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Universal Program Verifying
Verify the correctness of every program.



) Universal Program Verifying

* Does there exist a TM to decide whether a TM satisfies a
specification (some property of TM, encoded as binary string)
given by an input?

* Orwhether Lyeriry, = {{M,w)|M satisfies S(w)}, where S(w) Is
the specification given by w, isin R ?

M satisfy S(w)

W Dye rify

— \V@ijt

M violates S(w)
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) Universal Program Verifying

« We can reduce a halting Program to this problem.

* Orif Dyeriry €Xists, we can use it to solve the Halting Problem.
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) Universal Program Verifying

M . M halts on w
D _afcept
W " verify ~feject
] ,\'/I\ M loops on w
\

M gets a string w, and outputs the
specification “TM will halts on w”
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Universal Program Verifying

We can reduce a halting program to this problem.
Or if Dyerifry €XiSts, we can use it to solve the halting problem.
But we've proved halting problem is undecidable.
SO Dyerify does not exists.

Universal Program Verifying is undecidable.
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) Reduction

« We prove that universal program verifying problem is
undecidable by reducing the halting problem to it.

« Reducing from problem P; to problem P, means:
— An algorithm to convert P;’s instance to P,’s instance.
— P;’s instance is accepted in P, if and only if its converted P,’s
Instance is accepted in P,

Construction

»
»

P.’s Instance P,’s Instance

l{" and OV\IQ I'F Acce’gt Pz’s

Accept P,’s
> Instance

Instance

A
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) Reductions

Halting Problem

M halts on w

M . @pt
w o E)haft \\Jfngt
<M,w>

Program Verifying

M satisfy S(w)

M halts on w | <
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M SR %;pt
Dyevit .
w ) Veriry \V@JfCt
M loops on w M violates S(w)
Find the string w’ which
denotes the specification
“T™M will halts on w”’ . <M, W’
If and only if | M satisfies
S(w?)




) Reductions

 If we can reduce a problem P, to another problem P,, we
iIntend to use the solution of P, to solve P;, which means that P,
is “harder” than P;.
— If Py is undecidable then so is P,.
— If Py is non-RE, then so is P,.

« So if we want to prove some problem P is undecidable, we only
need to reduce some already known undecidable problem to P

— Ly, Lpqie, €1C.
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) TM that Accepts the Empty Language

« As an example of reductions involving TMs, let us investigate
two languages called L, and L,,,.

— If L(M) = @, that is, M does not accept any input, then the code of
Misin L,

— Otherwise, if L(M) is not the empty language, then the code of M
IS IN L,

L, = {M|L(M) = ¢}

Lpe = {M|L(M) # @}
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) L. €RE

M

guessed w

A 4

»
>

[

Urm

accept

M,

/

- accept

We guess all the w simultaneously instead
of guessing w one by one in case getting
into a forever loop (For more information,

ref to 8.4.4 Nondeterministic TM)
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) L. €RE

M accept

A 4

guessed w Urm

\ 4

M,

- accept

« IfM € L,,, which means M accepts some string w, we’'ll finally

guess w, then M,,, accepts M.

« IfM ¢ L,,, which means M accepts no string, then we will
guess a string that does not exist forever, then M,,, does not

accept M.
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) L. 2R

« WEe'll prove this by reducing L, to L,,,.

 We need to design an algorithm that converts an input that is a
pair (M,w) into a TM M’ such that L(M") # @ if and only if M
accepts the input w.

<M, w> > M’

M accepts w | < > L(M)=0
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) L, > Ly,

accept

v

v

M)

<M,w>
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accept

M)
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} Lu — Lne

v

accept

v

M)

« If M accepts w

accept

— Then M’ accepts any strings, which means L(M') # @

e IfL(M") +0

— Then M must accept w
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) L, > Ly,

accept

v

v

M)

» accept

M accepts w
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) L. 2R

 We'll prove this by reduce L, to L,,,.

 We need to design an algorithm that converts an input that is a
pair (M,w) into a TM M’ such that L(M") # @ if and only if M
accepts input w.

<M,w> > M’

M accepts w | < > L(M)20
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) TM that Accepts the Empty Language

 We now know that L,,, € RE and L,,, € R.
e AslL, =1L, soifL, € RE, then L,,, € R. (why?)
« ButlL,, € R. Sowe have L, € RE
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) LIRLFIL2
. HMAPIDERHETNEIE (5S) 8.
o ZB: L, — Ly,
— L ASRNSERIIZEEM,w), L SINN—A BRI,
- USSR RS BRI S — N E R,

a
W ccept

> accept

M

M}

<M,w> > M’
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L1392

© AN THESLIRYEIAS, IS HRISEIRIL2AVA IS (5).
- BT TEFRERRA
seELl; o f(s) €L,
- EFEXNTESEA,
— WNRXPMENEL F, BBATEIRFHVEINNIZIEL,
— WMRXPMEAANEL F, BRAFEREHIEARIZIEL,
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) L1FLYZIL2

If L, Is undecidable then so is L,.
If L; iIs non-RE, thenso is L,.

S f(s
|| FaE (5) L,BUKffES

Z5ER

L, RYK =S
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) IESREMLOBINNE
L;{ ={(a,b,P)|la*b = P} L, ={(aq,a,,..a,,8)|a+a; +--a, =8}

1. &, FBL—ME—RANEEALAEmA
(a, b, P) . (fl, a..aP)

~ J
b Na

b Na
—

2. WEBH: (a,b,P) € Ly ZH{NZ (a,q,...a,P) € L,

axb =P > a+a+..a =P




) L., = {(Mq, M;)|L(M4) = L(M>)}
* L, ={M|L(M) = @}



) Lo, = {(Mq,M3)|L(My) = L(M,)}
* L, ={M|L(M) = @}

1. IS, BLA—METMNEIRAL AT
M (M, M;) (L(My) = )

2. UEBH, M € L. HBfXH (M, M;) € L,
—  Y5RM € L., BBAL(M) = ¢, BL(M) = L(M,), FTLAM, M;) € Leg
—  UBKM, My) € Loy, BBAL(M) = L(M,) = 0, FilAM € L,



) Rice’s Theorem

- P: set of RE languages (EBRE/HIES

* Non-trivial: P # @ , P # {all re languages}
* Lp = {M|L(M) € P} AATFIE

L, AR Ly

— B0 ¢ P, BBAEVTEFEE—NREESL + 0 € P, 18 EHXMNAY
2| RH9IM,




) Rice’s Theorem

1. t1iE. (M, w) | M’

Accept
— start
w M \ Accept | _ Accept
x - M
M ¥

2. UEBH, (M,w) e L, Z3B{NZE M’ € Ly
— WIR(M,w) €L, BM #E=Zw, HWHRIL(M") =L(M,) =L € P AiLA
EM' €Ly

- BRM,w) ¢ L, WM AEZMEETEAN, FTLAL(M) =0 ¢ P, Bt
LUEM' ¢ Ly




