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Binary Relation: Recap

Binary Relation Basics

« Equivalence Relation and Partitions
— Reflexivity, Symmetry and Transitivity.

« Compatible Relation and Covers
— Reflexivity and Symmetry

 Partial Order Relation

— Reflexivity, Anti-symmetry and Transitivity

e Closure



How we investigate computability?

2.1 Discussion on
Problems

Part3. Capture Structures:
Binary Relation & Function
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A special relation from A to B
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Every elements
in A are paired

Every elements
in A are paired

only once A special relation from A to B
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) Function

« Arelation f from set A to set B is called a function if:

— For any x € dom(f), there exists unique y such that xfy
(V) (VY1) (Vy2)(xfy1 Axfyz) = y1 =y2)
— dom(f) =4
(Vx)(x € A - (3y)(y € BAxfy))

« Afunction f from set A to set B is donated as f: 4 — B.

- xfywrittenas f:x| > yor f(x) =y

12/16/2025



) Function

e All the function from set A to set B is Apg
Ap ={f|f:A > B}
e If|Al =n,|Bl=m

— then [Ag| = m"
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) Function

 Forrelation Ron A, foraset B

— the restriction(fR#!) of R on B, donate as R [ B is:
RTB={{xy){x,y) ERANx € B}

— The image (5) of R on B, donate as R[B] is:
R[B] = {y[3x({x,y) € R Ax € B)}

« Similarly for a function f: A - B, VA; € A we can define f[A,] to be
the image(&) of A, on function f.

e VB, € B, f~1[B,] is the inverse image or preimage(JRZ) of B; on

f.
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A, B
A, is the ffl/lsf t(f"f ]’C mage
inverse image 1 '
of B,on f.

fA—->1D
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Common Functions

f:A — B, then f is called constant function (FERZ£Y) if:

@AV (x €A f(x) =)

f:A — A, then f is called identity function (fEZERZ£Y) if:

(WVx)(xeA-f(x)=x)orf =14

f:A™ - A(n € N), then f is called a n-ary operator(nJGizH)
[fR->R

If (x <y) - (f(x) < f(y)), we call fis monotonically increasing (ERiF1%E1%)

If (x <y) - (f(x) < f(¥)), we call f is strictly monotonically increasing(/™4&
B 1)

If (x <vy) - (f(x) = f(y)), we call f is monotonically decreasing(EiEi1E%)

If (x < y) = (f(x) > f(y)), we call f is strictly monotonically decreasing (&
ERIJEEIR,)
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) Common Functions

e F:A - B is called a functional(noun, ;ZEf)
— We define that F(y) = (f(x) = x + y), where f(x) is a certain function.
— Then F(1) is the function f(x) = x + 1

 Let E be the universal

set, for any A € E, the indicator function, or

characteristic function(43FEERZR) x4: E — {0, 1} is defined by:

(x) = 1,x€eA
Xa\X) =10 x ¢ A

* Let R be an equivalence relation on A, g is a canonical map or

natural map(E2EYARET
g
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BB SAIET) from A4 to quotient set A/R if:
:A - A/R,g(x) = [x]g
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Compose of Function

Letg:A—> B, f:B - C, then:
— fogisafunctionfeg:A—-C
— Forany x € 4, (f o g)(x) = f(g(x))
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dom(g)
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ran(g)

ran(fog)



A special function
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No elements in B
are paired twice

A special function
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) Injection(BE5T)

« f:A — Bis aninjection or injective if for any x,,x, € A, x; * x5,

then f(x1) # f(x2).
(Vx1)(Vx2)(x1 € ANX; € ANXg # X3 = fx1) # f(x2))

Different inputs has different outputs

° OI’ |f f(xl) — f(Xz), then X1 = X
(Vx))(Vx)(x EANXy EANF(xy) = f(xy) o x1 = x3)

Same outputs have the same input
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) Injection

* f(x)=x(R-R)

— injective

— Forany x; + x,, f(x) =x; #x, = f(x;)
* f(x) =x* (R R)

— not injective.

- f-D=fD) =1
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) Injection and Composition

[Let g-A- B, f:B-C,iff, gareinjective, then f o g is also injective.J

Proof:

Forany x;,x, € A,x; # x,, we have g(x;) # g(x,) since g is injective.
Now g(x;),g(x,) € B, and g(x;) # g(x,), then we have f(g(xl)) +*
f(g(x,)) since f is injective.

(f e 9)(x) = f(g(x)) by definition, so (f o g)(x1) # (f ° ) (x2)
QED
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) Injection and Composition

[ Letg:A—> B, f:B - C,if f o gisinjective, then g is also injective. J

Proof:

Assume that g is not injective, then there exists x;,x, € 4, x; # x, and
g(x1) = g(x3).

Now g(x,), g(x;) € B, and g(x;) = g(x,), then we have f(g(xl)) =
f(g(xz))-

But f o g is injective, it means f(g(x;)) # f(g(x,)). Contradiction
Q.E.D
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A special function
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A special function

Every element in
B are paired at
[east once.
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) Surjection(iF557)

 f:A - B is asurjection or surjective if ran(f) = B, or for any y € B,
there exists x € A such that f(x) =B

(Wy)3Ex)(yeB > (x € ANf(x) =y))

Every possible output has an input
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) Surjection

e f(x)=x+5(R—->R)

— surjective.

— Forany x, € R, f(x, — 5) = x,
* f(x) =x*(R-R)

— not surjective.

— There’s no element x, € R such that f(x,) = x5 = —1
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) Surjection and Composition

Letg:A—> B, f:B— C,if f, garesurjective,then fo g is
also surjective.

Proof:
For any y, € C, we have x, € B such that f(x;) = y, since f is surjective.

Now x; € B, so we have x, € A such that g(x,) = x; since g is surjective.

So for any y, € C, we have x, € A such that f(g(x,)) = y,, or (f o
g)(x,) = yq, it means that f o g is surjective

Q.E.D
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Surjection and Composition

Letg:A—> B, f:B— C,if f o gis surjective, then f is also
surjective.

Proof:

Forany y € C, we have x e Asuchthat(fog)(x) =yasfogis
surjective.

Let x, = g(x) € B, so we have (f o g)(x) = f(g(x)) = f(xy) = y.
So for any y € C, we have x, € B such that f(x,) = y.

f is surjective.

Q.E.D
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A special function
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A special function

Every element in
B are paired at
[east once.

No elements in B
are paired twice
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) Bijection(¥5)

f:A — B is a bijection or bijective if f is both injective and
surjective.

Bijections are sometimes called one-to-one correspondences(—

—XIR).
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) Bijection

¢ f(x) =x+5 (R - R)is bijective.
 f(x) =e* (R - R)is not bijective since it's not surjective.

« f(x) =x%—x (R - R)is not bijective since it's not injective.
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) Bijection and Composition

Letg:A—> B, f:B— C,Iif f,g is bijective, then f o g is also
bijective.

]

Letg:A— B, f:B— C,if f o gis bijective, then g is
Injective and f is surjective.
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) Bijection, injection and surjection

X Y
1 *D
2 *B
3 C
4

Surjection
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Injection

Bijection
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) Comparing Cardinalities

For set 4 and B, A and B are equianumerous (&%) if there is a way
to pair their elements off without leaving any elements uncovered,
marked as A=B. Otherwise marked as 7A=B.

12/16/2025
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) Comparing Cardinalities

For set 4 and B, A and B are equianumerous (ZF#8) if there is a
bijection from A to B, marked as A=B. Otherwise marked as 7A=B.
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) Comparing Cardinalities

For set A and B, card(A) < card(B) if there is a way to pair their
elements off without leaving any elements of A uncovered.
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) Comparing Cardinalities

For setA-and B, _ . . o
I it e Elle’g. o dEBIB Hnere 'SF a! way o pa'l'. thei

For set A and B, card(A) < card(B) if there is an injection from A
to B.
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) Comparing Cardinalities

- fA-B
— If fis injective, then |A| < |B|
— If f is surjective, then |A| = |B|
— If f is bijective, then |A| = |B|
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) Axiom of Choice

ZF.10 Axiom of choice (FE1EAIR)

For any relation R, there exists a function F', such that F'is a subset of R
and the domain of F' and R are equal.

(V Relation R)(3 Function F')(F C R A dom(R) = dom(F))

* R={(1,a),(1,b),(2,a)}
* fi={1a),(2,a)}
* f2={1,b),(2,a)}
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‘ Inverse

Some element are
not paired 0
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Some element are
paired twice
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‘ Inverse
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) Inverse of Function

- lLetf:A—- B
— The inverse (defined by relation) of f may not be a function
— If the inverse of f is a function, we call f is inversible (BJ1%£HY)

f:A - B, ifthere exists g:B - A,suchthatge f =1,and f o g = Iz, we
call that f is inversible, and g is the inverse function(fzE&£%) of f.

Some times go f=l, and feg=Iz may not hold simultaneously.

12/16/2025 e



) Left Inverse(Zi¥) and Right Inverse(f7i¥)

 Let f:A - B, ifthere exists g: B — A, such that
— gof =14, then we call g is the left inverse of f.
— fog = Ig then we call g is the right inverse of f.

map back to
right side(ran(f))
f —_—
g ——
map back to -
left side(dom(f))

Left Inverse Right Inverse
12/16/2025 gof =1 fog=1Ip 41



) Left Inverse and Right Inverse

e Letf:A->B,A+Q
— f has left inverse if and only if f is injective.
— f hasright inverse if and only if f is surjective.
— f has both left and right inverse if and only if f is bijective.
— f is bijective, then the left and right inverse of f are equal.

12/16/2025

42



) Left Inverse and Right Inverse

- Letf:A - B, A+ @, assume that g is the left inverse of f, and h is the
rightinverse of f.

— Wehavegof =1, foh=1Ig
— Theng=gelyp=geo(feh)=(gef)oh=Ioh=nh

— Soif f has both left and right inverse, then they are equal.
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) Inverse of Function

- lLetf:A—- B
— The inverse (defined by relation) of f may not be a function
— If the inverse of f is a function, we call f is inversible (BJ1%£HY)

f:A - B, ifthere exists g:B - A,suchthatge f =1,and f o g = Iz, we
call that f is inversible, and g is the inverse function(fzE&£%) of f.

« f has both left and right inverse if and only if f is bijective.

\ 4

[ f is inversible if and only if f is bijective. ]
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) Inverse of Function

Let f: A — B be a bijection
— f~1is afunction and is the inverse function of f.

— f~1is bijective too.

— Vx €AY f(x)=xVyeB f(f(y) =y
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} Next

« Turing Machine Basics.
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