4 v 3
—{ X, v 3
—{ X, X, X5, o}
—{ .}

_— e S e S e S e B S B D e G S G e G e G e S e S e Emm .y,
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Xo Xg X, Xz X4 Xs

XO 4—7{ XO, XZJ X4_) coe }

X4 4—»{ Xz Xs @ .. }

XZ 4—>{ XO, XZ, Xs-) voe }

Xz ‘—’{ X1 X4 } Flip this set.

Swap what'’s

X, <«—> X p

* { * b neluded and

Xs +—> { %o Xe, X5, o ] what’s excluded
4—»{ R }

T I

|
2019/11/11 N o e e e e e e e e e e e e e e e e = = e e e = = = / 83



Xp Xq X, Xz X4 Xs
Xo ‘-’{ Xo, X2, X4,
X:L 4—»{ Xz Xs,

Xa ‘—’{ Xo, X2, Xs,

Which element
is paired with
this set?

x
o
A
x
R
x
A
P R PR U N SV S L s

_— e S e S e S e B S B D e G S G e G e G e S e S e Emm .y,

|
2019/11/11 N o e e e e e e e e e e e e e e e e = = e e e = = = / 84
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Xo Xg X, Xz X4 Xs

— Xy Xy e }
4—»{ Xz Xs @ .. }
4—»{ Xo, Xy Xs = . }
4—»{ X4 X4 }
4—»{ X, }
4—»{ Xo, X4 XS- coe }
—{ 3

_— e S e S e S e B S B D e G S G e G e G e S e S e Emm .y,

( |
N PR
/ 85
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Xo X1 Xy Xs

—{ X,
— {

4—>{ XO,

X2,

X2,

Xz

X4

3
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Xo X1 Xy Xs

4—7{ XO, XZJ

4—»{ Xz

T

X4

3
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X, Xz
X1
iy X2,
Xo .
4—»{
‘—’{ X2,
Xo,
{ .
{ .
—
G {
X
— { 5

X4

Xa,

3
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Xp Xq X, Xz X4 Xs
Xo ‘-’{ Xo, X2, X4,
X:L 4—»{ Xz Xs,

xz ‘—’{ Xo, X2, Xs,

x
o
A
x
R
x
A
(P R R U N SV S L e
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Xo Xg X, Xz X4 Xs

XO 4—7{ XO, XZJ X4) coe }
X4 4—»{ Xz Xs @ .. }
XZ 4—>{ XO, XZ) Xs-) voe }
X3 4—>{ Xl X4_ . }

X4 «—{ X2, -} No element can

be paired with

Xs { %o Xe, Xs } this set!!!

—{ . }
T I
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) The Cantor’s Theorem

« It's obvious that |S| < |P(S)]| as every elements of § can construct a
subset of S, it’'s easy to pair § with P(S) without leaving any element
of §.

« And we have =S =~ P(S) from the diagonalization proof.

« So we have the Cantor’s Theorem: Every set is strictly smaller than
its power set:

[ S| < |P(S)]| for any set S ]
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) Infinite Cardinalities

By Cantor’s Theorem:

IN| < [P(N)|
| P(N)| < [P(P(N))
| PPN)| < [|PEPEPN)))
| PPEPMN))| < |PEPEPP(N))))|

Not all infinite sets have the same size!
* There is no biggest infinity!

There are infinitely many infinities!
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Size of “The set of all computer programs”
and
Size of “The set of all problems to solve”



) Strings and Programs

 The source code of a computer program is just a (long, structured,
well-commented) string of text.

« All programs are strings, but not all strings are necessarily programs.
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) Strings and Programs

 The source code of a computer program is just a (long, structured,
well-commented) string of text.

« All programs are strings, but not all strings are necessarily programs.

All :
. All possible
possible :
programs Strings

|Programsj| < |Strings|
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) Strings and Problems

 There is a connection between the number of sets of strings and the
number of problems to solve.

 Let S be any set of strings. This set S gives rise to a problem to solve:

Give a string w,determine wether w € S.

2019/11/11 97



) Strings and Problems

 There is a connection between the number of sets of strings and the
number of problems to solve.

 Let S be any set of strings. This set S gives rise to a problem to solve:

Give a string w,determine wether w € S.

Problems
formed
from sets
of strings

All possible
problems

|Set of Strings| < |Problems|
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) Where We’re Going

« Astring is a sequence of characters.
— There are at most as many programs as there are strings.

— There are at least as many problems as there are sets of strings.
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) Where We’re Going

« Astring is a sequence of characters.
— There are at most as many programs as there are strings.

— There are at least as many problems as there are sets of strings.

|Programs| < |Strings]|
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) Where We’re Going

« Astring is a sequence of characters.
— There are at most as many programs as there are strings.

— There are at least as many problems as there are sets of strings.

|Programs| < |Strings]| |Set of strings| < |Problems|
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) Where We’re Going

« Astring is a sequence of characters.
— There are at most as many programs as there are strings.

— There are at least as many problems as there are sets of strings.

e From Cantor's Theorem, we know that there are more sets of
strings than strings

|Programs| < |Strings| < |Set of strings| < |Problems]
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Progmmsl <| Problew\sl "
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) Frustrating Result

« There are more problems to solve than there are programs to solve
them.

— Some problems can not be solved by programs

« Using more advanced set theory, we can show that there are infinitely
more problems than solutions.

« |n fact, if you pick a totally random problem, the probability that you
can solve it is zero.®
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Size of “The set of all computer programs”
is strictly smaller than
Size of “The set of all problems to solve”
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Next

Capture the structure of a problem.

— Binary relations.

Other fundamental tools.

— Functions
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