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Deduction

- DEFINITION ~
A proof is an argument that demonstrates why a conclusion is true,

subject to certain standards of truth, which is made up of a finite

éequence of fixed indisputable steps. )

- DEFINITION ~
Proofs in natural language are informal proof. They are arguments

about mathematical objects.

Proofs in logic are formal proofs or deductions(#:##). They are

\mathematical objects themselves.




Deduction

- DEFINITION ~
A proof is an argument that demonstrates why a conclusion is true,

subject to certain standards of truth, which is made up of a finite

éequence of fixed indisputable steps. )

- DEFINITION ~
Proofs in natural language are informal proof. They are arguments

about mathematical objects. = evencoer That am ~

‘iwformal” proof must still
be convineing! y

Proofs in logic are formal proofs or d

\mathematical objects themselves.




Deduction i facts assumed to be true for )
the purpose of the deduction )

—

Axioms or Assumptions

Deduction —
a group of rules for creating
new facts from olol
Inference rules y
\

Deduction Ls a sequence of theorems
obtaineo using a specific set of

assumptions and rules of Lnference.
\_ J

-




Deduction

- DEFINITION

Formalize the deduction relation and we can get a deduction form (f
HIE ).

g

~

« Iflamill, | don’t go to school.

e |amill. f
How to

formalize it?

 Soldon’t go to school. .




Deduction

Formalize the deduction relation and we can get a deduction form(#

~

- DEFINITION
HIE ).

A 4 [ am LLL. ]

B— 1 don’t go to school. |

A— B

— ™ \

f tam ill, t dont

0o to school.
\ J

ANA— B)— B

A — B assumption

A assumption

B

conclusion



Deduction

\
AN(A— B)— BZTM'LS Ls a correct deduction form
P & Ut it Ls a tautology.
\_ J
- DEFINITION N
Given two formulas A and B, if B must be true when A Is true, then A
tautologically implies(E & 25 %) B. A =>I\B
\_ /\ J
4 , , , ) | [t’s not a conmnective. ]
Deduction form Ls corvect LHf P

tautologically tmplies @.
\ y




Deduction
lt can be proved b Y truth table,

Bqui\/aLewae caleulus and

AN(A— B) = B Lwtevpre’catiow Ln natuwral language.

J

s THEOREM
1) If A= B, A Is atautology, then B is a tautology.

2)IfA = B,B = A, then A = B.
3)IfA= B,B= (C,then A = C.
HIfA= B,A= C,then A= B AC.

\5) fA=C,B= C,thenAVvB = C.




Deduction

There are many important tautology implication expressions.

They can be used as inference rules to produce new theorems.

(P=Q)=P /[hg)pothet’wm reasoniing (f a0
J

(P — Q) = ~Q /3 AL
PA(P—=Q)=Q

(P= QN Q= B)= P~ RS sylogism(ZBi) |




Deduction

We now introduce an example to explain deduction calculus.

Prove R when P — Q, Q@ — R and P.



Deduction

We now introduce an example to explain deduction calculus.

Prove R when P — Q, Q@ — R and P.

(1)P

introduce premise

/T~

(

we can Lntrosluce

\

assumptuows/premuse (MT )a;'—fr'l )\%’)EJJJ)

\_

awgtume L deduction PrOCESS.

J




Deduction

We now introduce an example to explain deduction calculus.

Prove R when P — Q, Q@ — R and P.

(1)P introduce premise

(2)P — @ introduce premise



Deduction

We now introduce an example to explain deduction calculus.

Prove R when P — Q, Q@ — R and P.

(1)P
(2)P — @
(3)@

introduce premise
introduce premise

Hypothetical reasoning on (1)(2)

/S T—

-

\-

We can Use h gpo‘che’dcat reasoning to A
produce new theorems (BN, whieh

can be used as Prewx.’use (5518 5]

).




Deduction

We now introduce an example to explain deduction calculus.

Prove R when P — Q, Q@ — R and P.

1)P introduce premise
(1) p
(2)P — @ introduce premise
(3)Q Hypothetical reasoning on (1)(2)
4)Q —- R introduce premise
(4) p



Deduction

We now introduce an example to explain deduction calculus.

Prove R when P — Q, Q@ — R and P.

(1)P introduce premise
(2)P — @ introduce premise
(3)Q Hypothetical reasoning on (1)(2)
(4)Q — R introduce premise
(5)R Hypothetical reasoning on (3)(4)



Substitution rule

- THEOREM N
Substitution rule(4S A FL)):

For any propositional variable P that occurs in tautology A, replace each

and every occurrence of P in A with another formula and get a new

formula B. Then B is also a tautology.

PV-P wmo - wm (RVS)V-(RVS)



Replacement rule

-

G

THEOREM

Replacement rules(& ##H)) are rules of replacing sub-formula in A

a list of logical equivalencies.

and still have a wff B with the same truth-value; in other words, they are

~

J

_——\

We have implicitly applied replacement rules in
propositional equivalence caleulus,

~N




Deduction

Prove (P = (Q - S)A(-RVP)AQ =R —S.



Deduction

Prove (P - (Q - S)A(-RVP)ANQ =R —S.

(1)-RVP introduce premise



Deduction

Prove (P - (Q - S)A(-RVP)ANQ =R —S.

(1)-RV P introduce premise
(2R — P replacement rule



Deduction

Prove (P — (@ - S))AN(-RVP)ANQ =R —S.

(1)-RV P introduce premise
(2)R — P replacement rule
(3)R introduce premise

/T~

We can introduce =R because
ANB=Ciff A= B - C.(

FAFUE B AL

\_ J




Deduction

Prove (P - (Q - S)A(-RVP)ANQ =R —S.

(1)-RV P introduce premise
(2)R — P replacement rule
(3)R introduce premise
(4)P Hypothetical reasoning on (2)(3)



Deduction

Prove (P - (Q = S))A(-RVP)AQ =R —S.

1)-RV P introduce premise

2)R — P replacement rule

(1)
(2)
(3)R introduce premise
(4)P Hypothetical reasoning on (2)(3)
(5)

5P —(Q —S) introduce premise



Deduction

Prove (P - (Q - S)A(-RVP)ANQ =R —S.

1)-RV P introduce premise

2)R — P replacement rule

P Hypothetical reasoning on (2)(3)

(1)

(2)

(3)R introduce premise
(4)

(5) (Q —S) introduce premise
(6)

P —
Q—S Hypothetical reasoning on (4)(5)



Deduction

Prove (P - (Q - S)A(-RVP)ANQ =R —S.

(1)-RV P introduce premise
(2)R — P replacement rule
(3)R introduce premise
(4)P Hypothetical reasoning on (2)(3)
(5)P—(Q —S5) introduce premise
(6)Q — S Hypothetical reasoning on (4)(5)
(7)

Q introduce premise



Deduction

Prove (P - (Q - S)A(-RVP)ANQ =R —S.

(1)-RV P introduce premise
(2)R — P replacement rule
(3)R introduce premise
(4)P Hypothetical reasoning on (2)(3)
(5)P—(Q —S5) introduce premise
(6)Q — S Hypothetical reasoning on (4)(5)
(7)Q introduce premise
(8)S Hypothetical reasoning on (6)(7)



Deduction

Prove (P - (Q = S))A(-RVP)AQ =R —S.

(1)-RV P introduce premise
(2)R — P replacement rule
(3)R introduce premise
(4)P Hypothetical reasoning on (2)(3)
(5)P—(Q —S5) introduce premise
(6)Q — S Hypothetical reasoning on (4)(5)
(7)Q introduce premise
(8)S Hypothetical reasoning on (6)(7)
()R — S deduction theorem

[ FFRERI [




Resolution Reasoning(H& )

-

\_

Because A = Biff AN—-B isa

contradiction, We can prove AN B

LS a contraodiction.

~

A N
‘o))

AD

N




Resolution Reasoning

- DEFINITION

For formulaA=PvQ and B=-PVR,R(A,B) =0 VR Is aresolvent(
IH4550) of 4 and B.
.

* To prove A= B, we just need to prove AA-B is a contradiction
* Convert AA-B to CNF P1AP2A... APn
* Repeatly produce resolvents from Pi

(PVQ)A(=PVR)
= Q VR

* Find contradiction and proof ends J




Resolution Reasoning

Prove that (P — Q) A P = Q.



Resolution Reasoning

Prove that (P — Q) AP = Q.
(P—= Q)APAN=-Q=(-PVQR)ANPAN-Q



Resolution Reasoning

Prove that (P — Q) AP = Q.

(P—= Q)APAN-Q=(-PVQR)APA-Q
S={-PVQ,P,-Q}



Resolution Reasoning

Prove that (P — Q) AP = Q.

(P—= Q)APAN-Q=(-PVQR)APA-Q
S={-PVQ,P,-Q}

(1)-PV Q introduce premise



Resolution Reasoning

Prove that (P — Q) AP = Q.

(P—= Q)APAN=-Q=(-PVQR)ANPAN-Q
S={-PVQ,P,~Q}

(1)-PV Q introduce premise

(2)P introduce premise



Resolution Reasoning

Prove that (P — Q) AP = Q.

(P—= Q)APAN-Q=(-PVQR)APA-Q
S={-PVQ,P,-Q}

(1)-PV Q introduce premise
(2)P introduce premise

(3)Q resolution of (1) and (2)



Resolution Reasoning

Prove that (P — Q) AP = Q.

(P—= Q)APAN-Q=(-PVQR)APA-Q
S={-PVQ,P,-Q}

(1)-PV Q introduce premise
(2)P introduce premise
(3)Q resolution of (1) and (2)
(4)-Q introduce premise



Resolution Reasoning

Prove that (P — Q) AP = Q.

(P—= Q)APAN=-Q=(-PVQR)ANPAN-Q
S={-PVQ,P -Q}

introduce premise

(1)

(2)P introduce premise
(3)Q resolution of (1) and (2)
(4)-Q introduce premise
(5)

] resolution of (3) and (4)



Exercise

Prove (P —- Q) A (Q — R)) = (P — R)



Dual formula

Duality underlines the world



Dual formula

- DEFINITION

Given a formula A4, replace v, A, T, FIn Awith A, v, F, T and get A™.

Then 4 and A* are dual formulas(*TfH=\,) with each other.
g




Dual formula

- THEOREM
A= A(P,..,P,), A~ = A(=P,,...—P,)
(A7) = (RA4)", ~(47) = (RA)”
(A=A, (A7) =4
(=A) = A*~

Y How to prove these
\ L theorewmes?

\




Dual formula

THEOREM
/
A — A(Plj cees Pn)? A_ — A(_IPh ...j_lpn)

(A7) = (-A)", (A7) =(=4)"

(A*)* =A, (A7)" =4

= — T \
(~A)=A \f@eoap tnodluction ts o natural

way to prove theorems about

inductive-dlefined objects.
\_ J




Dual formula

- THEOREM
A= A(P,..,P,), A~ = A(=P,,...—P,)
(A7) = (RA4)", ~(47) = (RA)”
(A=A, (A7) =4

(—A) = A*~ \Q{'
-

\_

~

Proof s on p23 in the textbook.

J




Dual formula

THEOREM ™
1) If A =B, then A" = B*

2) If A — B Is a tautology, then B* — A" Is a tautology
3) A Is a tautology iff A~ Is a tautology
4) A Is satisfiable iff A~ is satisfiable

5) —A Is a tautology Iff A* Is a tautology

6) —A Is satisfiable Iff A* is satisfiable Y

N\




Polish notation ( IR=&Z )

* The previous wff is called infix notation (FHZEE AT

* There is a different notation called polish notation (B~ iAF) or
prefix notation (FIZEFRIAZD)

* Polish notation can achieve higher performance than infix notation

(declare-const a Int)

[ , (declare-fun f (Int Bool) Int)
polish wotattowg (assert (> a 10))

Ln solver (assert (< (f a true) 100))
(check-sat)

.




Polish notation

* We show here how to convert the infix notation to polish notation




Reverse polish notation ( #FRE=3FRAT )

* There is also a different notation called reverse polish notation (I

=215 or postfix notation (J5ZRFKIEF)

((PVQ)—R) =




Thanks & Questions
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