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) Review: TM with Storage
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} Review: Multitrack TM
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) Review: TM = Idealized Computer
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Effective Computation

* An effective method of computation is a form of
computation with the following properties:

— The computation consists of a set of steps.
— There are fixed rules governing how one step leads to the next.

— Any computation that yields an answer does so in finitely many
steps.

— Any computation that yields an answer always yields the correct
answer.

« This is not a formal definition. Rather, it's a set of properties
we expect out of a computational system.
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) Church-Turing Thesis

Every effective method of computation is either
equivalent to or weaker than a Turing machine.

« Thisis not a theorem but a falsifiable scientific hypothesis.

But it has been thoroughly tested! So we have strong faith in
Its correctness.

« This means Turing Machine can model any “computation”.
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How we investigate computability?

2.3 Discussion on
computability
Partl. The Language of Turing
Machine. R & RE
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) Output of TM

« [For a certain input string, the output of a TM can be one in three kinds:
— The TM accepts this string.
— The TM rejects this string.

— Rather than accepting or rejecting, the TM loops forever on the input
string and never stops.

accept
W Turing /

Machine
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) Very Important Terminology

 Let M be a Turing machine and let s be a string.

— M accepts s if it enters an accepting state when running on s
— M rejects s if it enters a rejecting state when running on s.

— M loops infinitely on s when running on s if it enters neither an
accepting nor a rejecting state.

— M does not accept s if it either rejects s or loops on s.
— M does not reject s if it either accepts s or loops on s.
— M halts on s if it accepts w or rejects s.

does not reject

halt

does not accept {
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) More Details of RE

« We’ve known that for a certain language L, if there existsa TM M
such that L = L(M), then we call L is a recursively enumerable

language(iBJHARIIEEIES), or RE.
« SoforanyREL,aTM M that L(M) = L, and any string w
— If w € L, M accepts w In finite steps.

— Ifw & L, M does not accept w, it means M rejects w or loops
forever

« We also call the TM M a recognizer for the language L, and L is
Turing-recognizable(BlRvJiR5IAY).

2019/12/9 11



) More Details of RE

* |In other words, as an recognizer, M will tell you correct on every
correct input, but M is not necessary to tell you wrong on every
wrong input.

— You can not determine the input is correct or wrong until M halts.

» But a problem is solvable(computable) if the computation process
finishes in finite steps.
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) Decider

« Some Turing machines always halt; they never go into an infinite loop.

« IfMisaTM and M halts on every possible input, then we say that M
IS a decider.

« For deciders, accepting is the same as not rejecting and rejecting is
the same as not accepting.

does not reject M\
halt
does not accert [N —
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Recursive Language

A language L is recursive(i®BJ3RY) if there’s a TM M such that:
— If w € L, M accepts w in finite steps.
— Ifw & L, M rejects w in finite steps.

« We also call the TM M a decider for the language L, and L is
Turing-decidable(BRAJFIERY).

« Decidable problems, in some sense, are that can definitely be
“solved” by a computer.

« Recursive Language is a subset of RE language
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) Language Hierarchy

Regular R
Language

All

RE Languages




) Properties of R & RE

« Union/Intersection of two RE language is RE.

« Union/Intersection of two R language is R.

2019/12/9
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) Union of Two RE

 LetL, L, betwo RE language, L,jon = L1 U L,
« According to definition, there are two TMs M, M, accept Lq, L,
 We can design a new TM M5 based on M, and M,

* M5 concurrently simulates M; and M,, if any one accepts, then M,
accepts. (How to simulate this process?)

y accept . accept
ject
s ——><: 1 /:J;%‘/t'_—' reject
M, ‘

accept'

» accept
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) Union of Two RE

¢ IfSELunion
=>s€eLl{VseEL,

= M, or M, accepts s > M5 accepts s

¢ IfSeLunion
>SEL{NSEL,

= M, and M, do not accept s = M5 does not accept s

e M; isaTM recognizing Ly,ion
Lunion Is RE

[
>
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Intersection of Two RE

 Let Ly L, be two RE language, L;,tersection = L1 N L»
« According to definition, there are two TMs M, M, accept Lq, L,
 We can design a new TM M5 based on M, and M,

* M, first simulates M., if M; accepts then simulates M,. If M, still
accepts, then M; accepts. (How to simulate this process?)

reject , reject

— 1 reject

accept‘ reject

accept’ > accept

M,
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Intersection of Two RE

e Ifse Lintersection

=>S€ELNSEL,
= M, and M, accepts s = M3 accepts s

e Ifsé¢ Lintersection

= S & L1 V S & LZ
= Ml or MZ does not accept S = M3 does not accept S

M5 is a TM recognizing Liytersection

reject reject
reject

v v

S ——| M

Y v

Lintersection IS RE

accept| peject

»accept

M >
2 accept
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) Properties of R & RE

« Union/Intersection of two RE language is RE.

« Union/Intersection of two R language is R.

\

It can be similarly proved.

2019/12/9
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) Complements of Language

- Alanguage L's complement L is the set containing all valid
strings not in L
— L =1X*— L, recall that £* is total available string set

* Properties:
— If L is recursive, sois L
— If both L and L is RE, then L is recursive

2019/12/9
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) Complements of Language

[ If L is recursive, so is L. ]

Proof:

« LetL =L(M) forsome TM M that always halts. We constructa TM
M such that L = L(M) by “flipping” the result of M.

dCCeR - reject

figlee » accept
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Complements of Language

[ If both L and L is RE, then L is recursive ]

Proof:

 LetL=L(M,)andL =L(M,) forsome TM M, and M,. We construct
a TM M, that always halts such that L = L(M3) by combining M,
and M,

accept accept

v

S /'M1
N\

v

acceﬁt reject
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) Complements of Language

« For any language L, L can be one of three kinds types: R, RE
but not R (If any), not RE.

 But there are only four possible types combination of L and L
— Both L and L are R
— Both L and L are not RE
— One of L and L is RE, the other one is not RE
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) Both in Recursive
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) Both in Not RE
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) Both in Not RE
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) R&RE

 We've know R € RE, but more important question is that:
R =RE?

« Thatis, if you can just confirm “yes” answers to a problem,
can you necessarily solve that problem?

Not RE Not RE

o ) ;
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Universal Turing Machine
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) An Observation

 When we've been discussing Turing machines, we've talked
about designing specific TMs to solve specific problems.
— TM for 01"

« Does this match your real-world experiences? Do you have
one computing device for each task you need to perform?

* Or can we make a “reprogrammable Turing machine?”

2019/12/9 31



) A TM Simulator

« We've known it is possible to program a TM simulator on an
unbounded-memory computer.

« We could imagine it as a method
boolean simulateTM(TM M, string w)

 with the following behavior:
— If M accepts w, then simulate TM(M, w) returns true.

— If M rejects w, then simulateTM(M, w) returns false.
— If M loops on w, then simulateTM(M, w) loops infinitely.
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) A TM Simulator

« |tis also known that anything that can be done with an
unbounded-memory computer can be done with a TM

 This means that there must be some TM that has the
behavior of this simulate TM method.

2019/12/9
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) The Universal Turing Machine

« Theorem (Turing, 1936): There is a Turing machine Uy, called the
Universal Turing Machine that, when run on an input of the form
(M,w), where M is a Turing machine and w is a string, simulates M
running on w and does whatever M does on w (accepts, rejects, or

loops).

Uy behaves as follows:
— If M accepts w, then Uy, accepts (M, w)
— If M rejects w, then Uy, rejects (M, w)

— If M loops on w, then Uy, loops on (M, w)
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Encoding Input with binary

 Input string may contains any possible character in the input
alphabet of M

« But we know everything on your computer is a string over {0, 1}
« We can let the input alphabet to be {0,1}

It not necessary to limit the alphabet as {0,1}, but only for
simplicity.
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) The Universal Turing Machine

Machine M

™ as Input?

oooooo

4 \ 4 /'
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) Encoding TM

* In order to take a Turing Machine as an input, we need to
encoding the TM. Similarly, we shall encode TM with binary.

« We first assign integers to the states, tape symbols and
directions

— We assume the states are q4, q, ..., q; for some k. q4 is the
Input state and g, is the only accept state.(Is it right?)

— The tape symbols are X, X5, ..., X,,, for some m. X{, X,, X5 are
0,1, B respectively.

— Refer to direction L as D4, R as D,
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) Encoding TM

« After assigning each state, symbol and direction an integer, we can
encode the transition function é.

» Suppose one transition rule is 6(q;, X;) = (qy, X;, D,,,), we shall code
this rule by the string 0:10/10%10!10™.
— Notice i, j, k, I, m are at least one, so there’re no occurrences of
two or more consecutive 1’'s with in the code for a transition

« So let C; donate the code for the ith transition rule, we can encode
the whole TM as:

— C;11C,11C511 ... 11C,
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) Example of Code for TM

Leta TM: M = ({QD qz, QS}r {Orl}r {0:11 B}r {5}1 d1, Br qZ)
- )(i_ — (),)(2 - ]ﬂ )(3 - l;, [)1 :::.L” [)2 =R

Transition Function §:
- 6(q1,1) = (q3,0,R)
— 6(q3,0) = (q91,1,R)
— 8(q3,1) = (q2,0,R)
— 6(q3,B) = (q3,1,L)

2019/12/9
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) Example of Code for TM

* LetaTM: M = ({QD qz, QS}r {011}1{0:11 B}r {5}1 CI1;B; qZ)
- Xl — O,XZ - 1,X3 - B,Dl — L,Dz =R

« Transition Function §:
— 8(q1,1) = (q3,0,R) = 6(q4,X,) = (g3,X,,D,) = 0100100010100
— 8(q3,0) = (g4, 1,R) = 6(q3,X,) = (g1, X2, D,) = 0001010100100
— 8(q3,1) = (g5,0,R) = 6(q3,X,) = (g, X4, D,) = 00010010010100
— 8(q3,B) = (q3,1,L) = 6(q3,X3) = (g3,X2,D;) = 0001000100010010

e Code for this TM:
01001000101001100010101001001100010010010100110001000100010010
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) The Universal Turing Machine

Machine M (U

Look at next
char of w

O \ Look up what

M sl'\ould do
' upon reading M

()

Update state
and the tape

.Booo 1B .. .o O 1 R .. g9, O .. .. o oo 1 ..
1 1)

2019/12/9 41



) The Universal Turing Machine
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) The Universal Turing Machine
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Machine M
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) The Universal Turing Machine

Machine M (U
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) The Universal Turing Machine

Machine M (U
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) The Universal Turing Machine

Machine M (U
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) The Universal Turing Machine
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) The Language of Upy

« Recall that the language of a TM is the set of all strings that TM
accepts.

 Uprpy When run on a string (M, w), where M is a TM and w is a string,
will
— Accept (M,w) if M accepts w
— Reject (M,w) if M rejects w
— Loop on (M,w) if M loops on w.
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) The Language of Upy

 The universal language, donated L, is the language of the Uy,
L, =LUry) ={{(M,w)|MisaTM and M accepts w}
={(M,w)MisaTM and w € L(M)}

« Useful fact:
(M,w) € L, & M accepts w

 Because L, = L(Ury), we know that L,, € RE

2019/12/9
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) The Language of Upy

* |If M accepts w, then we have:
— Ugy accepts (M, w)

— Upy accepts (Ury, (M, w))

— UTM acceptS <UTM' (UTM' (M, W>>>

2019/12/9



Next

Self-Reference

— Turing machines that compute on themselves!

Undecidable Problems

— Problems truly beyond the limits of algorithmic problem-solving!
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