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) Review

 Closure of Relations
— Transitive closure: Warshall Algorithm

— Combination of closures

* Function
— Definition and common functions.
— Injective, surjective, bijective.

— Inverse of function.
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How we investigate computability?

2.2 Discussion on
Computation
Partl. Turing Machine Basics.
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Ultimate Problem:

What problems can a computer solve?



) What We Have Done

« Computational Problem(it&IagR)
— Well-defined input
— Constraints that the output must satisfy.

- A computational problem is computable(®J{18) if there is a
procedure (or algorithm) for it which:

— Rigorously follows some instructions, requires no ingenuity.

— Always finishes (terminates) after a finite number of steps.
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) What We Have Done

« A computational problem can be converted into language
recognizing problem.

— Set basics & formal language theory
— Alanguage is naturally a set of string.

— Given a language L and take w as input, determine whether
weEL.

What-problers—can—a-computersolve?
y

What languages can a computer recognize?
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) Recap: Formal Languages

Alphabets are finite, non-empty
sets of characters

Alphabet: X / A string Strings are

finite sequence finite sequence
. @Vb)A(=bV o) / of characters

Characters are
individual All strings
symbols

VA abc
al--a

(avb)A(=bVc)

ab,c
(avb)A(=bVc)

Subset of X~
Languages —

are sets of A language Set of all string :
strings. Y
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) Recap: Language Recognizing

Throughout the whole course of computability, we’ll focus on the
membership problem of a language, or language recognizing, that is:

[ Given a language L and take w as input, determine whether w € L. ]

2019/11/29
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What languages can a computer recognize?
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Computers are complicated.

Intel 4004, first commercial CPU
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Computers are complicated.

128 Entry 2 KB Inst. Cache (4-way
Inst. TLB  § Cache
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. including Out of
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Computers are complicated.

Applications, Tools

-

S}'.‘alq‘.rln calls

LUlser space

Y ¥ Y Y Linux-Kernal
Frocess Memory ) File ) D‘f“r’"‘f MNetwork  f=— Components
management | management syslems elrivers
Multitacking Virtual Files, Dhevice access, Metwork 5
SEINg MEmory directories terminals Functionality g
) Filg system MNetwork Software
Scheduler, vpes protocels Support
architecture- Memory || | ‘Characier
specific MAnager devices ” N -
code : etwor | Hardware
Elack devices drivers Support
A 4 A A A
¥ L ] ¥ L
Hard disk, Warious "
CPU RAM CD, Floppy terminal [;“d*:.“ f:f Hardware
disk equipment P

Architecture of Operating System
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We need to model computer in a simple
and clean manner!!



Automata(Bzallfll) Theory

« An automaton is a mathematical model of a computing
device

— It is significantly easier to manipulate our abstract models
of computers than it is to manipulate actual computers

— If we pick our models correctly, we can make broad,
sweeping claims about huge classes of real computers by
arguing that they're just special cases of our more general
models.
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) What is an Automaton

Push

Push

An “automata’’ for an on-off switch

2019/11/29

15



) What is an Automaton
« Q: {“off’, “on”}

Two states

2019/11/29
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) What is an Automaton

° Q: {“Off”, “On”}

° Z . {“push”}
One Push
operation

2019/11/29 Push
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) What is an Automaton
« Q: {“off", “on”}
« ¥ :{'push”}
* §:{("on”, “push”, “off”), (“off”, “push”, “on”)}

~ [T

Two transformation

—

2019/11/29
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) What is an Automaton

A automata for “aa...bb...”’

2019/11/29
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) What is an Automaton

we'll start from q,

start

Input: a a b b

2019/11/29
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) What is an Automaton

we'll start from q,

start

Input: a a b b
next input symbol 4

2019/11/29
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) What is an Automaton

Input: a a b b
next input symbol 4

2019/11/29
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) What is an Automaton

Input: a a b b
next input symbol 4

2019/11/29

23



) What is an Automaton

Input: a a b b
next input symbol 4

2019/11/29
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) What is an Automaton

Input: a a b b

next input symbol 2

2019/11/29
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) What is an Automaton

q. is the final state.

Input: a a b b
next input symbol

2019/11/29
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) What is an Automaton

Input: a b b a
next input symbol 4

2019/11/29
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) What is an Automaton

Input: a b b a
next input symbol 4

2019/11/29
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) What is an Automaton

Input: a b b a
next input symbol 4

2019/11/29
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) What is an Automaton

Input: a b b a

next input symbol 4

2019/11/29
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) What is an Automaton

9, is not the final state.

Input: a b b a
next input symbol 4
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) What is an Automaton
* Q0:{90.91.92 }
X :{a,b}

¢ 0: {(Qo; a, qO)’ (qor b, CI1)’ (CI1r b, CI1)’ (CI1' a, CI2)1
(CI2; a, qZ)’ (CIZ; br CIZ)}
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What i1s an Automaton

* Q:{90,91, 92}

« X:{a,b}

5: {(qO' a, qO)’ (qor b, CI1)’ (CI1' b' CI1)’ (CI1' a, CI2)1

(QZ» a, CIZ)’ (QZr b, CIZ)} accepting or

final state

qo. Start state
F:{q.}

start state
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)

Deterministic Finite Automaton(DFA, {fEBIR
Bzith)

« Adeterministic finite automaton(DFA) consists of:
— Q:Afinite set of states
— Z: Afinite set of input symbols
— §: Atransition function. Q X X - Q
— qo: The start state
— F: A set of final or accepting states. F €

 We can donate a DFA as a “five tuple”
A= (Q,Z,5,C[O,F)
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) Deterministic Finite Automaton(DFA)

« A DFAtakes a finite string(sequence of input symbols)
as input, and process the input symbols of the string
one by one, and change its state according to the
transition function 4.

« DFA will always stop, if the state is in the set of
accepting states(F) when a DFA stops, we say that

this DFA accepts the input. Otherwise it rejects the
Input.

2019/11/29
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) Simpler Notations for DFA

Transition
Diagram
start state a b
< i
do do d1 Transition
% (1 q> d1 Table
final state q q q,

2019/11/29 36



) Extending the Transition Function

For a DFA (Q, %, 6, g4, F), we can define an extended

transition function

5:0 XX* > Q
5 takes a state g and a string w as input, and returns the
state after processing string w from state q.

_ S(q, E) = (q
— If w = xa, where a € 2. Then 6(q,w) = 5(5((1, x),Qa)
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Extending the Transition Function

5(qo,€) = qo 0 |1

S(QO: 1) = 5(8(510»6)» 1) =6(q0,1) = q4 *—>qo || 92 | ¢

A A q1 || 93 | 9o
— 1 1 = ) 1 —

5(qo, 11) = 8(8(q0,1),1) = 6(q1, 1) = qo I

6(q0,110) = §(8(qo,11),0) = 8(q0,0) =q, 93 || @1 | @2

S(CIO» 1101) = 5(5(510» 110), 1) =6(q2,1) = q3
5(qo,11010) = §(8(qo, 1101),0) = §(g5,0) = q4
6(qo,110101) = §(8(q0, 11010),1) = §(q1,1) = qq

2019/11/29
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) The Language of DFA

« ForaDFAA=(Q,%6,q,, F), the language of A, donated
as L(A), is the set of all string that A accepts.
L(A) = {(w|8(qo, ) € F)

« For a certain language L, if there exists a DFA 4 such that
L = L(A), then we call L is a regular language(IENES).

we'll not take much time in DFA and reqular
l[anguage. Feel free to read chapter 2,3,4 in
IALC if you are interested in it.
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) Regular Expression(IERZ&iXX)

« Regular expressions are used to denote regular languages.

* For an alphabet X

— @, €,a are regular expressions corresponding to
languages @, {€},{a}, where a € X

— If r, s are regular expression corresponding to language L., L.
r+s(orr|s). LU Lg

rs:{wulw € L, Au € L}

rk fwyw, < wy_w|w; €L, Aw, €EL.A--wy, €L}

r*:LaiUL2ULs3..ULmn..

r*: L.+ U{€e}

2019/11/29

40



But DFA can not recognize all the languages.



) The Limitation of DFA

« There is no DFA for languages like {0"1"|n € N*}.

« We need a more powerful “machine” to model our computer.

Turning Machine!!

2019/11/29
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) Turing Machine

a— bR

2019/11/29
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) Turing Machine

A tape which is divided
into cells. Every cell
contains a symbol. The
tape is infinite in left
and right direction.

B B a

2019/11/29

a

b B B B
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) Turing Machine

A tape which is divided
into cells. Every cell
contains a symbol. The
tape is infinite in left
and right direction.

Input symbols

-

B B a a b B B B

2019/11/29

N/

A special symbol

which means blank.
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) Turing Machine

A tape which is divided
into cells. Every cell
contains a symbol. The
tape is infinite in left
and right direction.

B B a a b B B B

t —A tape head which initially points to
the start of input symbol

2019/11/29 46



) Turing Machine

accept state
start state
start\
" o

A set of states with a
start state and several
final or accept state.

2019/11/29
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) Turing Machine

a— bR
b-aR

==

B—>B,L

2019/11/29

v

Ia—>a,L

A set of transitions
from states to states.
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) Turing Machine

a—- bR

2019/11/29
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) Turing Machine
a—- bR m

b—-aR [ A transition has the form:

(s1—s2, d)
m means we should change the
start B — symbol to s2 and move the tape
do | head to direction d (de{R,L},
means Right or Left) when

W\eetimg s1.

»

B B a a b B B B
1)

2019/11/29



) Turing Machine

a—- bR
b-aR ™~

start m

" o

B B a

2019/11/29

B — |

(a—b, R) means we should
change it to b and move to
right when meeting a

a b B B B




) Turing Machine

a— bR
b-aR

2019/11/29
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) Turing Machine

a—- bR
b-aR

2019/11/29
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) Turing Machine

a— bR
b-aR

B B b b b B B B
L

2019/11/29

o4



) Turing Machine

a— bR
b-aR

B B b b a B B B
1}

2019/11/29
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) Turing Machine
a— bR ‘
b—aR

m a—-a,lL

Start/q-o\ B—)BL\)

It’'s ok not to

change the tape.

B B b b a B B B
1 )

2019/11/29
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) Turing Machine
e

m a—>a,L
start /q-o\ B-B,L \)

B B b b a B B B
1}

2019/11/29
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) Turing Machine

2019/11/29

start

a— bR
b-aR

Accept the input
once we get into
the accept state.

0

m a-a,lL
) BHB,L;@
\_/

B B b b a B B B
1}
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) Turing Machine

a— bR ‘

b- aR

m a—-a,lL
start /CI-O\ B-B,L \)

B B b a a B B B
1)

2019/11/29
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) Turing Machine

a—- bR
b-aR

2019/11/29
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) Turing Machine
a—- bR ‘
b-aR

m a—-a,lL
start /CI-O\ B-B,L \)

B B a b a B B B
1}

2019/11/29
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) Turing Machine
a— bR ‘
b-aR

m a-a,lL
start BHB,L:@
AN

B B a b b B B B
1}

2019/11/29
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) Turing Machine

a— bR
b-aR

m aoal & B
start BB L We have no direction
‘/CI-O\ =2 =\‘ID to go. The
computation finishes,

but doesn’t accept

/ the input
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) Turing Machine

a— bR
b-aR

m a—-a,l
start ‘/q-o\ B—)B,L=/q-1

\_/

B B a a b B B B

{w |we{a,b}*/\ (w ends with b)}

2019/11/29
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) Turing Machine

 ATuring Machine consists of:
— Q:Afinite set of states
— X: Afinite set of input symbols
— I': The complete set of tape symbols. £ c T
— &: Atransition function. Q X £ - Q X I' X {L, R}
— (go. The start state. g, € Q
— B: The blank symbol. BeET AB ¢ L.
— F: A set of final or accepting states. F € Q

th

« We can donate a turning machine as a “seven tuple
A=(0,%T,8,q9,B,F)

2019/11/29



) Turing Machine

« Initially the input symbols are put into tape, and the
tape heap is pointed to the start of input symbols.

« Turing Machine finishes computation by moving the
tape head. In a move, the Turing Machine will:

— Change state
— Write a tape symbol in the cell pointed
— Move the tape head left or right.

« Turing Machine will accept the input once it gets into
accept states, or finishes computation with rejection

when no move can be made.

2019/11/29
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) TM and DFA

 DFA has only a bunch of states but TM has an extra
“memory-like” tape to store the execution state.

« TM has more capability than DFA
— A DFA can be converted into a TM

a—b,R
b-aR

m a-al a b a, b

start N popL A\ A A

OO =006
b a

B B a a b B B B
4 67




) Simpler Notations for TM

a— bR
b-a R

start Q

start state a

b

a—a,lL

\_’QO (QO! b! R)

(CIO) a, R)

((h' B' L)

F'.V\a{ state q]_ (qacc, a, L)

x acc
2019/11/29

Transition
Diagram

Transition
Table
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) The Language of a TM

« Similar to DFA, the language ofa TM M =
(Q,X,T,6,q9, B, F) Is set of strings that it accepts, or:

LIM) ={w|lw€eZ"Ap €EF Aqyw FapB}
« For a certain language L, if there exists a TM M such

that L = L(M), then we call L is a recursively
enumerable language(BJAnJiEEES), or RE.

we'll talk more about RE in the next courses.

2019/11/29
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) Instantaneous Descriptions for TM

* Instantaneous Descriptions (ID’s) formally describe
what a Turing machine does.

— Tape contents, Current state, Location of type head

Embed the state into the tape
at the position before the
currvent pointed cell.

B X, X, . Xi .. X, B

Xlxz...xl'_j_Qle'...Xn

2019/11/29 70




) Instantaneous Descriptions(ID’s) for TM

* Describe the moves of TM as

« If6(q,X;) = (p,Y,R) then

— XXy o Xio1QXiXior o Xn b XiXo oo Xio 1 YDXinq o X
« Ifé6(q,X;) = (pY,L) then

— X1 Xy o X;1GX i Xip1 - Xn by XiXo o DXim1YXjpq o X

* |, Indicated zero, one or more moves

— ID; Fy, ID, means that ID; can be transformed to /D, through
Zero, one or more moves.

2019/11/29
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) ID’s and Moves

a— bR
b-aR

start /C[-\ B - B,L

2019/11/29
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) ID’s and Moves

a— bR

b-aR
Staﬁ@B_’B'h/q-

AN

B B b a b

goaab y bg,ab

2019/11/29
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) ID’s and Moves

a— bR
b-aR

90,4ab +, bg,ab +, bbg,b

2019/11/29
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) ID’s and Moves
a— bR
b-aR

m a—a,lL
start

B B b b a B B B

1)

90,4ab +, bg,ab +y, bbg,b
bbaq,B

2019/11/29
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) ID’s and Moves
a— bR
b-aR

m a—a,lL

start /q'\ ,

L/

»

B B b b a B B B

t
90,4ab +, bg,ab +y, bbg,b
bbaq,B F, bbq,aB

2019/11/29
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) ID’s and Moves

a— bR
b-aR

90,4ab +, bg,ab +y, bbg,b
bbaq,B +, bbg,aB +, bqg, ba

2019/11/29
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) Example: TM for {0™1™}

 Count the number of O and the number of 1, and
compare them.

— But we have no idea how to store the number and
compare them.

« Or when we see a 0, we try to find an 1, and repeat the
process until we count every symbol.

2019/11/29
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Example: TM for {0"1"}

e Qur solution:

— When we see a 0 at the beginning, we change this 0 to X
to indicate we have counted it, and try to find an 1 by
moving tape head to right.

— When we find an 1, we change this 1 to Y, and turn back
to find another 0 at the beginning (right after an X).

— Repeat the above process when there are only X and Y
left on the tape, then we accept the input. Otherwise we
reject the input.
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) Example: TM for {0™1™}

we've found a O

B oo o 1 1 1 B
L

2019/11/29
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) Example: TM for {0™1™}

Change it to X

B X o0 o 1 1 1 B
L

2019/11/29

81



) Example: TM for {0™1™}

Move right to find an 1

B X 0 0 1 1 1 B
t

2019/11/29
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) Example: TM for {0™1™}

we've found an 1

B X o0 o0 1 1 1 B
t

2019/11/29
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) Example: TM for {0™1™}

Change it to Y

B X o0 o0 Y 1 1 B
t

2019/11/29
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) Example: TM for {0™1™}

Turn back to find O at the beginning

B X o oY 1 1 B
t

2019/11/29
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) Example: TM for {0™1™}

Stop move left when we meet X.

B X o oY 1 1 B
L

2019/11/29
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) Example: TM for {0™1™}

Take a right move. We found another O.

B X o oY 1 1 B
t

2019/11/29
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) Example: TM for {0™1™}

Change it to X and continue.

B X X o0 Y 1 1 B
t

2019/11/29
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) Example: TM for {0™1™}

Another 1.

B X X o0 Y 1 1 B
t

2019/11/29

89



) Example: TM for {0™1™}

Change it to Y and turn back again.

B X X oY Y 1 B
t

2019/11/29
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) Example: TM for {0™1™}

Meet X, stop moving left.

B X X oY Y 1 B
t

2019/11/29
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) Example: TM for {0™1™}

Another O.

B X X o0 Y Y 1 B
t

2019/11/29
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) Example: TM for {0™1™}

Change it to X.

B X X XY Y 1 B
t

2019/11/29
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) Example: TM for {0™1™}

Another 1.

B X X XY Y 1 B
t

2019/11/29
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) Example: TM for {0™1™}

Change it and turn back again.

B X X XY Y Y B
t

2019/11/29
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) Example: TM for {0™1™}

Meet X, take a right move.

B X X XY Y Y B
t

2019/11/29
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) Example: TM for {0™1™}

There’s no O left. We need to check if
there’s only X and Y left on the tape.

B X X XY Y Y B
t

2019/11/29
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) Example: TM for {0™1™}

We only need to check towards the

right direction as we know left if all X.

B X X XY Y Y B
t

2019/11/29
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) Example: TM for {0™1™}

We stop and accept the result until we
meet a B.

B X X XY Y Y B
t

2019/11/29
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Example: TM for {0"1"}

0 1 X Y B
—qo | (q1,X,R) - - (g Y,R)i -
91 | (q,.0R) i(q2,Y,L){ — (qu,Y,R)i ~—
d> (q2,0,L) — (9o, X, R) {(q2,Y,L) —

q3 — — — (g3, Y,R) i(q4,B,R)

* (4

2019/11/29
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Example: TM for {0"1"}

1.Find a O, change it
to X and mwove wgb\t

\ o

2.Move right
to find an 1

4.No O left, check
if all symbol are Y

Je

AL x| v
— a0 |@XBR /= = N\@YVR) [ -
¢ | (q1,0,R) (q5,Y,L) (quY,R) || -
2| (0L | = @XR) (%Y, L)) -
3 N ST (q4,B,R)
* (4 - — —

2019/11/29
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3.Move left to find an X

5.Accept when
we meet a blank.
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) Example: TM for {0™1™}

Y- Y,R
O— O,R
start O0— X,R @19 Y.L @’ Y= Y,L
A@L g 1 O—> O,L
Y= YR X=> XR

:
D =

(g 7Pe

Y- Y,R

2019/11/29 102
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} Next

How to model the computation process.
— Variants of TM: Multitrack, Multitape
— The equivalence of TM and ideal computer.

— Church-Turing thesis.
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