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.« ERAISIE
— DPLL, convert program into SAT
— Lazy SMT, EUF, symbolic execution
DA/

— Hoare triple, Hoare inference rules, loop invariant(quiz&£gH
invariant), weakest precondition

— AEWFFRYBEzNRS!, strongest postcondition

- BFIERMN
— DFA, Turing machine basics, the language of Turing machine
— A% Turing machine variants, undecidability
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Set theory

« Definition & Representation
« Operations

« Set identities

« Cardinality of finite set

« ZF Axiom System
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Definition of Set

 ASetis an unordered collection of distinct objects, which
may be anything (including other sets).

— Unorder(FoEIE) Distinction(3$5 ) and Deterministic (FfaEM)

— Enumerate (4MEZR/RiE) or set-builder notation (HRZERTNZE)
{2,3,5,7,11, ...} = {x|x is a prime number}

N:All the natural number:0,1,2,3, ...
Z::All the integer:...,—2,—1,0,1,2,...
Q:All the rational number

R:All the real number

C:All the complex number

@:Empty set, contains nothing.{}

2021/12/24 U:The universal set, contains all the objects under consideration



) Relations Between Sets

e A=B o (Vx)(x€A o x €B)
e ACB &S (Vx)(x€EA—>x €E€RB)

- ACBo (ASBAA+#B)
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Set Operation

AUB ={x|x € AVx € B}

ANB={x|x€e ANx € B}

A—B={x|lx€eAANx & B}

—AorA = {x|x € U A x¢& A}

ADPB = {xlx e AvVvx e B}=(A—B)U
(B —A)
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) Set Operation

« UA = {x|(32)(z € A A x € 2)}
* NA = {x|(Vz)(z € A—>x € 2)}
* P(A) = {x|x € A}

s AXB={<x,y>|x € ANy € B}
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) Set Identities (EESTEER)

|dentity laws (E—1) Commutative laws (32HR1E)
ANU=A AUB=BUA
AUug=A ANB=BnNA

Domination laws (F{®) Associative laws (581E)
AUU =U AU(BUC) = (AUB)UC
ANg =g AN(BNC)=(ANnB)NC

|dempotent laws (BFE) Distributive laws (5 EC1)

AUA=A AU(BNC)=(AuB)Nn(AUQO)
ANA=A AN(BUC)=(ANB)U(ANC)

2021/12/24



) Set Identities

Complementation law (S&ME)
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Cardinality of finite set

« The cardinality of a set is the number of elements it contains.
« If |A] is a set, we denote its cardinality by writing |A| or card(A)
« Only finite set’ s cardinality is a specific number

* AL U4, < Aq] + A,

* |A; N Ay < min(|A4], |A2])

© |Ay = Az] = |A4] — |4,]

* |AL @ Azl = |A1] + |Az] = 2|41 N Ay

* AL U Ay [ =[A [+ ]Az]-[4: N4
- |P@)] =2" =21

|Al + |B| = |A N B|
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) Principle of Inclusion and Exclusion(BFEE)

|JAfUA, U---UA,| = ZlSiSn |Ai| - lei<j5n|Ai N Aj| +

lei<j<kSn|Ai NA4;N Ak| +o+ (DAL NA; N A3 NN A

nN=2: [A4 U Ay| = |Aq] + |A2] = |41 N Ay]
n=3: |A1 UAZ UA3| —
|Aq| + [Az|+|As| — |Ag N Ay| — |A; N Az| — [A; N As| + [A; N Az N As|
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ZF Axiom System

ZF.1 Axiom of extensionality (JNEAIER)
ZF.2 Axiom of the empty set (TEAFELE)
ZF.3 Axiom of pairing (LEFRNESHFEARE)
- ZF4 Axiom of union (HEESHE)
. ZF.5 Subset axiom schema(F&EAEET)
« ZF.6 Axiom of power set (BEEEAXHE)
ZF.7 Axiom of regularity (IERJ/NIE)
ZF.8 Axiom of infinity (FE55AHR)
ZF.9 Axiom of replacement (Zia/ )
« ZF.10 Axiom of choice (I%&ZA\IE)
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Binary Relations

Binary Relation Basics

Equivalence Relation and Partitions
— Reflexivity, Symmetry and Transitivity.

Compatible Relation and Covers
— Reflexivity and Symmetry

Partial Order Relation
— Reflexivity, Anti-symmetry and Transitivity

Closure

2021/12/24
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) Binary Relation

 abinary relation(ZJtx<%) from A4 to B is a set R of ordered pairs,
where the first element of each ordered pair comes from 4 and the
second element comes from B.

— domain(ENI), range({Eld), field(dd)
* Representation:
— Relation Matrix(3Z&%B8%), Digraphs(REE)

2021/12/24
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) Special Relations

« [For any set A, there are three kinds of special relations.
— The identity relation (fB&EXZR) :
Iy = {(x,x)|x € A}
— The universal relation (£lEXx&E) :
Es={x,y)lx€e ANy € A}
— The empty relation (ZTXZHR) :
Ny,=0
* For arbitrary elements x € A and y € A:
— xN4y holds never
— xE,y holds always
— xlyy holdsifandonly if x =y

2021/12/24
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) Inverse of Relations (EZRAJIHA)

Defination

Let R be a relation from a set A to a set B.The inverse relation of R,
denoted by R, is the set of ordered pairs {(b,a)|{a,b) € R} from B to A

Let A = {a,b,c}, arelation on A, R = {{a,b), (a,c), (b,a), (c,b)}, then:

R = {<bv CL), <Ca a), <a’r b), <bv C>}

2021/12/24
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Composite of Relations (KEISHE)

Let R be a relation from A to B, and S be a relation from B to C. The
composite of R and S, donate as So R, is:

SoR={(z,y)[(32)((z,2) € RA(z,y) € 5)}

Let A ={1,2,3} two relations on A,
R = {<1: 1)? <1v 3)? (21 1)? (29 2>}'S — {<1a 2)9 (29 3)? <31 1>a <37 3)]’

Then So R = {(1,1),(1,2),(1,3),(2,2), (2,3)}

2021/12/24
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) Power of Relations (RZERAIE)

« For arelation R on set 4, n € N, the nth power of R, donated by R",

IS ©

- R°=1,

_ pntl_ pngp

* R ={{a,b),(b,a),(b,c) (c,d)}

— R°={(a,a),(b,b),{c,c),(d,d)}

— RY'=R ={{a,b),(b,a),(b,c),{c,d)}
— R?=R*={(a,a),{(a,c),{(b,b), (b,d)}
— R3=R®={a,b),(a,d),(b,a),b,c)}

2021/12/24
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) Reflexivity(BRIHE)

« Some relations always hold from any element to itself.

« Examples:
— x = x for any x
— Ac AforanysetA
— x = x for any x

« Relations of this sort are called reflexive.
R on A is reflexive © (Va)(a € A - aRa)

2021/12/24
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) Symmetry (RIERTE)

« In some relations, the relative order of the objects doesn't
matter.

« Examples:
— fx=ytheny=x
— fx=, ytheny =, x

« These relations are called symmetric.

R on A is symmetric &
(Va)(Vb)((a€ AANb € ANaRb) - bRa)

2021/12/24
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) Anti-symmetry (RYIFRIE)

« Some relation is symmetric only in its diagonal.

« Examples:
— Ifx<yandy<xthenx=y
— fAcBand Bc A thenA=B

« Relations of this sort are called antisymmetric.

R on A is antisymmetric &
(Va)(Vb)((a€ AANb e ANaRb AbRa) - a =Db)

2021/12/24
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) Transitivity (&)

« Many relations can be chained together.

« Examples:
— fx=yandy=2zthenx =1z
— fPcQandQcs,thenPcsS
— fx=,yand y=, z thenx =,z

« These relations are called transitive.
R on A is transitive &
(Va)(vb)(Vc)((a€e AAbEANcEANaRD AbRc) - aRc)
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) Equivalence Relations(ZHiXR)

« An equivalence relation is a relation that is reflexive,
symmetric and transitive.

« Some examples:
—x=y
- X=rYy
— x has the same color with y
— x has the same shape with y

2021/12/24
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) Partitions(¥143)

« A partition of a set is a way of splitting the set into disjoint,

nonempty subsets so that every element belongs to exactly
one subset.

« Intuitively, a partition of a set breaks the set apart into smaller
pleces.

2021/12/24 25



) Quotient Set(FIEE)

« Given an equivalence relation R over a set A4, the quotient set
of A is set of all the disjoint equivalence classes of 4, donated
by A/R:

A/R ={y|l@x)(x e ANy = |x]g)}
* ForR ={{(x,y)|x =5 y}onsetAd={1,2,3..8}

— A/R = {[1]g, [2]g, [3]r} = {{1,4,7},{2,5,8},{3,6}}

2021/12/24
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) Compatible Relations FHEXR)

« An compatible relation is a relation that is reflexive and
symmetric.

« Some examples:
— x has at least one same letter with y
— xNy+0
— x has same color or same shape with y

2021/12/24
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) Maximal Compatible Class(#RAHE %)

« Given a compatible relation 4, C is called compatible class
(HHEX) if:
—- CcA
- (x € A)A(Vy)((y € O) — xRy)

« A compatible class C is called maximal compatible class if C
is not the subset of any compatible class, donate by Cg.

B0 — A
e |

B/ 7 F)\A
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) Covers(BE

« A cover of a set is a way of splitting the set into nonempty
subsets so that every element belongs to at least one subset.

 Intuitively, a cover contains pieces that cover every element of
a set.

« A partition is a cover, but a cover is not a partition.
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Compatible Relation and Covers

« Given a compatible relation R on a set 4, the set of all maximal
compatible classes is a cover of 4, called the complete cover (58
&5 of A, donate by Ci(A4).

— Cgr(A) 1s unique.
« A compatible relation of A can generate a complete cover of 4
« A cover of A can generate a compatible relation of 4
« Two different covers can generate the same compatible relation.
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) Partial-order Relation({RFXR)

« An partial-order relation is a relation that is reflexive, anti-
symmetric and transitive.

« Some example:
- x=<Yy
- xCy
— x can be divided by y (on N¥)

« A set A together with a partial ordering R is called a partially
ordered set, or poset({mFEE), and is denoted by (4, R).

— (N, <)(P(A), <) are both poset.

2021/12/24
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) Hasse Diagram (ISHRE])

{1,2,3}
* For poset (4, <):

— Every vertex is an element
— Ifx <yAx =y, then vertex y is above

vertex x {1’2} {1’3}
— If (x,y) € cov(A4), then there' s an

undirected edge between x and y

{2} {3}
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> Quasi-order Relation 3 FFXHR)

« An quasi-order relation, or strict order relation is a relation
that is anti-reflexive, transitive.

« Some example:
— x<y
- xCy
— x is taller than y

2021/12/24

33



Maximal(§gXK) and Maximum (f&KX) Elements

« Fora poset (4,<), and B c A:

— If there exists y € B such that vx € B, x < y, we call y the
maximum elements(&XJt) of B
yismaximum < yEBA(Vx)(xEB->x<Yy)
— If there exists y € B such that vx € B, if y < x, then x = y. We call y
the maximal elements(fAX7t) of B
yismaximal © yeEe BA(Vx)((xEBAy<x)—>x=1Yy)
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Minimum (g/J\) and Minimal (#&J%) Elements

« Fora poset (4,<), and B c A:

— If there exists x € B such that vy € B, x < y, we call x the
minimum elements(&/)\Jt) of B
xisminimum © x€BANVy)(yEB - x<Yy)
— If there exists x € B such that vy € B, if y < x, then x = y. We call x
the minimal elements(fi&/\jt) of B
xisminimal © x e BA(Vy)((§EBAYy<Xx)—>x=Y)
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Upper Bound(E5) and Supremum (Ei5R)

« Fora poset (4,<), and B c A:

— If there exists y € 4 such that vx € B, x < y, we call y the upper
bound (E®) of B

yisupper bound ©® ye AN (Vx)(x EB > x<Yy)

— Let € = {y| y is the upper bound of B}, then the minimum elements
in C is the supremum (Ef5R) of B.
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Lower Bound(TFF8) and Infimum (T iE5R)

« Fora poset (4,<), and B c A:

— If there exists x € A such that vy € B, x <y, we call x the lower
bound (%) of B

x is lower bound © x € AN(VY)(yEB - x <Yy)

— Let € = {x| x is the lower bound of B}, then the maximum elements
in C is the infimum (TiE8%R) of B.

2021/12/24 37



Total Order Relation(2F%X%R)

« For a poset (4, <):

— ForanyxeAandyeA, ifx<yory<x,thenwecall xand y are
comparable.

— If forany x € A and y € 4, we have x and y are comparable, then
we called < is a total order relation on 4, (4, <) is a total order set.

« (N, <)is a total order set

« For a non-empty set 4, (P(A4), <) is not a total order set.
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) Chain(§if) and Anti-chain (5HE)

 Foraposet (4,<), Bc A:

— Forany x € Band y € B, if x and y are comparable, we call B is a
chain on 4, |B| is the length of this chain.

— Forany x e Band y € B, if x and y are not comparable, we call B
is an anti-chain on 4, |B| is the length of this anti-chain.

2021/12/24
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) Well Order Relation(BFX£ER)

« For a poset (4, <), if any non-empty subset of 4 has the
minimal elements (#%/)\Jt) , then we call < is a well order
relation, (4, <) is a well order set.

« (N,<)is awell order set. (Z, <) is not a well order set.

2021/12/24
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) Closure(A1f3)

- BRA®, INRAE, EEAE

« For arelation R on non-empty set 4, if there are another
relation R’ such that:

— R’ is reflexive (symmetric, transitive)
— RCR.
— For any reflexive (symmetric, transitive) relation R on 4, R c
R" - R' cR".
« We call that R’ is the reflexive (symmetric, transitive) closure
of R, donated by r(R) (s(R), t(R))

2021/12/24
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) Constructing Closure

[ For a relation R on non-empty set 4, r(R) = RUR°

[ For a relation R on non-empty set 4, s(R) = RUR™!

For arelation R on non-empty set 4, |A| = n,
t(R) = RUR?---UR"

2021/12/24
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Transitive Closure: Warshall Algorithm

« Warshall Algorithm is an efficient algorithm to calculate
transitive closure

Warshall Algorithm(M[1..n,1..n]):
M « M
for i « 1 to n:
for j « 1 to n:
if Mi-1[j,i]==1:
for k « 1 to n:
MIj,k] = M*[j,k]v MI1[i,K]

return M"

2021/12/24
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) Function

« Definition and common functions
« Injective, surjective, bijective.

 Inverse of function.

2021/12/24
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) Function

« Arelation f from set 4 to set B is called a function if:

— For any x € dom(f), there exists unique y such that xfy
(VX)(Vy ) (Vy2) (xfy1 Axfyz) = ¥1 = ¥y2)
— dom(f) =4
(Vx)(x € A - 3y)(y € BAxfy))

« A function f from set A to set B is donated as f: 4 - B.

« xfywriting as f:x| > yor f(x) =y

2021/12/24
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) Function

 Forrelation R on A, for asetB

— The image (%) of R on B, donate as R[B] is:
R[B] = {y|3x({x,y) € R Ax € B)}

« Similarly for a function f: 4 - B, VA; < A we can define f[4,] to
be the image(5) of 4, on function f.

* VB, C B, f~1[B,] is the inverse image or preimage(|f5R) of B,
on f.
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) Injection(EREH)

« f:A - Bis aninjection or injective if for any x;,x, € 4,x; # x,

then f(x1) # f(xy).
(Vx1)(Vx)(x1 EANX, EANXy #F X > f(x1) # f(x2))

Different inputs has different outputs

¢ OI’ |f f(xl) — f(XZ), then X1 = Xy
(Vx1)(Vx2)(x1 € AN X, € AN f(x1) = f(x2) = x1 = x3)

Same outputs have the same input

2021/12/24
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) Surjection (ST

« f:A - B is a surjection or surjective if ran(f) = B, or for any
y € B, there exists x € A such that f(x) =B

(Vy)@Ex)(y €B~> (x €AAf(x) =)

Every possible output has an input

2021/12/24
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) Bijection(WEH)

« f:A - B is a bijection or bijective if f is both injective and
surjective.

Bijections are sometimes called one-to-one
correspondences(——%J ).

2021/12/24

49



Compose of Function

Let g:4A > B, f:B - C, then:
— fogisafunction fog:A—>C
— Foranyx e A, (feg)(x) = f(g(x))

2021/12/24
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) Inverse of Function

 Letf:A- B
— The inverse (defined by relation) of f may not be a function
— If the inverse of f is a function, we call f is inversible (BJ#AY)

f:A—- B, ifthere exists g:B - A,suchthatge f =1, and f o g = I, we
call that f is inversible, and g is the inverse function (%) of f.

Some times go f=l, and fog=Iz may not hold simultaneously.

[ f is inversible if and only if f is bijective. ]
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) Left Inverse(Z¥) and Right Inverse(fgi¥)

Let f: A - B, if there exists g: B - A, such that
— gof =1, then we call g is the left inverse of f.
— f o g =Ig then we call g is the right inverse of f.

map back to
right side(ran(f))
f —_—
g --»
map back to o
left side(dom(F))

Left Inverse Right Inverse
2021/12/24 geof=1I feg=1Ip 52



