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~1.1 Propositional Logic —
Step 0. Proof.

Proof
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WHAT IS PROOF




Proof

~1.1 Propositional Logic —
Step 0. Proof.

A proofis an argument that demonstrates
why a conclusion is true, subject to certain
standards of truth.



Proof

~1.1 Propositional Logic —
Step 0. Proof.

A mathematical proofis an argument that
demonstrates why a mathematical statement is
true, following the rules of mathematics.



LLM can generate mathematical proof

nature > news > article

NEWS 07 September 2026

Anthropic Al ‘formalizes’ proof of
Fermat’s last theorem — a milestone
for mathematics

Claude produced a 13-million-line, computer-checked proof of the famed conjecture in

just 11 days.

nature > news > article

NEWS 08 September 2026

OpenAl claims huge maths
breakthrough on afamed
‘Millennium Problem’

The company says it has cracked the physics of fluids using artificial intelligence, solving
one of the toughest puzzles in mathematics.

No one was holding their breath about whether the
full proof could ultimately be Lean-certified.

LLM & TfE5EER

&

Our system produced an analytical proof and a
Lean formalization

. What is Lean?




Lean is a programming language for math

Proof in natural language requires manual review
Lean enables automatically verification of the proof correctness

Al use Lean to write and check proof such that the result is more reliable

Theorem written in Lean — .
— [IWN —
Proof written in Lean — —




Lean is a programming language for math

Theorem written in Lean — .

g B=\v/A\
Proof written in Lean = — —

[ Theorem &

theorem add comm example (a b : Nat) : a + b =b + a := by
F7rexact Nat.add comm a b

[ Proof

theorem add comm (nm : Nat) : n + m =m + n := by
induction n with
| zero => simp
| succ n ih => simp [ih]



Examples — Modern Proofs

Direct Proof.
Case By Case

Proof By Induction.



Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.



Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.
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Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.
e DEFINITION

An integer n is even if there is an integer k such
that n = 2k.

An integer n is odd if there is an integer k such
that n =2k + 1.

\_
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Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.
s ASSUMPTIONS FOR NOW ~

Every integer is either even or odd.

No integer is both even and odd.
N y,




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.
PROOF

/Let n be an even integer.




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.
PROOF

/Let n be an even integer.

Since n is even, there is some integer k such that n = 2k.

~




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.
PROOF

/Let n be an even integer.

Since n is even, there is some integer k such that n = 2k.
This means that n? = (2k)? = 4k? = 2(2k>?).

~




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.
PROOF

/Let n be an even integer.
Since n is even, there is some integer k such that n = 2k.
This means that n? = (2k)? = 4k? = 2(2k>?).

From this, we see that there is an integer m (namely, 2k?)
where n? = 2m.

\_
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Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.
PROOF

/Let n be an even integer.
Since n is even, there is some integer k such that n = 2k.
This means that n? = (2k)? = 4k? = 2(2k>?).

From this, we see that there is an integer m (namely, 2k?)
where n? = 2m.

Therefore, n? is even. m
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Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.

where n? = 2m.

Therefore, n? is even. m

\_

e PROOF
Let n be an even integer.

J

This symbol means
‘end of proof”.

\

.

Since n is even, there is some integer k such that n = 2k.
This means that n? = (2k)? = 4k? = 2(2k>?).

From this, we see that there is an integer m (name

y, 2k?)

~
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Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.
PROOF

/Let n be an even integer.




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.

/Let n be an even integ

PROOF

er.

/

\_

To prove a statement of the form “If P, then K.

true as well.

\

Assume that P Ls true, thew show that @ wust be

/




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.

PROOF
/

Since n is even, there is some integer k such that n = 2k.

~




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.
PROOF

Since n is even, there is some integer k such that n = 2k.
rd / Ve Ve / \
This is the definition of an even integer. When
writing a mathematical proof, it's common to
_ 9 call back the definitions, //




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.

PROOF
/

This means that n? = (2k)? = 4k? = 2(2k>?).




Modern Proofs — Direct Proof

Theorﬁ\lot’we how we use the value of k that we obtained above.

Giving names to quantities, evew if we aren't fully
4 sure what they are, allows us to manipulate
them. This s similar to variables in programs.

~

Y

This means that n? = (2k)? = 4k? = 2(2k>?).




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.

PROOF
/

From this, we see that there is an integer m (namely, 2k?)
where n? = 2m.

\_
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Modern Proofs — Direct Proof

] » » < Pl | ) =

Our ultbmate goal is to prove that n is even. This means
that we need to find some m such that w?= 2m. Here,

we're explicitly showing how we can do that.

~

N

From this, we see that there is an integer m (namely, 2k?)
where n? = 2m.

\_
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Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.

PROOF
/

Therefore, n? is even. m

\_




Lean Proof

Use lean to formalize and prove the following theorem: If n is an even

integer, then n*n is even.

</ |lean

import Mathlib

theorem even_square (n :

rcases h with (k, hk)
use k x n

rw [hk]

ring

©

Z) (h :

Even n)

: Even (n % n)

by



Modern Proofs — Proof By Cases
Theorem: Two queens problem has no solution.



Modern Proofs — Proof By Cases
Theorem: Two queens problem has no solution.

DEFINITION
/

N queens problem: placing N chess queens on an NxN
chessboard so that no two queens threaten each other.

~




Modern Proofs — Proof By Cases
Theorem: Two queens problem has no solution.

DEFINITION
/

N queens problem: placing N chess queens on an NxN
chessboard so that no two queens threaten each other.

Two queens threaten each other: two queens share the
same row, column or diagonal.

\_




Modern Proofs — Proof By Cases
Theorem: Two queens problem has no solution.

DEFINITION
/

2 queens problem: placing 2 chess queens on an 2x2
chessboard so that no two queens share the same row,
column or diagonal.




Modern Proofs — Proof By Cases
Theorem: Two queens problem has no solution.

REPHRASE
/

If placing 2 chess queens on an 2x2 chessboard, then they
must share the same row, column or diagonal.

~




Modern Proofs — Proof By Cases
Theorem: Two queens problem has no solution.

INTUITION
/

P1 | P2

P3 | P4




Modern Proofs — Proof By Cases
Theorem: Two queens problem has no solution.

INTUITION
/ 2
P1 | P2
P3 | P4




Modern Proofs — Proof By Cases
Theorem: Two queens problem has no solution.

-

INTUITION

[

[

Yt

P1

P2

[t | |

(It

P3

P4




Theorem: Two queens problem has no solution.
INTUITION

Modern Proofs — Proof By Cases

-

[

[

P1

P2

P3

P4

[t | |
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Modern Proofs — Proof By Cases
Theorem: Two queens problem has no solution.

/ PROOF \

Let’s pick two positions P, and Pg to places these two queens. We will prove that
two queens threaten each other by cases (by exhaustion).

Case 1: Pois P1, and Pg is P2, so two queens share the same row.
Case 2: P, is P1, and Pg is P3, so two queens share the same column.
Case 3: P, is P1, and Pg is P4, so two queens share the same diagonal.
Case 4: P, is P2, and Pg is P3, so two queens share the same diagonal.
Case 5: P, is P2, and Pg is P4, so two queens share the same column.
Case 6: P, is P3, and Pg is P4, so two queens share the same row.

Since P,and Pg are symmetric, above list all cases. In any case, we find two
queens threaten each other by definition.

\_




Modern Proofs — Proof By Cases

@ lean

N queens problem: placing N chess queens on an NxN chessboard

import Mathlib

so that no two queens threaten each other. Please use Lean to /— A square on a 2 x 2 chessboard. -/

abbrev Pos := Fin 2 x Fin 2

formalize and prove Two queens problem has no solution. /-

Two queens attack each other if they are:
1. in the same row,

2. in the same column,

3. on the same diagonal.

-/

def Attacks (p q : Pos) : Prop :=
p.l=q.1v
p.2=q.2 v

((p.1.val : Z) - p.2.val =
(g.1.val : 7) - g.2.val) v

((p.1.val : Z) + p.2.val =
(g.1.val : 7) + g.2.val)

=

A valid placement of two queens:

* the two queens occupy different squares;

* the two queens do not attack each other.

=/

def ValidTwoQueens (g : Fin 2 - Pos) : Prop :=
Function.Injective q A
Vigj, i#j -~ Attacks (q i) (q j)

/=
On a 2 x 2 chessboard, any two distinct squares
attack each other.

-/

lemma distinct_positions_attack
(p q : Pos)
(h:p=aq):

Attacks p g := by
rcases p with (pr, pc)
rcases q with (qr, qc)
fin_cases pr <;>
fin_cases pc <;>
fin_cases qr <;>
fin_cases qc <;>
simp [Attacks] at h

=
The two-queens problem has no solution.
-/
theorem two_queens_no_solution :
-~3q: Fin 2 - Pos, ValidTwoQueens q := by
rintro (q, h_inj, h_safe)

~= Queen @ and queen 1 are different queens.
have h@l : (@ : Fin 2) # 1 := by
decide

—-- Since the placement is injective, they occupy different squares.
have h_diff : q @ # q 1 := by

intro h_eq

apply hel

exact h_inj h_eq

-- But any two different squares on a 2 x 2 board attack each other.
have h_attack : Attacks (q @) (q 1) := by
exact distinct_positions_attack (q @) (q 1) h_diff

©

-- This contradicts the assumption that the p~ ) ment is safe.
exact (h_safe @ 1 hol) h_attack



Modern Proofs — Proof By Induction
n(n+1)
2

Theorem: If nis an integer and n > 0, then ', i =



Modern Proofs — Proof By Induction

: +1
Theorem: If n is an integer and n >0, then Y™ i = n(nz )
PROOF
We will prove this by induction by showing that }/_ =20*D and if
ko k(k+1) then Y+ | — _ (k+D)(t2)

2




Modern Proofs — Proof By Induction

: +1
Theorem: If n is an integer and n > 0, then Y™ i = n(nz )
PROOF
We will prove this by induction by showing that }/_ =20*D and if
i{ 1i __ k(k+1) | then Zi(-l_lll _ (k+1)2(k+2) |
First, since }/_, i = 1,and 13D — 1, then Y i= 1Ay

2




Modern Proofs — Proof By Induction

. n(n+1
Theorem: If nis an integer and n > 0, then ', i = (2 )
r~ PROOF ™
. 1(1+1) .
We will prove this by induction by showing that }!_, i = and if
i{ 1i __ k(k+1) | then Zi(-l_lll _ (k+1)2(k+2) |
First, since YL, i = 1,and 222 =1, then L, i = 1(1;1).
Second, since T¥_, i = XD then TRHL = (TE D) + (k4 1)
k(k+1) n (k n 1) _ (k+1)(k+2)-

\_

/




Modern Proofs — Proof By Induction

Theorem: If n is an integer and n > 0, then Y™ . i = n(n;l)
/7 PROVF a0
We will prove this by induction by showing that }!_, i = and if
e k(kt1) yon kA1 (k+1)2(k+2) |
First, since }/_, i = 1,and 13D — 1, then Y i= 1(1;1).
Second, since Y5, i = k(k“) thenYli=CF, D+ k+1)
k(k+1) n (k n 1) _ (k+1)(k+2)-
Therefore, the theorem is true. B

\_

/




Modern Proofs — Proof By Induction

. . : +1
Theorem: If n is an integer and n > 0, then Y™ . i = n(nz )
PROOF
We will prove this by induction by showing that }!_, i = 1(1;1) and if
;c:ll. _ k(k+1) | then Z?:lll _ (k+1)2(k+2) |

4 A

The general pattern here is the following:
1. Start by announcing that we're going to use a proot by induction.
2. Explicitly state the base case and the inductive case.

3, Go prove both cases. /

\ y,




Modern Proofs — Proof By Induction
Theorem: If n is an integer and n > 0, then Y™ . i = n(n2+1)
. PROOF ™

First, since Y., i = 1,and 22 =1, then X1, i = 1(12“).
r N

Base Case : prove the property holds for base elements,

b
n=1 )

k\




Modern Proofs — Proof By Induction
("" - - = nin+ty)

nductive case : prove the property holds for elements built by elements- i
building operations according to tnduction hypothesis. °

\¥ I k41 /
T

? k

Second, since Y5, i k(k;l) then Y tli= L, D)+ (k+1)
=0k +1) =

\_ /

(k+1)(k+2)




Lean Proof

Use Lean to formalize and pove the theorem: If n is an integer and n >

0, then (142+...4n) = n*(n+1)/2

<> lean

import Mathlib

lemma sum_first_nat_as_int (m : N) :
2 x (Finset.range m).sum (fun k => ((k :

=(m:2Z) x ((m: Z) + 1) := by

induction m with

| zero =>
simp

| succ m ih =>
rw [Finset.sum_range_succ]
rw [Nat.cast_succ]
nlinarith

Z) + 1))

theorem sum_first_n_integers (n : Z) (h : n > 0) :

(Finset.range n.toNat).sum (fun k => ((k
=n* (n+1) /2 := by

have hn : (n.toNat : Z) = n := by
exact Int.toNat_of_nonneg (le_of_lt h)

let S: Z :=
(Finset.range n.toNat).sum (fun k => ((k

let P: Z :=n* (n+ 1)

have hs : 2 x S = P := by
dsimp [S, PI]

have hsum := sum_first_nat_as_int n.toNat
rw [hn] at hsum
exact hsum

have hdiv : S =P / 2 := by
omega

simpa [S, P] using hdiv

1 Z) + 1))

1 Z) +1))



Propositional Logic (

—1.1 Propositional Logic —

Step 1. Convert program
into mathematical formula.

A
AfJ

H
K

A

N\

g




From Coding Agent to Proof Obligation

CODE CANDIDATE EXPLANATION PROOF OBLIGATION
bool xor(int v) { “XOR compares two The xor function
return v " v; Int values, so the always returns 0.
} implementation is
correct.” — Codex (V v, xor(v)=0)

What does “correct” mean?

A plausible explanation does not define
correctness.




Steps of Proving A Program

Propositional

Program > Correctness C> Formula > Computer
bool xor(int v) . (((=v1) A V1)V (VL A (—2))V
{ The xor function ((o2) AV2) Y (V2 A (o2 Q
} return v ~ v; always returns 0 ((~v3) AV3) V (V3 A (—v3)))V

.(.(.(—|v32) A v32) V (V32 A (—v32)))



Steps of Proving A Prograw

Propositional

Program > Correctness C> Formula > Computer
bool xor(int v) . (((-v1) A VL) V (VL A (=V1)))V
{ o Tlhe xor f;mctlog (o2) A v2) v (2 1 (2 Q
\ return v " v; always returns (((=v3) AV3) V (VB A (—3)))V

.(.(.(—|v32) A v32) V (v32 A (—v32)))

This is a
proposition.




What is Proposition? (/&)

Definition

A proposition is a statement that is, by itself, either true
or false.



Examples

Theorem proved before are all propositions:

If n is an even integer, then n?is even.

If n?is an even integer, then n is even.

n(n+1)
2

If nis anintegerand n >0, then . i =

Two queens problem has no solution.



Examples

Tom is taller than Jerry v
2+2=4
N>6 X

Discrete mathematics is an undergraduate course v
3is odd ¥



BAWHAT/IS'YOUR PROBLEM

—
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‘ Ruestions are
. not ‘PYO‘PDSitiov\,s,




Commansls are
not pmpos’ucio NS.

LET'S GO OUT!/
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Propositional Logic

Propositional logic (fdli% %) is a mathematical
system for reasoning about propositions and how they
relate to one another.

To perform reasoning, propositional logic introduces
propositional logic formula



Propositional Logic Formula

Every formula in propositional logic consists of
propositional variables combined via propositional
connectives.

Each variable represents some proposition, such as “Tom is a cat” or
“Jerry is arat.”

Connectives encode how propositions are related, such as “Tom is a
cat and Jerry is a rat.”



Propositional Variables ( fp@ 1 )

A propositional variable is used to represent a simple
proposition ({7 5.7 &)

Propositional variables are usually represented as upper-case
letters

* For example, P and Q.
* We can use P to represent “Tom is taller than Jerry”

Every propositional variable has a truth value
* |t is either true or false



Propositional Connectives ( fn@iEX45i5] )

Propositional Connectives are used to
» Connect propositional variables
* EXpress more complex meaning with existing propositions

P1: “Tom is a cat.”

jl> If Tom is a cat and Jerry is a rat,

P2: "Jerry is a rat.” then Tom and Jerry are enemy.

P3: “Tom and Jerry are enemy.”



Atomic Proposition (J& T-firfX)

Propositions without any connectives are called atomic
propositions or simple propositions ( J& Fa52/ & B an ek )

(

\_

P1: “Tom is a cat.”

P2: “Jerry is arat.”

P3: “Tom and Jerry are enemy.”

J

Atomic Propositions

-

7

If Tom is a cat and Jerry is a rat,
then Tom and Jerry are enemy.

\.

\

Proposition



NOT (Logical Negation) ( & Eid )

P : Tom is stronger than Jerry
—P: Tom is NOT stronger than Jerry




Semantics of Connectives: Truth Table

A truth table (E{E3K) is a table

» showing the truth value of a propositional logic formula as a
function of its inputs.

 describing the semantic of a propositional connective /
formula.




The Semantics of “NOT”

Propos’ut’wwaL
connective

[ Propositional ]7P —Ipy

variable Proposﬁt’wwat

T F formula

~N

FooT

Truth Table

[ — P always has a different truth value with . P




AND (Logical Conjunction) ( §Hid )
P : Tom is shaking hands with Jerry.
Q : Tom is shaking hands with Quacker.

P A Q : Tom is shaking hands with Jerry AND Tom is shaking hands with
Quacker.




The Semantics of “AND”

T T T Theg are the same.
T F F F . ,
F T F F

F F F F

Truth Table

[ PAQ is true if Pis true and & Ls true. P &




OR (Logical Disjunction) ( #rEid )

P : Krusty Krab has burger.
Q : Krusty Krab has pizza.
P Vv @ : Krusty Krab has burger OR Krusty Krab has pizza.




The Semantics of “OR”

PV Q

mMTH 4|
T4 T H|O
m———|<
m— <

[ PV QistrueifPistrue or QLs true. P




Implication ( Z5;ifid) )
P : Jerry fires the firecracker.
Q : The firecracker will explode.

P — Q :If Jerry fires the firecracker, then (implies) the firecracker
will explode.




The Semantics of “Implication”

P Q P—=Q
T T T
T F F
F T T
F F T

(

The bmplication is owtg false if Pis
true ano @ Lsn't.

~N




Examples

MRS, WMRABHMTRBEE, NR2+2=5, MBRXN=FAREERT,
B4 A= INER AT, BB SEX LIS3R. BAREHARE. BBA(RATLAKE.

STAIER



Biconditional Connective ( YZ&413 )

P : SpongeBob is on the right of Patrick Star.
Q : Patrick Star is on the left of SpongeBob.

P < (@ : SpongeBob is on the right of Patrick Star if and only if
Patrick Star is on the left of SpongeBob.




The Semantics of “Biconditional Connective”

P Q@ P& Q@
T T T
T F F
F T F
FF T
(
The LS ong true Lf Pand &

have the samee truth value.
\_




The Semantics of “Biconditional Connective”

P+ Q

M1 4|0
=Bl RO

P
T
T
F
F

4 )
it seems P < Q means “P lmplies &

and “Q Lmplies P". But can You prove ’Lt7




The Semantics of “Biconditional Connective”

P Q P~Q (P—=Q)QN(Q—P)
T T T T
T F F r
F T F -
FF T T

-
ng have the samwe truth values.

\.




A Quick Recap

A propositional formula includes variables and connectives.

Propositional variables: P, Q ...

Propositional connectives

Name Symbol #Variables Example
NOT - 1 -P
AND A 2 PAQ
OR \% 2 PvQ
Implication — 2 P-Q
Biconditional o 2 PoQ
Connective




A Quick Recap

-

~N

How to connect 2 or

more variables? :

(

\_

INTUITION
With multiple connectives.
PAQA(AR)




Well-Formed Formulas (A R)

4 N
How to connect 2 or

more variables Legally? \ - 4o,

\_

~—— Well-Formed Formulas (§{ A )

If a formula is a well-formed formula
(WFF), then it is legal.

\_




Well-Formed Formulas (A R)

INDUCTIVE DEFINITION of WFF
4 )
1). Every single proposition (symbol) is WFF.

2). If A and B are WFF, so are (-A), (AAB), (Av B), (A—- B),
and (A < B).

3). No expression is WFF unless forced by 1) or 2).

\_ /




Syntax, Semantics, and Proof

Syntax

Is it a legal formula?

Yes. It is a WFF.

(PAQ)—P

Semantics

When is it true?

Under every
assignment.

Proof

Why must it hold?

P follows from P A Q.

Formal verification needs all three

layers.




What Lean Checks

PQ : Prop

le (P : P : P A P :=
example (P Q rop) Q- by P and Q are propositions

intro h

exact h.left
PAQ~»>P

The theorem to prove

h.left

A proof of P extracted from h : P A
Lean accepts the proof Qp

Lean checks the stated theorem, not whether we chose
the right theorem.




A Quick Recap

A propositional formula includes variables and connectives.

Propositional variables: P, Q ...
Propositional connectives: =, A, V, —, <

WEFF: construct the legal propositional formula.



A Quick Recap

A propositional formula includes variables and connectives.

Propositional variables: P, Q ...
Propositional connectives: =, A, V, —, <

WEFF: construct the legal propositional formula.

4 )

Avre they enough?




Can We Introduce New Connective?

We are able to define a new connective, and use
truth table to describe its semantic.

Ry

V@

M - T — | 0

mTmH |0

m - — ™M

-

\_

\

It Looks Like “xor”, but wh Y
oo we not have Lt?




Can We Introduce New Connective?

We are able to define a new connective, and use
truth table to describe its semantic.

P Q PVQ

T T F —

TR PVQ = ((P A (=Q)) V ((—P) A Q))
T F T

F F F Because it can be represented with

a WFF.



Completeness Of Connectives

( BX&E1E5ER1E )

-

\_

DEFINITION

A group of connectives are complete if

1). Every formula can be converted to an equivalent formula and

2). The formula only includes connectives in the group.




Completeness Of Connectives

( BX&E1E5ER1E )

p OBSERVATION

A formula with n variables can be treated to be a function:

1) The input is the truth values of n propositional variables.

L 2) The output is the truth value of the formula.




Completeness Of Connectives
( BXGinEE&H )

p OBSERVATION

A formula with n variables can be treated to be a function:

1) The input is the truth values of n propositional variables.
( )

If every such function can be converteo

to a WFF, we can prove completeness. }
_

o )




Completeness Of Connectives

(BXEiEE= 1% )
- THEOREM
Let G be an N-place Boolean function, N = 1. There exists a WFF O

such that O realizes the function G.
\_

DEFINITIONS

( . : .
n-place Boolean function: a function with n parameters and a Boolean
return value.

a realizes the function G: a and G have the same truth values.




Completeness Of Connectives

( BX&E1E5ER1E )

THEOREM

\_

-
n-place Boolean fu
return value.

\

Let G be an N-place Boolean function, N = 1. There exists a WFF O

such that O realizess~=—fmmbimm - N

Fow to reasown Lt out?

a realizes the function G: a and G have the same truth




Completeness Of Connectives

( BX&E1E5ER1E )

\_

-
n-place Boolean fu
return value.

\

THEOREM

Let’s start with a slmpLe
case (L.e. n = 2).

\

Let G be an N-place Boolean function, N = 1. There exists a WFF O

such that O realizesp~=—mtimn -




Completeness Of Connectives

( BX&E1E5ER1E )

r N
How many conmectives we

can define when n is 2.

\ y ‘€<l\l\
I\
< -')}; o
D ///\ _ “
7




Completeness Of Connectives

( BX&E1E5ER1E )

gO(P’Q) gl(P,Q) gz(P,Q) ga(P,Q) g4(P9Q) gs(PvQ) gs(P,Q)

P Q

F F F F F F F F F

F T F F F " F T T y
T F E F T T F F T

T r W‘F

g1(P,Q  g:(P,Q) AV\@ 9,;(?, 62) LS 8quiv0[L6VLt PrQ)

F i i T
T F to a WFF. T

i g F i

i F

A 2.4.2

\ 7~ N
1 1 2 T oA o Y
a
2 .); 3
: { 7
vr‘ : -.n : L5 \\:\: )
) /




Completeness Of Connectives

( BX&E1E5ER1E )

P Q 20(P,Q #(P,Q) £P,Q g(PQ g(P,Q gPQ g(P,Q
F F F F F F F F F
F T F F F " F i T i
T F F F T T F F T
T T F T F i F T F

g1(P,Q) gs(P,Q) g(P,Q g1(P,Q) gulP,Q) g12(P,Q) g1(P,Q) gu(P,Q) £5(P,Q)
F i s g T 2 T ; b : 5 T
T F F F F T T i i &
T F F T T F F T
T F g F T F T F

e

Exercise, What about g, ?




Completeness Of Connectives

( BX&E1E5ER1E )

P Q 20(P,Q #(P,Q) £P,Q g(PQ g(P,Q gPQ g(P,Q
F F F F F F F F F
F T F F F " F i T i
T F F F T T F F T
T T F T F i F T F
g1(P,Q) gs(P,Q) g(P,Q g1(P,Q) gulP,Q) g12(P,Q) g1(P,Q) gu(P,Q) £5(P,Q)
F i s g T 2 T ; b : 5 T
T F F F F i T
T F F T T F F
T F ; F T F T
e

.

O = (TPA~R)V (PN ~QR)




Completeness Of Connectives

(BEREE Y )

go(P,Q) gi(P,Q)

P Q
FF
FoT
T F
T T

4 | :
MOVE EXErCLSES. .. j> oY
. A

i
T A A




Completeness Of Connectives

( BX&E1E5ER1E )

go(P,Q) gi(P,Q)

P Q
FF
FoT
T F
T T

— T o o
o A

" can we derive general
rules 2?27?

.




Completeness Of Connectives

(P,Q) &1(P,Q) Stept: find all true rows ]

T
F
F

S

— 4 T M| T
U Rl
A~




Completeness Of Connectives

P Q g(P,Q) g(P,Q)

F F T

F T IT T

T F F F

T T F
(=P) A (—Q)

[ Stepd: find all true rows ]

>
Step2: generate a formula

for every row

~\

J




Completeness Of Connectives

P Q g(P,Q) g(P,Q) [ Stept: find all true rows ]
F F T e N\
F T IT T Step2: generate a formula
T F F F oY eVerl Yow

T T F \ f d <

4 N\
stepzz use “or” to connect
these formulas

- )

g(P, Q) = ((=P)AN (=Q)) V((=P)A Q) V (P A Q)




Completeness Of Connectives

go(P,Q) gi(P,Q)

.

P Q
FF T T
F T T
T F F -
T T T F
( )
what about g1 (P,R)?

J

[ Stepd: find all true rows ]

.

é )
Step2: generate a formula

for every row

J

.

4 N\
stepzz use “or” to connect

these formulas

J

g(P, Q) = ((=P)A (=Q)) V((=P)AQ)) V(P A Q)

g1(P, Q) = ((=P) A (=Q)) V((=P) A Q)



Completeness Of Connectives

g(P, Q) &1(P,Q) [ Another algorithm ]

P Q
FF
FoT
T F
T T

— M~ -
m T~




Completeness Of Connectives

P Q g(P,Q) &(P,Q) Stept: find all false rows ]
FF T T

F T T T

T F F

T T T

F




Completeness Of Connectives

[ Stepd: find all false rows

)

P Q g(P,Q) g(P,Q)
FF T T
F T T T
T F F :
T T T
(=P)V Q) ((=P)V(—Q))

>
Step2: generate a formula

for every row

J




Completeness Of Connectives

P~ Q g(P, Q) &(P,Q) [ Stept: find all false rows ]
F F T T - )
F T T T Step2: generate a formula
T F F F DY EVErY YOW

T T T -(: J

.
-

J
\

g1(P, Q) = ((=P)V @) A

Step3: use “and” to
connect these formulas

J

e

(=P)V(=Q))



Completeness Of Connectives

P~ Q g(P, Q) &(P,Q) [ Stept: find all false rows ]
F F T T - )
F T T T Step2: generate a formula
T F F for every row
T T T F > <
/\ Step3: use “a nol” to
4 )
connect these tormulas
what about o0 (P,R)? o formu y
N y W

g1(P, Q) = ((=P)V Q)A((=P)V (=Q))
&(P, Q) = ((=P)V Q)



Completeness Of Connectives

P Q g(P.Q) gi(P,Q) P Q g(P.Q) gi(P,Q)
F F F F T T
F T F T T T
T F F F T F F F
T T F T T T F

g(P, Q) = (=P)A (=Q)) V((=P) A Q) V (P A Q)
g1(P, Q) = (=P)A (=Q)) V((=P) A Q)



Completeness Of Connectives

go(P, Q) g1(P,Q) g(P, Q) g1(P,Q)

P Q P Q
FF F F T T
F T F T T T
T F F T F [F]
T 7 [T] T T T

go(P,Q) = (-P)A =@V ((=P)AQYV (PAQ) &P Q) =((=P)V Q)
g1(P, Q) = (=P)A (=Q)) V((=P) A Q) g1(P, Q) = ((=P) vV Q) A ((=P) vV (=Q))



Completeness Of Connectives

g(P, Q) gi(P,Q) (P,Q) g(P,Q)

81(P, Q) = ((=P) N (=Q)) V((=P) A Q) 81(P, Q) = ((=P)V Q) A ((=P) V (=Q))

M1. According to the T rows M2. According to the F rows



Completeness Of Connectives

(BXEiEE= 1% )
- THEOREM
Let G be an N-place Boolean function, N = 1. There exists a WFF O

such that O realizes the function G.

SVSTSTNTE SVaVNTaly




Completeness Of Connectives

( BX&E1E5ER1E )

THEOREM N
Let G be an N-place Boolean function, N = 1. There exists a WFF O

such that O realizes the function G.
\_ y,

e Proof ~
If G always return F, then a =P A (= P). ltis clear O realizes the

function G.

Otherwise, G returns true sometimes. Suppose there are k cases where
kC—Z- returns true.

J




Completeness Of Connectives

Proof
/There are k inputs that can make G return true:
G(Xll’ X12, "y Xln) — T

G(X21, X22, "y in) — T

G(Xkli sz, ey an) =T

Then we can construct a in the following way.

( .

ﬁij:{"Pj if Xij=F

\

Looks Like algorithw above

~N

Yi = Bir A A Bin
\& =71V Vi \\

7




Completeness Of Connectives

. Proof
When G returns true, it is clear that a is true.

When a is true, there must be some y; is true.

There is only one assignment that can make y; is true.
Under this assignment, G returns true.

/

P: f X..: =T
CX11, X1z, .0y K1) = T bij =1 ]P. ll]]: XU =F
G(X21’X22’ ...,in)=T k_l J lj

Vi = Bia A A Bin
G(Xkl,sz, ...,an)=T C(:]/1V"'Vyk

\_




A Quick Recap

A propositional formula includes variables and connectives.

Propositional variables: P, Q ...
Propositional connectives: =, A, V, —, <

WEFF: construct the legal propositional formula.

4 )

Ave tlfleg opt’umaL???




Completeness Of Connectives

We already know that
P~ Q=(P—Q A(Q— P)

The group becomes {7, A, Vv, —}

what about “—" 7 !
> 9




Completeness Of Connectives

_>

T T , ,

. . mplication can be expressedt
T T b@ “wot” and “or”

T T

~\

The group becomes {1, A, V}

\. J




Completeness Of Connectives

P Q PAQ ~((—-P)V(-Q))
T T T T
T F F F
F T F r
F F F [

N\

“‘and” can be expressed
by “not” and “or”

.

~\

J

P Q PvR ~((-P)A(=Q)

T T T T

T F T T

FoT T T

FF |F F
r_/\ A

“‘or” can be expressed by
“not” and “and”

\. J

Finally, {7, A} and {7, v} are all complete
We cannot eliminate elements from them.



4 Now, can You use the A
propositional logic to

formalize the “2 queens
S problem theorem?” }




Example

P1

P2

Theorem: Two queens problem has no solution.

P3

P4

REPHRASE
/

2 queens problem: placing 2 chess queens on an 2x2
chessboard so that no two queens share the same row,
column or diagonal.

™

4 , )
How to formalize the

. probtem has no solutlon?

J

~




Example o1 | P2

Theorem: Two queens problem has no solution. |r3 | P4

REPHRASE
4 N

2 queens problem: placing 2 chess queens on an 2x2
chessboard so that no two queens share the same row,

column or diagonal.

There are four positions on the chessboard. We now define
four propositional variables P1 , P2 , P3 and P4 .

P1 signifies that there is a queen on position 1. =P1 signifies
there is not a queen on position 1 and so on.

\_ /




Example
Theorem: Two queens problem has no solution.

P1

P2

P3

P4

REPHRASE
(2

chessboard so that no two queens share the same row
column or diagonal.
First, we formalize the requirement:

(((((=(PLA P2)) A (=(PLA P3)))A

(=(PLA P4))) A (—(P2A P3)))A

(=(P2A P4))) A (—(P3 A P4)))

queens problem: placing 2 chess queens on an 2x2

~u




Example

Theorem: Two queens problem has no solution.

P1

P2

P3

P4

REPHRASE
/

column or diagonal.
Second, we formalize the placement:

(((P1 AP2) A (<P3)) A (ﬂP4)) v (((P1 A P3) A (~P2)) A (—~P4)
(((P1 A P4) A (=P2)) A (ﬂP3)) v (((Pz AP3) A (P1)) A (=P4)
(((Pz A P4) A (<P3)) A (ﬂP1)) v (((P3 A P4) A (~P1)) A (=P2)

\_

)
)
)

2 queens problem: placing 2 chess queens on an 2x2
chessboard so that no two queens share the same row,

Vv

Vv

~




Example

P1 | P2
Theorem: Two queens problem has no solution. |r3 | P4
e REPHRASE ™
2 queens problem: placing 2 chess queens on an 2x2
chessboard so that no two queens share the same row,
column or diagonal.
(((PLA P2) A (—P3)) A (—P4))V
(((~(PLAPY A ((PLA PR (PIAEP2)API) APV
(<(PLAPE) A (<(P2APIA A (((PLA(=P2)) A (=P3)) A P4)V o F
(=(P2 A P4))) A (=(P3 A P4))) (((=P1) A P2) A P3) A (—P4))V
(((=P1) A P2) A (—P3)) A P4)V
\ (((=PL) A (=P2)) A P3) A P4) /




e~ e~ e~ p—

~_~ N <t <t <t
3§ 4 &3 &4
rr < r < <
AAW)A%,%
=™ 2
%PH\PH\\M 4
r < < < <«
gl
~ggaal
&< << 5
< < < & - -
e
a a a L L L Wu
(((((( O
< N
< c
_ < Q
N —~
NN -4
< & q
L < < W
Teg S
<IT 1
o < <
L ==
STy
Lo
< < ( \
o=
=%
=L L



e~ e~ e~ p—

N N s N e

AAW)A%,%
= ™ ™ <
[3p) [ N
r < < < < N
gl
~ggaal
&< << o
S S Saaa Q)
a a a L L L W
SESEESEE 2 S
QO =
= m <
° 2o S P
SR +
ot =
g o< < 2 -
Teg Q
<IT 1
< < <
L ==
<FF
Lo
< < ( \
[ o=
=
=L L



Truth Table

There are 4 propositional variables.

Pi ... Py g(P1, P2, P3,Ps) ) ???ROWS]

Tr ... T T




Truth Table

There are 4 propositional variables.

Pi ... Py g(Pi,Pa, Ps Ps) ) 16 ROWS ]
T .. T T
F F T N\
Tf If there are n variables, how
many rows in the truth table?

2™

\_ J




p
what will affect the computation

cosSt?
\_

~N




4 A

The computation cost depends
on #v/ariables and the
complexity of the formula.

\_




4 )

can we sbmplify the formula???

\_




((( ( (-P4))
((((~(PLA P2)) A (~(P1 A P3)))A (((PLA (=P2)) A P3) A (=P4))V
(~(PLAPE) A ((P2A PN A ((PTA(RP2))A(SPI)) A P4V
(—(P2 A P4))) A (~(P3 A P4))) ((=P1) A P2) A P3) A (—P4))V

((((=P1) A P2) A (—P3)) A P4)V

(((=P1) A (=P2)) A P3) A P4)

-

\_

Can we eliminate them flrstly
without affecting the semantic?

J

~ F



Operator Precedence

(PVQ)AR) F

PVQAR P=T,Q=FR=F

(PV(QAR))



Operator Precedence

Recap: what does —=(P1 A P2) mean Iin two queens

problem??

P1

P2

P3

P4

Two queens are not on the first row at the same time

But, what does —P1 A P2 mean?




Operator Precedence

We introduce operator precedence like that in C,
C++ and python

- > N > V> = > &

“PAQ < ("P)NQ

PVQAR {—> PV (QAR)



Operator Precedence

Only operator precedence is not enough
P—Q—R




Operator Precedence

The real meaning is
P—(Q— R)




Operator Precedence

But there is can be a different interpretation
(P—Q)— R




Operator Precedence

Left-associative ( £S5 )
v The same precedence are evaluated in order from left to right.
P—Q—R




Operator Precedence

With operator precedence and association, we cannot
write the following formula with less parentheses.




Exercise

How to parse this statement?

X —=>YVZ—->XVYANZ

Operator precedence

- > AN >V > = >

All operators are left-associative



Exercise

How to parse this statement?

(-X)—=>YVZ—->XVYANZ

Operator precedence

- > AN >V > = >

All operators are left-associative



Exercise

How to parse this statement?

(-X)—=>YVZ—=>XV(YANZ)

Operator precedence

- > AN >V > = >

All operators are left-associative



Exercise

How to parse this statement?
(—-X)—=>(YVZ)—= (XV(YAZ))

Operator precedence

- > AN >V > = >

All operators are left-associative



Exercise

How to parse this statement?

(=X)—=>(YVZ) = (XV(YANZ))

Operator precedence

- > AN >V > = >

All operators are left-associative



P1 A P2) A (=P3)) A (—P4)

((( )
(~(PLA P2 A (—(PLA P3))A  ((PLA(2P2)) A P3) A (=P4))
(~(PLA PO A (~(P2API)A - A (((PLA(=P2)) A (=P3)) A P4)V
(=(P2 A P4))) A (—(P3 A P4))) ((((=P1) A P2) A P3) A (—P4))
((=P1) A P2) A (=P3)) A P4)
((( )

(=P1) A (=P2)) A P3) A P4
/\

( 2
which parentheses can be

eliminated?
\_

— F



(((PLAP2)A(—P3)) A (—P4))V
(5(PLA P2 A (~(PLA PI))A  (((PLA(=P2)) A P3) A (=P4))V
(~(PLA PO A (~(P2A PN A (((PLA(=P2)) A (=P3)) A P4)V
(—(P2 A P4))) A (—(P3 A P4))) (((=PL) A P2) A P3) A (=P4))V
(((=P1) A P2) A (=P3)) A P4)V
(((=P1) A (=P2)) A P3) A P4)

(((PLAP2) A(=P3)) A(=P4)) ) P1AP2A-P3A—P4

What about this? —(P1 A P2)

— F



Propositional Equivalences (Z5{H)

Theorem
4 )

Propositional Equivalences (Zf{H) : If two formula P and
Q has the same truth value under any assignment, they are
equivalent. Itis denoted by P =Q or P < Q.

Equivalence Theorem (SHBEME) :P=0QiffP— Qs
always true.

\_ /




De Morgan‘s Laws (EER{E)

-

\_

Theorem

De Morgan’s Laws:

—l(P/\Q)=—|PV—|Q,—|(PVQ)=—|P/\—|Q

—(P1 A P2) can be replaced by —=P1 Vv —P2.




More Laws

2 Theorem

Double Negation (NEHER) :
—|—|P =P




More Laws

P— Q
T

e

<

MmO
M4 H| O
Rl

According to Frows, P — Q = 2PV (Q

\_




More Laws

s Theorem
Associative Law (&51E)

(PVQRQ)VR=PV(QVR)
(PANQ)AR=PA(QAR)
(P Q) R=P+ (Q+ R)

(P — Q)—>R#P—>(Q—>R){

Warning!




More Laws

s Theorem
Commutative Law (3Z#51E)
PVR=QVP
PANR=QANP
P Q@=Q«+ P

N
P—-Q=Q—R? It is wrong. Can you give
a counterexample?

J




More Laws

F

s Theorem
Commutative Law (3Z#51E)
PVQR=QVP
PAQ=QAP
P~ Q=Q<«+ P
\_
P=T,Q=F P— Q#Q — R

T




More Laws

- Theorem

N
ldempotent Law (/&) : PvP=P
PAP=P
P« P=T
PsP=T
- Y,
4 [heorem R
Identlty Law (ﬁ_&) . PV F =P
PAT =P
Ir—P=P
T P=P
P— F=-P
9 F+s P=—P y




More Laws

/ Theorem
Complementary Law (#PRE) :

PV-P=T
PA-P=F
P— —-P=-P
P P=P
Py —P=F
Zero Law (ZFTB) :
PVT =T
PAF=F
P—T=T

\\ F—-P=T




More Laws

/ Theorem

Distributive Law (93E#)
PV(QAR)=(PVQ)A(PVR)
PAQOQVR)=((PAQ)V(PAR)

PA(QYV QV ..V Q) =7



More Laws

e Theorem

Distributive Law (93E#)
PV(QAR)=(PVQ)A(PVR)
PAQOQVR)=((PAQ)V(PAR)

Absorption Law (IRUSKEE)
PV(PANQR)=P
\_ PAN(PVQ)=P

PA(QYV QV..VQy)=(PANQ)V(PANQR)V..V(PAQp)



Example

(

(

(((PLA P2)A(=P3)) A (—P4))V
(((PLA(=P2)) A P3)A(—P4))V
(((PLA(=P2)) A (=P3)) A P4)V
((((=P1) A P2) A P3) A (—P4))V
(((=P1) A P2) A (=P3)) A P4)V
((((=P1) A (—P2)) A P3) A P4)
)N
(((((=(PLA P2)) A (=(PLA P3)))A

(=(P1A P4))) A
(=(P2 A P4))) A
— F

(—=(P2 A P3)))A
(—(P3 A P4)))

, )
Eliminate redundant
parentheses

d

J




Example

(
(P1 A P2 A —P3 A —=P4)V

)
(PLA—=P2A P3AN-P4)V
(P1A=P2A—-P3A P4)V
(=P1AP2AP3A—-P4)V
(=P1 A P2 A—P3 A P4)V
(-P1 A—=P2A P3 A P4)

)N
—(P1A P2) A—=(P1A P3)A
—(P1A P4)AN=(P2A P3)A
—(P2 A P4) A —~(P3 A P4)
— F

-

\

We can Eliminate more

Parentheses. But we
retain them for
reaolo bLL'Ltg.




Example

(
(P1 A P2A—=P3A—=P4)V

)
(PLA—=P2A P3AN-P4)V
(P1A—=P2A-P3A P4)V
(=P1AP2AP3A—-P4)V
(=P1 A P2 A=P3 A P4)v
(~P1A—-P2A P3 A P4)

)N

=(P1A P2) A=(P1A P3)A
—(P1A P4)AN=(P2A P3)A
—(P2 A P4) A —(P3 N P4)

~ F

-

\

~

Now wWe can use Laws to
convert the formula on

the left to F. Try to use
distributive law first.




Example

(P1 A P2)]\ —P3 A =P4A
(P1A P2))\ —~(P1 A P3)A

P1A P4 P2 AP » A
(PLA P4) A =(P2 A P3)A Now commutative Law
(p2 A P4) A —=(P3 A P4)V

ang assoclative Law.

I

J
J

J

~P1A=P2A[P3 A P4)

—(P1A P2) A—=(P1A P3)A
—(P1A P4) A —=(P2 A P3)A
(P2 A P4) A|~(P3 A P4)



Example

(P1 A P2) A —=(P1 A P2)

—“P3A-=P4A-(PLAP3)A
—(PLA P4) AN =(P2 N P3)A N
—(P2 N\ P4) A =(P3 A P4)V

Now wmptemewtara Law.

P3 N P4) A\ (P3 N\ P4) /
(P1LA P2) A=(P1A P3)A

(PLA P4) A —=(P2 A P3)A

(P2 P4) AN —=P1A P2

I

J



Example

FVFVFVFVFVF

!

F

N
we have succ@ss{uLLg

F« F \\ convert the left to F.
y




Exercise

P—Q=(-Q) = (=P)

— T

Can You prove Lt bg Laws
Lnstead of truth table?

\

~\

J




Exercise
P—Q=(Q)— (—P)

P — Q@
=(-P) VvV Q
=Q V (—P)
=(~(=Q)) V (=P)
=(—Q) = (—P)



Exercise

P—(Q—R)=Q— (P— R)

— T

Can You prove Lt bg Laws
Lnstead of truth table?

\

~\

J




Exercise



Exercise

P—(Q—R)=(PANQ)— R

— T

Can You prove Lt bg Laws
Lnstead of truth table?

\

~\

J




Exercise



AYrows means Xxx

Matching Problem

WAL XXX




Matching Them With Food And Ensuring No Conflict

How to prove there s no A
legal matehing with
propositional Logic?




Matching Problem




Matching Problem

Gy




Matching Problem

=




Matching Problem




Matching Problem




Matching Problem




Matching Problem




Matching Problem g A
Tuffy must eat chicken.

N v,
P3 A
—(P1AP2)AN=(P2AP3)A=(P1AP3)A

—|(—|P1 7A\ —|P2)




Matching Pr g A
atc 9 oblem Chickewn cannot be

shavred.

P3 A
—(P1AP2)AN=(P2AP3)A=(P1AP3)A
—|(—|P1 N\ —|P2)




Matching Problem

P3 A
—(P1AP2)AN=(P2AP3)A=(P1AP3)A
—|(—|P1 N\ —|P2)

—

Milk cannot be shared.

\. J




Matching Problem

P3 A
—(P1AP2)AN=(P2AP3)A=(P1AP3)A
—|(—|P1 N\ —|P2)

—

Now convert Lt to F.




Matching Problem

P3 AL(PLA PRI (P2 A PRIAL (LA PR AL (P A P2)

P3 NJ(=P1V =P2) A (=P2V —P3)|A (=P1V =P3) A (P1V P2)
P3 A (=P2V aP3)A(=P1V —aP2) A(=P1V —=P3)A(P1V P2)
= P3A—AP2A (—|P1V—|P2)/\(—|P1V—|P3)/\(P1VP2)

P3 A
P3AN—=P2AP1A

P3 A —P2

=[P3]n P2 A P1 A]ZP3]A (=P1V —=P2)

P3 A—=P3N-=P2AP1A (—|P1V—|P2)

F

BN

.

—P2 A (P1V P2)A (—|P1V—|P2)/\(—|P1V—|P3)
(—|P1V—|P2)/\(—|P1V—|P3)
Pl/\(—|P1V—|P3)/\ (—|P1V—|P2)

tis a spea’mL propos’ut’uow
which ts always false

~

J




Tautology (EFIL/7KE)

DEFINITION

[Tautology IS a proposition which is always true under any interpretation. ]

P3A=(P1AP2)AN=(P2AP3)A=(P1AP3)A=(=P1A-P2) —F

r N
The previous probtem Ls to prove the

formula is a tautology. } ’ ;f‘




Contradiction (FET/KIERR)

s DEFINITION 2
Contradiction is a proposition which is always false under any

interpretation.
\ y,

P3A=(P1AP2)A=(P2AP3)A=(P1AP3)A=(=P1A=P2)

,
The previous probtem Ls to prove the

formula ts a contradiction.




Example

PV -P
PA-P
PAF
PVT
~(AA B) < (~AV —B)

tautology
contradiction
contradiction
tautology
tautology
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