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) Review

e Function
— Definition and common functions.

— Injective, surjective, bijective.
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How we investigate computability?

2.2 Discussion on

Computation
Part1. Turing Machine Basics.
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Ultimate Problem:

What problems can a computer solve?



) What We Have Done

- Computational Problem (115 [a)z&)
— Well-defined input
— Constraints that the output must satisfy.

- A computational problem is computable(8]i1H) if there is a
procedure (or algorithm) for it which:
— Rigorously follows some instructions, requires no ingenuity.

— Always finishes (terminates) after a finite number of steps.
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) Recap: Formal Languages

Alphabets are finite, non-empty
sets of chayacters

Alphabet: 2 / A string Strings are

e sequene? | of charastors:

Characters are
individual All strings
symbols

bset of Z

Languages —
are sets of ~ Alanguage Set of all string :

strings. 2
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) What We Have Done

A computational problem can be converted into language
recognizing problem.

— Set basics & formal language theory
— Alanguage is naturally a set of string.

— Given a language L and take w as input, determine whether w
L .

What problems can-a-computer solve?
y

What languages can a computer recognize?
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) Recap: Language Recognizing

Throughout the whole course of computability, we’ll focus on the

membership problem of a language, or language recognizing, that

Given a language and take as input, determine
whether
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What languages can a computer recognize?
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Computers are complicated.

[

____m___.

Intel 4004, first commercial CPU

10
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Computers are complicated.

128 Entry 32KB Inst. C iative)

Inst. TLB
(4-way) 16Byte Pre-Decode + Macro-Op
Fusion, Fetch Buffer

18 Entry Instruction Queue Macro-Op Decode
: and Loop Stream
Detect

Complex Simple Simple Simple
Macro-Op Macro-Op Macro-Op Macro-Op
Decoder Decoder Decoder Decoder

Execution Engine
including Out of

New or Improved
ForMNehalem

28 Entry Micro-Op Loop Stream Detect Buffer

Register Alias Table and Allocator
Retirement
Register File 128 Entry Reorder Buffer

36 Entry Reservation Station

ALU ALU Store ALU
Shift Shift Data Shift

SSE SSE SSE
Shuffle Shuffle Memory Order Buffer Shuffle
ALU ALU ALU

128-bit 128-bit
FMUL FMUL
FDIV B POV

512 Entry Unified 64 Entry Data TLB 32KB Dual Ported Data 256KB Unified L2
L2 TLB (4-way) == (4-way associative) Cache (8-way associative) Cache (8-way)
N
8MB All Core Shared and Inclusive L3 Uncore Arbiter (handles scheduling and
Cache (16-wayassociative) ! clock/powerstate differences)

Core (7 Architecture.
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Computers are complicated.

Applications, Tools e Llser space

System calls

L Y ¥ Y Y Linux-Kernal
frbees .. enory i Lis Metwork == Components
management | management Syslems drivers
S Virtual Files Device access Metwork ; . .
titasking o g ; o L . =— Func I
Mlianking MEmory directores terminals Functionality icbii sl

— File svstem Merwork | Softwars
eduler, tvpus rotocols Suppuort
archilecture- Memory Character it
specific MATAgET devices 7 7 it
coge : L efwo ardware
Block devices drivers | Support

4 4 A 'y 'y
Y Y Y ¥ ¥
Hard disk, WVarious T
CPU RAM CD, Floppy Lerminal NE"“ ?fk Hardware
disk equipment it e

Architecture of Operating System
2024/12/16 12



We need to model computer in a simple
and clean manner!!



Automata(BzjJf/l) Theory

* An automaton is a mathematical model of a computing
device

— It is significantly easier to manipulate our abstract models
of computers than it is to manipulate actual computers

— If we pick our models correctly, we can make broad,
sweeping claims about huge classes of real computers by
arguing that they're just special cases of our more general

models.
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) What is an Automaton

Push

Push

An “automata’’ for an on-off switch

2024/12/16
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) What is an Automaton
e {“ff", “on”}

Two states

2024/12/16
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) What is an Automaton

° : {“Oﬁ”, “On”}

« 2 :{"push™}
One . Push
operation

2024/12/16 Push
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) What is an Automaton

° : {“Oﬁ”, “On”}
. 3 : {“push”?
° : {(“On”, “push”, “Off”), (“Oﬁ”, “push”, “On”)}

~ / N
Two transformation

-

2024/12/16
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) What is an Automaton

A automata for “aa...bb...”

2024/12/16
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) What is an Automaton

we'll start from q,

start:

2024/12/16
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) What is an Automaton

we'll start from q,

start:

Input:
next input symbol

2024/12/16
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) What is an Automaton

Input: a a b b
next input symbol 4

2024/12/16
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) What is an Automaton

Input: a a b b
next input symbol )

2024/12/16
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) What is an Automaton

Input: a a b b
next input symbol 4

2024/12/16
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) What is an Automaton

Input: a a b b

next input symbol 1)

2024/12/16
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) What is an Automaton

q. is the final state.

Input: a a b b

next input symbol

2024/12/16
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) What is an Automaton

Input: a b b a
next input symbol 4

2024/12/16
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) What is an Automaton

Input: a b b a
next input symbol 4

2024/12/16
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) What is an Automaton

Input: a b b a
next input symbol 4

2024/12/16
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) What is an Automaton

Input: a b b a

next input symbol 4

2024/12/16
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) What is an Automaton

q. is not the final state.

Input: a b b a
next input symbol 4

2024/12/16



) What is an Automaton

:{O’ 1 2}

e 2:{, }

2024/12/16



) What is an Automaton

: { Os 1» 2}
e 2:{, }
{( 0 O)’( Or 1)’( 1 1)’( 1y 2)a( 2y 2)1
(20, 2)} accepting or

final state

o. start state

{1}

start state

2024/12/16



Deterministic Finite Automaton(DFA, {fiEBR
Bz5ith)

* A deterministic finite automaton(DFA) consists of:
— :Afinite set of states
— 2: Afinite set of input symbols
— . Atransition function. x2 -
— . The start state
— . A set of final or accepting states.

 We can donate a DFA as a “five tuple”
— 12’ ! O’

2024/12/16 34



Deterministic Finite Automaton(DFA)

A DFAtakes a finite string(sequence of input symbols) as
iInput, and process the input symbols of the string one by
one, and change its state according to the transition
function

« DFA will always stop, if the state is in the set of accepting
states( ) when a DFA stops, we say that this DFA
accepts the input. Otherwise it rejects the input.
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) Simpler Notations for DFA

Transition
Diagram

Transition

1 Table

final state
2024/12/16
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) Extending the Transition Function

ForaDFA %z, , o5, ,we can define an extended
transition function

Py

X 2

" takes a state and a string  as input, and returns the
state after processing string  from state

A~

—If =  where 3Then |, o

2024/12/16 37



) Extending the Transition Function

* o0 — 0 0 |1
« ol = T 5 1= 1=, %3¢l @|a
© oll = 0 g1l = 31 = 3; gg g:
« 7 5110 = 0011,0 = 40 =, @G| a|e
- 51101 = = 5110,1 = L1 = 4

- 11010 = = ,1101,0 = 30 = ;4

+ 110101 = = 11010 ,1 = 3,1 = g

2024/12/16
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The Language of DFA

« ForaDFA = %, , o, ,thelanguage of , donated as
, is the set of all string that accepts.
={ | o }

« For a certain language |, if there exists a DFA such that
= . then we call is a regular language(IENiES).

We'll not take much time in DFA and reqular
language. Feel free to read chapter 2,3,4 in
IALC if you are interested in it.

2024/12/16
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) Regular Expression(IER

AT

 Use RegEx in C++: std::regex

#include <iostream>
#include <iterator>
#include <string>
#include <regex>

int main()

{

td::string s = "H2012658E%, ALEREAFRITIEN" 547491107 REKRYPTE, "
"ERNBRBA—K RAER" . ZREAETXESMRANEIBLE. HS3EN. FEKE. 9@
"ERESHUIRS, MABERENXABNHEITE. WEARHANERER. RRELAN 202E"
"ABERS " ARINE, ERAESLAEES I PERSETE RNLEOI—SXAANERZHEHH"
"EHRBREIRBAE HIRSFE, KETIENIZIFTE, RIRAMESEH"HRER91107, 2019"
"EFEES, 021-54741234 S EREFAEZRREEESRSERLNEST, UEERS"S
"R AREEMLCRITE EEEEXIISAEBUNEARRS, SBHI7TRERMSER, —HtAm"

std::regex phone_regex("(([8-9]{3}-)2[0-9]{8})");
auto phones_begin =

std::sregex_iterator(s.begin(), s.end(), phone_regex);
auto phones_end = std::sregex_iterator();

std::cout << "EEF"
<< std::distance(phones_begin, phones_end)
< "PERIESHB\n";

Tor (std::sregex_iterator i = phones_begin; i ¥ phones_end; ++i)

£
std::smatch match = *i;
std::string match_str = match.str();
if (match_str.size() > 3)
std:icout << " " <« match_str <« ‘'\n';
2
i

std::regex long_word_regex("(\\w{7,})");
std::string new_s = std::regex_replace(s, long_word_regex, "[$&]");
std::cout << new_s << '\n';

2024/12/16

Include RegEXx library

*  #include <regex>

Declare pattern ((o-91¢3}-)?[0-91(8})

« std:regex phone_regex("(([0-9]{3}-)?[0-91{8})");

Use regex iterators on target string

+ std:sregex_iterator

40



) Regular Expression(IERIZFRIXT)

 Use RegEx in C++: std::regex

2024/12/16

HE2THIESH

54749110

821-54741234
H2012F58F %5, A LB AR EEHITIERI"[54749110] R EKEFE, ERABHM I —
KRAKER" RRZAETNAMREHEAZELE. NER. FEAKRY. §EZFESHEML
s, MEEERZNXENERITE. WEAREANTREE. GRRLU'2L2ERITER
S"HENHNE, ARHNESLESF ST HTARSETE "RFIULEN—EXAXAEFTES BN E
BEEXNTH"NRSRE, KETWENZHT, #RAMEZE RN HERNI110". 201954
E&ES, 021-[54741234 | £ ERE FEEZRREEEEREERSNIES T, LEBRS"R
ZR"ABEBEMLCEFELEEIFTNHEXMIZAESVNELHIRS, PHITHERG SR, —ik
LA E LA EEE
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But DFA can not recognize all the languages.



) The Limitation of DFA

« There is no DFA for languages like {0 1 | *1

« We need a more powerful “machine” to model our computer.

Turning Machine!!

2024/12/16
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) Turing Machine

-

-

start Q

ﬁ ’

@

(s

-

AN

2024/12/16

a

b B B B
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) Turing Machine

A tape which is divided
into cells. Every cell
contains a symbol. The
tape is infinite in left
and right direction.

B B a a

2024/12/16

b B B B
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) Turing Machine

A tape which is divided
into cells. Every cell
contains a symbol. The
tape is infinite in left

and right direction. Input symbols
-~

B B a a b B B B
N/

A special symbol

2024/12/16 which means blank.
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) Turing Machine

A tape which is divided
into cells. Every cell
contains a symbol. The
tape is infinite in left
and right direction.

B B a a b B B B

t A tape head which initially points to
2024/12/16 the start of l'V\PUf SyW\bO, 47



) Turing Machine

@ accept state
start state
=0 O
\ O

A set of states with a
start state and several
final or accept state.

2024/12/16
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) Turing Machine

2024/12/16

A set of transitions
from states to states.
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) Turing Machine

-

-

start Q

ﬁ ’

@

(s

-

N

2024/12/16

a

b B B B
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) Turing Machine

2024/12/16

()

A transition has the form:
(s1—>s2, d)

means we should change the

symbol to s2 and move the tape

head to direction d (d {R,L},

means Right or Left) when

meeting si.

a b B B B

ol



) Turing Machine

2024/12/16

-

(a—b, R) means we should
change it to b and move to
right when meeting a

a b B B B
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) Turing Machine

-

-

start Q

ﬁ ’

@

(s

-

N

B B b a
1}

2024/12/16

b B B B
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) Turing Machine

-

-

start Q

ﬁ ’

@

(s

-

N

B B b a
1}

2024/12/16

b B B B
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) Turing Machine

- @
stavt@ f .

B B b b b B B B
L}

2024/12/16
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) Turing Machine

e
start@ e .
O—O

B B b b a B B B
1}

2024/12/16
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) Turing Machine

2024/12/16

start

-

~

»

- 0O

N

It’s ok not to

change the tape.

B B b b a B B B
1}

S/



) Turing Machine

.0
stavt@ S @ﬁ

B B b b a B B B
1}

2024/12/16
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) Turing Machine

2024/12/16

start

- 0

Accept the input
once we get into
the accept state.

~

B B b b a B B B
1}
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) Turing Machine

-

-

start Q

ﬁ ’

@

(s

-

N

2024/12/16

a

a B B B

60



) Turing Machine

-

-

start Q

@

N

2024/12/16
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) Turing Machine

-

-

start Q

@

e

-

N

B B a

2024/12/16

b a B B B
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) Turing Machine

2024/12/16
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} Turing Machine

0

start (/Q f We ave no direction

w — 1 to go. The
computation finishes,
but doesn’t accept
the input
B B a b b B B B

L}

2024/12/16 64



) Turing Machine
stavt@ —_ f |

B B a a b B B B
L}

{w |w {a,b} (w ends with b)}

2024/12/16
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) Turing Machine

A Turing Machine consists of:
— :Afinite set of states
— 2: Afinite set of input symbols
— [ The complete set of tape symbols. > T
— :Atransition function. x% - x[Ix{ 6 }
— . The start state. g
— . The blank symbol. N 2.
— . Aset of final or accepting states.

« We can donate a turning machine as a “seven tuple”
— ’zzil_i ) ()’ !

2024/12/16



) Turing Machine

* Initially the input symbols are put into tape, and the
tape heap is pointed to the start of input symbols.

* Turing Machine finishes computation by moving the
tape head. In a move, the Turing Machine will:
— Change state
— Write a tape symbol in the cell pointed

— Move the tape head left or right.

* Turing Machine will accept the input once it gets into
accept states, or finishes computation with rejection

when no move can be made.

2024/12/16
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) TM and DFA

* DFA has only a bunch of states but TM has an extra
“memory-like” tape to store the execution state.

 TM has more capability than DFA
— A DFA can be converted intoa TM

A\ A AN
startba

6

a b a, b
8



) Simpler Notations for TM

m 5 Transition
start fo\ L @ Diagram
\_/

start state

\

— 0 0 0y 1 1 TV'aV\Sl.tl.OV\
final state 1 b — — Table

N — — _

*
2024/12/16 -




) The Language of a TM

« Similar to DFA, the languageofa TM =
. v ., ., , Issetofstrings that it accepts, or:

={ ] 2 o F }
 For a certain language , if there existsa TM  such
that = ,then we call is a recursively

enumerable Ianguage( B E5ES), or RE.

we'll talk more about RE in the next courses.

2024/12/16
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) Instantaneous Descriptions for TM

* Instantaneous Descriptions (ID’s) formally describe
what a Turing machine does.

— Tape contents, Current state, Location of type head

""""""""""" Embed the state into the tape
at the position before the
curvent pointed cell.

B X, X, . Xi . X, B ..

2024/12/16 71



) Instantaneous Descriptions(ID’s) for TM

- Describe the moves of TM as |

- If , =, , then

- 1 2 -1 +1 |' 1 2 -1 +] e
- If , =, , then

- 1 2+ -1 +1: |' 1 2 -1 +1

. |— indicated zero, one or more moves

- 3 |— > means that 4 can be transformedto , through
Zero, one or more moves.

2024/12/16
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) ID’s and Moves

-

-

suui'g:::Q

ﬁ ’

@

(s

-

N

B B

goaab

2024/12/16

a
1]

a

b B

B

B
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) ID’s and Moves

-

-

start Q

Q

-

N

B B b a b B B B

t

goaab | bg.ab

2024/12/16
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) ID’s and Moves

- 0O
-

suui'g:::Q

B B b b

b B
t
goaab | bg,ab | bbg,b

2024/12/16

B

B
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) ID’s and Moves

- 0O
O

suui'g:::Q

B B b b a

B B
1)
goaab | bgoab | bbg,b |
bbaq,B

2024/12/16

B
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) ID’s and Moves

N O
start@ ﬁ,@ﬁ,

B B b b a B B B
t
goaab | bgoab | bbg,b |
bbaq,B | bbg,aB

2024/12/16
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) ID’s and Moves

N ©
start@ ﬁ,@ﬁ,

B B b b a B B B
1)
goaab | bgoab | bbg,b |
bbag,B | bbqg.aB | bg,. ba

2024/12/16
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) Example: TMfor{ }

 Count the number of 0 and the number of 1, and
compare them.

— But we have no idea how to store the number and
compare them.

 Or when we see a 0, we try to find an 1, and repeat the
process until we count every symbol.

2024/12/16
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Example: TM for { }

e Qur solution:

— When we see a at the beginning, we change this to
to indicate we have counted it, and try to find an by
moving tape head to right.

— When we find an , we change this to , and turn back
to find another at the beginning (right after an ).

— Repeat the above process when there are only and
left on the tape, then we accept the input. Otherwise we
reject the input.

2024/12/16
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) Example: TMfor{ }

we've found a O

B oo o 1 1 1 B
L

2024/12/16
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) Example: TMfor{ }

Change it to X

B X o0 o0 1 1 1 B
L

2024/12/16
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) Example: TMfor{ }

Move right to find an 1

B X o0 o0 1 1 1 B
t

2024/12/16
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) Example: TMfor{ }

we've found an 1

B X o0 o0 1 1 1 B
t

2024/12/16
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) Example: TMfor{ }

Change it to Y

B X o oY 1 1 B
t

2024/12/16
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) Example: TMfor{ }

Turn back to find O at the beginning

B X o oY 1 1 B
t

2024/12/16
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) Example: TMfor{ }

Stop move left when we meet X.

B X o oY 1 1 B
L

2024/12/16
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) Example: TMfor{ }

Take a right move. We found another O.

B X o oY 1 1 B
t

2024/12/16
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) Example: TMfor{ }

Change it to X and continue.

B X X oY 1 1 B
t

2024/12/16
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) Example: TMfor{ }

Another 1.

B X X oY 1 1 B
t

2024/12/16
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) Example: TMfor{ }

Change it to Y and turn back again.

B X X oY Y 1 B
t

2024/12/16
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) Example: TMfor{ }

Meet X, stop moving left.

B X X oY Y 1 B
t

2024/12/16
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) Example: TMfor{ }

Another O.

B X X oY Y 1 B
t

2024/12/16

93



) Example: TMfor{ }

Change it to X.

B X X XY Y 1 B
t

2024/12/16
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) Example: TMfor{ }

Another 1.

B X X XY Y 1 B
t

2024/12/16
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) Example: TMfor{ }

Change it and turn back again.

B X X XY Y Y B
t

2024/12/16
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) Example: TMfor{ }

Meet X, take a right move.

B X X XY Y Y B
t

2024/12/16
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) Example: TMfor{ }

There’s no O left. We need to check if
there’s only X and Y left on the tape.

B X X XY Y Y B
t

2024/12/16
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) Example: TMfor{ }

We only need to check towards the
right direction as we know the left are
all X.

B X X XY Y Y B
L}

2024/12/16
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) Example: TMfor{ }

We stop and accept the result until we
meet a B.

B X X XY Y Y B
t

2024/12/16 100
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) Example: TM for {

}
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Example: TM for { }

2.Move r{ght 4.No O (eFt, check

L-Find a 0, change it / if all symbol are Y
to X and move Vlgb\t to find an 1

iR RN
1 1,0,‘2,,' Z ‘1::/—

2 2’01 _ 01 ) 21 )

3 — \ _ 31 ! 41 ]

* 4 — — // _ _ \
5.Accept when

3.Move left to find an X we meet a blank.

2024/12/16 00



) Example: TMfor{ }

Y- Y,R

O— O,R
start O— X,R Ql—» Y,L Y- Y,L
9o \92/ 92 O OL

Y- Y,R X=> XR

) 4
»
»

Y- Y,R

2024/12/16 103
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How we investigate computability?

2.2 Discussion on
Computation

Part2. Variants of Turing
Machine. Church-Turing Thesis.

2024/12/16 104




) Review

A Turing Machine consists of:
— :Afinite set of states
— 2: Afinite set of input symbols
— [ The complete set of tape symbols. > T
— :Atransition function. x% - x[Ix{ 6 }
— . The start state. g
— . The blank symbol. N 2.
— . Aset of final or accepting states.

2024/12/16 105
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) The Language of a TM

« Similar to DFA, the languageofa TM =
. v ., ., , Issetofstrings that it accepts, or:

={ ] 2 o F }
 For a certain language , if there existsa TM  such
that = ,then we call is a recursively

enumerable Ianguage( B E5ES), or RE.

2024/12/16 107



) Computation Capability

« For any certain type of automata (e.g. DFA,TM), the
computation capability of it can be regarded as all the
languages the type of automata can accept.

={ | I3
[ where T can be DFA , Turing Machine, etc.

« For DFA, the capability is all the regular languages. For
Turing Machine, it is all the RE languages.

- ={| }
- ={ | }

2024/12/16 108



) Computation Capability

* Fortwo types of automata | and »

— If 1 = > ,wesay .and , have same capability.
— If 1 > , We say > have greater capability than
1.
« DFA and TM:
— For any language accepted by a DFA ( ),
there’'sa TM  such that = ), so it
means that

— And we know there’s some languages can be accepted by
TM but can not be accepted by DFA(like {172n}), so we
have , which means TM have greater

computation capability than DFA

2024/12/16 109



) Computation Capability

All

Regular
Languages

Languages RE

2024/12/16 110



) Church-Turing Thesis

Every effective method of computation is either
equivalent to or weaker than a Turing machine.

« This is not a theorem but a falsifiable scientific hypothesis.

But it has been thoroughly tested! So we have strong faith in
its correctness.

« This means Turing Machine can model any “computation”.

2024/12/16 111



What problems can-a computer solve?
: |
Whatlanguages—carn—a—conputerrecognize?
y

What languages can TM recognize?



) Next

Effective Computation on TM
— Decidable, recognizable. R & RE language
— The properties of R & RE languages.

— The universal TM.
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