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1.1 Propositional Logic
Step 1. Convert program 
into first order logic formula.

Step 2. Ask the computer 
to solve the formula.

1.2 First Order Logic

Step 1. Axiom system

Step 2. Ask the computer 
to check the invariants

1.3 Auto-active Proof
Step 0. Proof.

A mathematical proof is an argument that 
demonstrates why a mathematical statement is 
true, following the rules of mathematics. 



LLM can generate mathematical proof

No one was holding their breath about whether the 
full proof could ultimately be Lean-certified. 

Our system produced an analytical proof and a 
Lean formalization

LLM & 千禧年难题：What is Lean?



Lean is a programming language for math 
Proof in natural language requires manual review

Lean enables automatically verification of the proof correctness

AI use Lean to write and check proof such that the result is more reliable 

Theorem written in Lean

Proof written in Lean



Lean is a programming language for math 
Theorem written in Lean

Proof written in Lean

theorem add_comm_example (a b : Nat) : a + b = b + a := by
exact Nat.add_comm a b

Theorem

Proof

theorem add_comm (n m : Nat) : n + m = m + n := by 
  induction n with 
  | zero => simp 
  | succ n ih => simp [ih]



Examples – Modern Proofs 

Direct Proof.  

Case By Case

Proof By Induction.  

...



Modern Proofs – Direct Proof

Theorem: If n is an even integer, then n2 is even. 
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Modern Proofs – Direct Proof

Theorem: If n is an even integer, then n2 is even. 
DEFINITION

An integer n is even if there is an integer k such 
that n = 2k. 

An integer n is odd if there is an integer k such 
that n = 2k + 1. 



Modern Proofs – Direct Proof

Theorem: If n is an even integer, then n2 is even. 
ASSUMPTIONS FOR NOW

Every integer is either even or odd. 

No integer is both even and odd. 
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This symbol means 
“end of  proof”.
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Let n be an even integer.

To prove a statement of the form “If P, then Q”. 

Assume that P is true, then show that Q must be 

true as well.
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This is the definition of an even integer. When 

writing a mathematical proof, it’s common to 

call back the definitions,
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Modern Proofs – Direct Proof

Theorem: If n is an even integer, then n2 is even. 
PROOF

Since n is even, there is some integer k such that n = 2k.

From this, we see that there is an integer m (namely, 2k2) 
where n2 = 2m. 

Therefore, n2 is even. 

Let n be an even integer.

Notice how we use the value of k that we obtained above. 
Giving names to quantities, even if we aren't fully 
sure what they are, allows us to manipulate 
them. This is similar to variables in programs. 

This means that n2 = (2k)2 = 4k2 = 2(2k2). 
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Modern Proofs – Direct Proof

Theorem: If n is an even integer, then n2 is even. 
PROOF

Since n is even, there is some integer k such that n = 2k.

Therefore, n2 is even. 

Let n be an even integer.

This means that n2 = (2k)2 = 4k2 = 2(2k2). 

Our ultimate goal is to prove that n is even. This means 

that we need to find some m such that n2= 2m. Here, 

we're explicitly showing how we can do that. 

From this, we see that there is an integer m (namely, 2k2) 
where n2 = 2m. 



Modern Proofs – Direct Proof

Theorem: If n is an even integer, then n2 is even. 
PROOF

Since n is even, there is some integer k such that n = 2k.

Therefore, n2 is even. 

Let n be an even integer.

This means that n2 = (2k)2 = 4k2 = 2(2k2). 
From this, we see that there is an integer m (namely, 2k2) 
where n2 = 2m. 



Lean Proof



Theorem: Two queens problem has no solution.
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same row, column or diagonal.



Theorem: Two queens problem has no solution.
Modern Proofs – Proof By Cases

2 queens problem: placing 2 chess queens on an 2×2 
chessboard so that no two queens share the same row, 
column or diagonal.

DEFINITION



Theorem: Two queens problem has no solution.
Modern Proofs – Proof By Cases

If placing 2 chess queens on an 2×2 chessboard, then they 
must share the same row, column or diagonal.

REPHRASE
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Theorem: Two queens problem has no solution.
Modern Proofs – Proof By Cases

Let’s pick two positions PA and PB to places these two queens. We will prove that 
two queens threaten each other by cases (by exhaustion).  

PROOF

Case 1: PA is P1, and PB is P2, so two queens share the same row.
Case 2: PA is P1, and PB is P3, so two queens share the same column.
Case 3: PA is P1, and PB is P4, so two queens share the same diagonal.
Case 4: PA is P2, and PB is P3, so two queens share the same diagonal.
Case 5: PA is P2, and PB is P4, so two queens share the same column.
Case 6: PA is P3, and PB is P4, so two queens share the same row.
Since PA and PB are symmetric, above list all cases. In any case, we find two 
queens threaten each other by definition.   



Modern Proofs – Proof By Cases
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PROOF
We will prove this by induction by showing that ∑!"## 𝑖 = #(#%#)

'
and if 

∑!"#( 𝑖 = (((%#)
'

, then ∑!"#(%# 𝑖 = ((%#)((%')
'

.

First, since ∑!"## 𝑖 = 1, 𝑎𝑛𝑑 #(#%#)
'

= 1 , then ∑!"## 𝑖 = #(#%#)
'

.

Second, since ∑!"#( 𝑖 = (((%#)
'

,  then ∑!"#(%# 𝑖 = (∑!"#( 𝑖) + (𝑘 + 1)

= ( (%#
'

+ 𝑘 + 1 = ((%#) (%'
'

.
Therefore, the theorem is true. 

The general pattern here is the following: 

1. Start by announcing that we're going to use a proof by induction.

2. Explicitly state the base case and  the inductive case.

3. Go prove both cases. 
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Base Case : prove the property holds for base elements.
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PROOF
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'
and if 
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.
Therefore, the theorem is true. 

inductive case : prove the property holds for elements built by elements-
building operations according to induction hypothesis.



Lean Proof



Propositional Logic （命题逻辑）

Step 1. Convert it into 
first logic formula.

Step 2. Ask the computer 
to solve the formula.

1.2 First Order Logic

Step 1. Axiom system

Step 2. Ask the computer 
to check the invariants

1.3 Auto-active Proof

Step 1. Convert program
into mathematical formula.
Step 2. Ask the computer 
to solve the formula.

1.1 Propositional Logic
Step 0. Proof.



From Coding Agent to Proof Obligation
CODE

bool xor(int v) {
return v ^ v;

}

CANDIDATE EXPLANATION

“XOR compares two 
Int values, so the 
implementation is 
correct.” – Codex

PROOF OBLIGATION

The xor function 
always returns 0.

What does “correct” mean?

A plausible explanation does not define 
correctness.

(∀ v,  xor(v) = 0)



Steps of Proving A Program

Program Correctness
Propositional 

Formula Computer

bool xor(int v)
{

return v ^ v;
}

The xor function 
always returns 0



Steps of Proving A Program

Program Correctness
Propositional 

Formula Computer

bool xor(int v)
{

return v ^ v;
}

The xor function 
always returns 0

Why? 

This is a 
proposition.



What is Proposition? (命题)

Definition
A proposition is a statement that is, by itself, either true 
or false. 



Examples
Theorem proved before are all propositions:

If n is an even integer, then n2 is even.

If n2 is an even integer, then n is even.

If n is an integer and n > 0, then  ∑!"#$ 𝑖 = $($&#)
(

Two queens problem has no solution.



Tom is taller than Jerry
2 + 2 = 4
N > 6
Discrete mathematics is an undergraduate course
3 is odd

Examples



Questions are 
not propositions.



Commands are 
not propositions.



Exclamatory 
sentence are not 

propositions.



Propositional Logic
Propositional logic (命题逻辑) is a mathematical 
system for reasoning about propositions and how they 
relate to one another.

To perform reasoning, propositional logic introduces 
propositional logic formula



Propositional Logic Formula
Every formula in propositional logic consists of 
propositional variables combined via propositional 
connectives. 

Each variable represents some proposition, such as “Tom is a cat” or 
“Jerry is a rat.” 

Connectives encode how propositions are related, such as “Tom is a 
cat and Jerry is a rat.” 



Propositional Variables（命题变项）
A propositional variable is used to represent a simple 
proposition (简单命题)

Propositional variables are usually represented as upper-case 
letters

• For example, P and Q.
• We can use P to represent “Tom is taller than Jerry”

Every propositional variable has a truth value
• It is either true or false



Propositional Connectives（命题联结词）

Propositional Connectives are used to
• Connect propositional variables
• Express more complex meaning with existing propositions

P1: “Tom is a cat.”

P2: “Jerry is a rat.”

P3: “Tom and Jerry are enemy.”

If Tom is a cat and Jerry is a rat, 
then Tom and Jerry are enemy.



Atomic Proposition (原子命题)
Propositions without any connectives are called atomic 
propositions or simple propositions（原子命题/简单命题）

P1: “Tom is a cat.”

P2: “Jerry is a rat.”

P3: “Tom and Jerry are enemy.”

If Tom is a cat and Jerry is a rat, 
then Tom and Jerry are enemy.

Atomic Propositions
Proposition



NOT (Logical Negation)（否定词）
𝑷 : Tom is stronger than Jerry
¬𝑷: Tom is NOT stronger than Jerry

¬𝑷𝑷



Semantics of Connectives: Truth Table

A truth table (真值表) is a table 
• showing the truth value of a propositional logic formula as a 

function of its inputs. 
• describing the semantic of a propositional connective / 

formula. 



The Semantics of “NOT”

Truth Table

Propositional 
Variable

Propositional 
connective

Propositional 
formula

¬𝑷 always has a different truth value with P.



AND (Logical Conjunction)（合取词）
𝑷 : Tom is shaking hands with Jerry.
𝑸 ∶ Tom is shaking hands with Quacker.

𝑷 ∧ 𝑸 : Tom is shaking hands with Jerry AND Tom is shaking hands with 
Quacker.

𝑷 ∧ 𝑸



The Semantics of “AND”

Truth Table

𝑷∧𝑸 is true if P is true and Q is true.

They are the same.



OR (Logical Disjunction)（析取词）
𝑷 : Krusty Krab has burger. 
𝑸 ∶ Krusty Krab has pizza. 

𝑷 ∨ 𝑸

𝑷 ∨ 𝑸 ∶ Krusty Krab has burger OR Krusty Krab has pizza.  



The Semantics of “OR”

𝑷 ∨ 𝑸 is true if P is true or Q is true.



Implication（蕴涵词）
𝑷 : Jerry fires the firecracker. 
𝑸 ∶ The firecracker will explode.

𝑷 → 𝑸

𝑷 → 𝑸 ∶ If Jerry fires the firecracker, then (implies) the firecracker 
will explode. 



The Semantics of “Implication”

The implication is only false if P is 
true and Q isn’t.



Examples
如果猪会飞，
那么月亮是奶酪做的。

如果太阳从西边出来，
那么鱼会在天上唱歌。

如果2+2=5，
那么我是世界首富。

如果这个三角形是圆的，
那么你可以永生。



Biconditional Connective（双条件词）
𝑷 : SpongeBob is on the right of Patrick Star. 
𝑸 ∶ Patrick Star is on the left of SpongeBob.

𝑷 ↔ 𝑸

𝑷 ↔ 𝑸 ∶ SpongeBob is on the right of Patrick Star if and only if
Patrick Star is on the left of SpongeBob.



The Semantics of “Biconditional Connective”

The 𝑷 ↔ 𝑸 is only true if P and Q 
have the same truth value.



The Semantics of “Biconditional Connective”

It seems 𝑷 ↔ 𝑸 means “P implies Q” 
and “Q implies P”. But can you prove it? 



The Semantics of “Biconditional Connective”

They have the same truth values.



A Quick Recap
A propositional formula includes variables and connectives.

Propositional variables: P, Q … 

Propositional connectives

Name Symbol #Variables Example
NOT ¬ 1 ¬P
AND ∧ 2 P ∧ Q
OR ∨ 2 P ∨ Q

Implication → 2 P→ Q
Biconditional 
Connective 

↔ 2 P↔ Q



A Quick Recap
A propositional formula includes variables and connectives.

Propositional variables: P, Q … 

Propositional connectives

Name Symbol #Variables Example
NOT ¬ 1 ¬P
AND ∧ 2 P ∧ Q
OR ∨ 2 P ∨ Q

Implication → 2 P→ Q
Biconditional 
Connective 

↔ 2 P↔ Q

How to connect 3 or 
more variables? 

INTUITION
With multiple connectives.
P ∧ Q ∧ (∧ R)  



Well-Formed Formulas (合式公式)
A propositional formula includes variables and connectives.

Propositional variables: P, Q … 

Propositional connectives

Name Symbol #Variables Example
NOT ¬ 1 ¬P
AND ∧ 2 P ∧ Q
OR ∨ 2 P ∨ Q

Implication → 2 P→ Q
Biconditional 
Connective 

↔ 2 P↔ Q

How to connect 3 or 
more variables legally? 

Well-Formed Formulas (合式公式)
If a formula is a well-formed formula  

(WFF), then it is legal.



Well-Formed Formulas (合式公式)
INDUCTIVE DEFINITION of WFF

1). Every single proposition (symbol) is WFF.

2). If A and B are WFF, so are (¬A), (A ∧ B), (A ∨ B), (A→ B), 
and (A↔ B).

3). No expression is WFF unless forced by 1) or 2). 



Syntax, Semantics, and Proof
(P ∧ Q) → P

Syntax

Is it a legal formula?

Yes. It is a WFF.

Semantics

When is it true?

Under every 
assignment.

Proof

Why must it hold?

P follows from P ∧ Q.

Formal verification needs all three 
layers.



What Lean Checks

example (P Q : Prop) : P ∧ Q → P := by
intro h
exact h.left

Lean accepts the proof

P Q : Prop
P and Q are propositions

P ∧ Q → P
The theorem to prove

h.left
A proof of P extracted from h : P ∧
Q

Lean checks the stated theorem, not whether we chose 
the right theorem.



A Quick Recap
A propositional formula includes variables and connectives.

Propositional variables: P, Q … 

Propositional connectives: ¬,  ∧,  ∨, →, ↔

WFF: construct the legal propositional formula. 



A Quick Recap
A propositional formula includes variables and connectives.

Propositional variables: P, Q … 

Propositional connectives: ¬,  ∧,  ∨, →, ↔

WFF: construct the legal propositional formula. 

Are they enough?



Can We Introduce New Connective?

We are able to define a new connective, and use 
truth table to describe its semantic.

It looks like “xor”, but why 
do we not have it?



Can We Introduce New Connective?

We are able to define a new connective, and use 
truth table to describe its semantic.

Because it can be represented with 
a WFF.



Completeness Of Connectives
（联结词完备性）

A group of connectives are complete if

1). Every formula can be converted to an equivalent formula and

2). The formula only includes connectives in the group.

DEFINITION 



Completeness Of Connectives
（联结词完备性）

A formula with n variables can be treated to be a function:

1) The input is the truth values of n propositional variables.

2) The output is the truth value of the formula.

OBSERVATION



Completeness Of Connectives
（联结词完备性）

A formula with n variables can be treated to be a function:

1) The input is the truth values of n propositional variables.

2)The output is the truth value of the formula.

OBSERVATION

If every such function can be converted 
to a WFF, we can prove completeness.



Let G be an n-place Boolean function, n ≥ 1. There exists a WFF α 

such that α realizes the function G. 

Completeness Of Connectives
（联结词完备性）

THEOREM

n-place Boolean function: a function with n parameters and a Boolean 
return value.

α realizes the function G: α and G have the same truth values.

DEFINITIONS



Let G be an n-place Boolean function, n ≥ 1. There exists a WFF α 

such that α realizes the function G. 

Completeness Of Connectives
（联结词完备性）

THEOREM

n-place Boolean function: a function with n parameters and a Boolean 
return value.

α realizes the function G: α and G have the same truth values.

DEFINITIONSHow to reason it out?



Let G be an n-place Boolean function, n ≥ 1. There exists a WFF α 

such that α realizes the function G. 

Completeness Of Connectives
（联结词完备性）

THEOREM

n-place Boolean function: a function with n parameters and a Boolean 
return value.

α realizes the function G: α and G have the same truth values.

DEFINITIONS
Let’s start with a simple 

case (i.e. n = 2). 



Completeness Of Connectives
（联结词完备性）

DEFINITIONS
How many connectives we 

can define when n is 2.



Completeness Of Connectives
（联结词完备性）

Any gi(P, Q) is equivalent 
to a WFF.



Completeness Of Connectives
（联结词完备性）

Exercise, What about g10 ?



Completeness Of Connectives
（联结词完备性）

g10 = (～P /\～Q) \/ (P /\～Q)



Completeness Of Connectives
（联结词完备性）

More exercises…



Completeness Of Connectives
（联结词完备性）

Can we derive general 
rules ???



Completeness Of Connectives

Step1: find all true rows



Completeness Of Connectives

Step1: find all true rows

Step2: generate a formula 
for every row



Completeness Of Connectives

Step1: find all true rows

Step2: generate a formula 
for every row

Step3: use “or” to connect   
these formulas



Completeness Of Connectives

What about g1(P,Q)?

Step1: find all true rows

Step2: generate a formula 
for every row

Step3: use “or” to connect   
these formulas



Completeness Of Connectives

Another algorithm



Completeness Of Connectives

Step1: find all false rows



Completeness Of Connectives

Step1: find all false rows

Step2: generate a formula 
for every row



Completeness Of Connectives

Step1: find all false rows

Step2: generate a formula 
for every row

Step3: use “and” to 
connect these formulas



Completeness Of Connectives

Step1: find all false rows

Step2: generate a formula 
for every row

Step3: use “and” to 
connect these formulasWhat about g0(P,Q)?



Completeness Of Connectives



Completeness Of Connectives



Completeness Of Connectives

M1. According to the T rows M2. According to the F rows



Let G be an n-place Boolean function, n ≥ 1. There exists a WFF α 

such that α realizes the function G. 

Completeness Of Connectives
（联结词完备性）

THEOREM

n-place Boolean function: a function with n parameters and a Boolean 
return value.

α realizes the function G: α and G have the same truth values.

DEFINITIONS

We now give a proof



Let G be an n-place Boolean function, n ≥ 1. There exists a WFF α 

such that α realizes the function G. 

Completeness Of Connectives
（联结词完备性）

THEOREM

If G always return F, then α = P ∧ (¬ P). It is clear α realizes the 
function G.
Otherwise, G returns true sometimes. Suppose there are k cases where 
G returns true.

Proof



Completeness Of Connectives

There are k inputs that can make G return true:
G(𝑋##, 𝑋#', …, 𝑋#*) = T
G(𝑋'#, 𝑋'', …, 𝑋'*) = T
…
G(𝑋(#, 𝑋(', …, 𝑋(*) = T
Then we can construct α in the following way.

𝛽!+ = 9
𝑃+ 𝑖𝑓 𝑋!+ = 𝑇
¬𝑃+ 𝑖𝑓 𝑋!+ = 𝐹

𝛾! = 𝛽!# ∧ ⋯∧ 𝛽!*
𝛼 = 𝛾# ∨ ⋯∨ 𝛾(

Proof

Looks like algorithm above



Completeness Of Connectives

When G returns true, it is clear that α is true.
When α is true, there must be some 𝛾! is true.
There is only one assignment that can make 𝛾! is true.
Under this assignment, G returns true.

G(𝑋##, 𝑋#', …, 𝑋#*) = T
G(𝑋'#, 𝑋'', …, 𝑋'*) = T
…
G(𝑋(#, 𝑋(', …, 𝑋(*) = T

Proof

𝛽!+ = 9
𝑃+ 𝑖𝑓 𝑋!+ = 𝑇
¬𝑃+ 𝑖𝑓 𝑋!+ = 𝐹

𝛾! = 𝛽!# ∧ ⋯∧ 𝛽!*
𝛼 = 𝛾# ∨ ⋯∨ 𝛾(



A Quick Recap
A propositional formula includes variables and connectives.

Propositional variables: P, Q … 

Propositional connectives: ¬,  ∧,  ∨, →, ↔

WFF: construct the legal propositional formula. 

Are they optimal???



Completeness Of Connectives

We already know that

The group becomes {¬, ∧, ∨, →} 

What about “→” ?



Completeness Of Connectives

Implication can be expressed 
by “not” and “or”

The group becomes {¬, ∧, ∨} 



Completeness Of Connectives

“and” can be expressed 
by “not” and “or”

“or” can be expressed by 
“not” and “and”

Finally, {¬, ∧} and {¬, ∨} are all complete
We cannot eliminate elements from them. 



Now, can you use the 
propositional logic to 

formalize the “2 queens 
problem theorem?”



Theorem: Two queens problem has no solution.
Example

2 queens problem: placing 2 chess queens on an 2×2 
chessboard so that no two queens share the same row, 
column or diagonal.

REPHRASE

How to formalize the 
problem has no solution?



Theorem: Two queens problem has no solution.
Example

2 queens problem: placing 2 chess queens on an 2×2 
chessboard so that no two queens share the same row, 
column or diagonal.
There are four positions on the chessboard. We now define 
four propositional variables 𝑃1 , 𝑃2 , 𝑃3 and 𝑃4 .
𝑃1 signifies that there is a queen on position 1. ¬𝑃1 signifies 
there is not a queen on position 1 and so on.

REPHRASE



Theorem: Two queens problem has no solution.
Example

2 queens problem: placing 2 chess queens on an 2×2 
chessboard so that no two queens share the same row, 
column or diagonal.
First, we formalize the requirement:

REPHRASE



Theorem: Two queens problem has no solution.
Example

2 queens problem: placing 2 chess queens on an 2×2 
chessboard so that no two queens share the same row, 
column or diagonal.
Second, we formalize the placement:

REPHRASE

𝑃1 ∧ 𝑃2 ∧ ¬𝑃3 ∧ ¬𝑃4 ∨ 𝑃1 ∧ 𝑃3 ∧ ¬𝑃2 ∧ ¬𝑃4 ∨

𝑃1 ∧ 𝑃4 ∧ ¬𝑃2 ∧ ¬𝑃3 ∨ 𝑃2 ∧ 𝑃3 ∧ ¬𝑃1 ∧ ¬𝑃4 ∨

𝑃2 ∧ 𝑃4 ∧ ¬𝑃3 ∧ ¬𝑃1 ∨ 𝑃3 ∧ 𝑃4 ∧ ¬𝑃1 ∧ ¬𝑃2



Theorem: Two queens problem has no solution.
Example

2 queens problem: placing 2 chess queens on an 2×2 
chessboard so that no two queens share the same row, 
column or diagonal.

REPHRASE



How to prove it?



How to prove it?
Truth table.



There are 4 propositional variables.

Truth Table

??? ROWS



There are 4 propositional variables.

Truth Table

16 ROWS

If there are n variables, how 
many rows in the truth table?

𝟐𝒏!!!



What will affect the computation 
cost?



The computation cost depends 
on #variables and the 
complexity of the formula.



Can we simplify the formula??? 



Can we eliminate them firstly 
without affecting the semantic?



Operator Precedence

P = T, Q = F, R = F

F

T



Operator Precedence

Recap: what does ¬(𝑃1 ∧ 𝑃2) mean in two queens 
problem?

But, what does ¬𝑃1 ∧ 𝑃2 mean?

Two queens are not on the first row at the same time



Operator Precedence
We introduce operator precedence like that in C, 
C++ and python



Operator Precedence
Only operator precedence is not enough



Operator Precedence
The real meaning is



Operator Precedence
But there is can be a different interpretation



Operator Precedence
Left-associative（左结合）
ü The same precedence are evaluated in order from left to right.



Operator Precedence

With operator precedence and association, we cannot 
write the following formula with less parentheses.



How to parse this statement?

Operator precedence

All operators are left-associative

Exercise



How to parse this statement?

Operator precedence

All operators are left-associative

Exercise



How to parse this statement?

Operator precedence

All operators are left-associative

Exercise



How to parse this statement?

Operator precedence

All operators are left-associative

Exercise



How to parse this statement?

Operator precedence

All operators are left-associative

Exercise



Which parentheses can be 
eliminated?



(( 𝑃1 ∧ 𝑃2 ∧ ¬𝑃3 ) ∧ (¬𝑃4)) 𝑃1 ∧ 𝑃2 ∧ ¬𝑃3 ∧ ¬𝑃4

What about this? ¬(𝑃1 ∧ 𝑃2)



Propositional Equivalences（等值）

Propositional Equivalences（等值）: If two formula P and 
Q has the same truth value under any assignment, they are 
equivalent. It is denoted by 𝑃 = 𝑄 or 𝑃 ⟺ 𝑄.

Equivalence Theorem（等值定理）: 𝑃 = 𝑄 iff 𝑃 ⟷ 𝑄 is 
always true.

Theorem



¬ 𝑃1 ∧ 𝑃2 can be replaced by ¬𝑃1 ∨ ¬𝑃2.

De Morgan‘s Laws（摩根律）

De Morgan’s Laws:
¬ 𝑃 ∧ 𝑄 = ¬𝑃 ∨ ¬𝑄,¬ 𝑃 ∨ 𝑄 = ¬𝑃 ∧ ¬𝑄

Theorem



More Laws

Double Negation（双重否定律）:
¬¬𝑃 = 𝑃

Theorem



More Laws

According to F rows, 𝑃 ⟶ 𝑄 = ¬𝑃 ∨ 𝑄



More Laws

Associative Law（结合律）:
Theorem

Warning!



More Laws

Commutative Law（交换律）:

Theorem

It is wrong. Can you give 
a counterexample?



More Laws

Commutative Law（交换律）:

Theorem

F T



More Laws

Idempotent Law（等幂率）：
Theorem

Identity Law（同一律）:
Theorem



More Laws

Complementary Law（补余律）:

Zero Law （零律）:

Theorem



More Laws

Distributive law（分配律）:
𝑃 ∨ (𝑄 ∧ 𝑅) = 𝑃 ∨ 𝑄 ∧ (𝑃 ∨ 𝑅)
𝑃 ∧ (𝑄 ∨ 𝑅) = 𝑃 ∧ 𝑄 ∨ (𝑃 ∧ 𝑅)

Theorem
Distributive Law（分配律）:

𝑃 ∨ (𝑄 ∧ 𝑅) = 𝑃 ∨ 𝑄 ∧ (𝑃 ∨ 𝑅)
𝑃 ∧ 𝑄 ∨ 𝑅 = 𝑃 ∧ 𝑄 ∨ 𝑃 ∧ 𝑅

Absorption Law（吸收律）:

Theorem



More Laws

Distributive law（分配律）:
𝑃 ∨ (𝑄 ∧ 𝑅) = 𝑃 ∨ 𝑄 ∧ (𝑃 ∨ 𝑅)
𝑃 ∧ (𝑄 ∨ 𝑅) = 𝑃 ∧ 𝑄 ∨ (𝑃 ∧ 𝑅)

Theorem
Distributive Law（分配律）:

𝑃 ∨ (𝑄 ∧ 𝑅) = 𝑃 ∨ 𝑄 ∧ (𝑃 ∨ 𝑅)
𝑃 ∧ 𝑄 ∨ 𝑅 = 𝑃 ∧ 𝑄 ∨ 𝑃 ∧ 𝑅

Absorption Law（吸收律）:

Theorem



Example

Eliminate redundant
parentheses



Example

We can Eliminate more
Parentheses. But we 

retain them for 
readability.



Example

Now we can use laws to 
convert the formula on 
the left to F. Try to use 
distributive law first.



Example

Now commutative law 
and associative law.



Example

Now Complementary law.



Example

We have successfully 
convert the left to F.



Exercise

Can you prove it by laws 
instead of truth table?



Exercise



Exercise

Can you prove it by laws 
instead of truth table?



Exercise



Exercise

Can you prove it by laws 
instead of truth table?



Exercise



Matching Problem
Arrows means xxx 

want xxx



Matching Them With Food And Ensuring No Conflict

How to prove there is no 
legal matching with 
propositional logic?



Matching Problem

P1

P2

P3



Matching Problem

P1=T

P2

P3



Matching Problem

P1=F

P2

P3



Matching Problem

P1

P2=T

P3



Matching Problem

P1

P2=F

P3



Matching Problem

P1

P2

P3=T



Matching Problem

P1

P2

P3=F



Matching Problem

𝑃3 ∧
¬ 𝑃1 ∧ 𝑃2 ∧ ¬(𝑃2 ∧ 𝑃3) ∧ ¬(𝑃1 ∧ 𝑃3) ∧

¬(¬𝑃1 ∧ ¬𝑃2)

Tuffy must eat chicken.



Matching Problem

𝑃3 ∧
¬ 𝑃1 ∧ 𝑃2 ∧ ¬(𝑃2 ∧ 𝑃3) ∧ ¬(𝑃1 ∧ 𝑃3) ∧

¬(¬𝑃1 ∧ ¬𝑃2)

Chicken cannot be 
shared.



Matching Problem

𝑃3 ∧
¬ 𝑃1 ∧ 𝑃2 ∧ ¬(𝑃2 ∧ 𝑃3) ∧ ¬(𝑃1 ∧ 𝑃3) ∧

¬(¬𝑃1 ∧ ¬𝑃2)

Milk cannot be shared.



Matching Problem

𝑃3 ∧
¬ 𝑃1 ∧ 𝑃2 ∧ ¬(𝑃2 ∧ 𝑃3) ∧ ¬(𝑃1 ∧ 𝑃3) ∧

¬(¬𝑃1 ∧ ¬𝑃2)

Now convert it to F.



Matching Problem
𝑃3 ∧ ¬ 𝑃1 ∧ 𝑃2 ∧ ¬(𝑃2 ∧ 𝑃3) ∧ ¬(𝑃1 ∧ 𝑃3) ∧ ¬(¬𝑃1 ∧ ¬𝑃2)

= 𝑃3 ∧ ¬𝑃1 ∨ ¬𝑃2 ∧ (¬𝑃2 ∨ ¬𝑃3) ∧ (¬𝑃1 ∨ ¬𝑃3) ∧ (𝑃1 ∨ 𝑃2)
= 𝑃3 ∧ (¬𝑃2 ∨ ¬𝑃3) ∧ ¬𝑃1 ∨ ¬𝑃2 ∧ (¬𝑃1 ∨ ¬𝑃3) ∧ (𝑃1 ∨ 𝑃2)
= 𝑃3 ∧ ¬𝑃2 ∧ (¬𝑃1 ∨ ¬𝑃2) ∧ (¬𝑃1 ∨ ¬𝑃3) ∧ (𝑃1 ∨ 𝑃2)
= 𝑃3 ∧ ¬𝑃2 ∧ (𝑃1 ∨ 𝑃2) ∧ (¬𝑃1 ∨ ¬𝑃2) ∧ (¬𝑃1 ∨ ¬𝑃3)
= 𝑃3 ∧ ¬𝑃2 ∧ 𝑃1 ∧ (¬𝑃1 ∨ ¬𝑃2) ∧ (¬𝑃1 ∨ ¬𝑃3)
= 𝑃3 ∧ ¬𝑃2 ∧ 𝑃1 ∧ (¬𝑃1 ∨ ¬𝑃3) ∧ (¬𝑃1 ∨ ¬𝑃2)
= 𝑃3 ∧ ¬𝑃2 ∧ 𝑃1 ∧ ¬𝑃3 ∧ (¬𝑃1 ∨ ¬𝑃2)
= 𝑃3 ∧ ¬𝑃3 ∧ ¬𝑃2 ∧ 𝑃1 ∧ (¬𝑃1 ∨ ¬𝑃2)
= 𝐹

It is a special proposition 
which is always false



Tautology（重言式/永真式）

𝑃3 ∧ ¬ 𝑃1 ∧ 𝑃2 ∧ ¬(𝑃2 ∧ 𝑃3) ∧ ¬(𝑃1 ∧ 𝑃3) ∧ ¬(¬𝑃1 ∧ ¬𝑃2)

𝑃3 ∧ ¬ 𝑃1 ∧ 𝑃2 ∧ ¬(𝑃2 ∧ 𝑃3) ∧ ¬(𝑃1 ∧ 𝑃3) ∧ ¬(¬𝑃1 ∧ ¬𝑃2) ⟷ 𝐹

Tautology is a proposition which is always true under any interpretation.

DEFINITION

The previous problem is to prove the 
formula is a tautology.



Contradiction（矛盾式/永假式）

𝑃3 ∧ ¬ 𝑃1 ∧ 𝑃2 ∧ ¬(𝑃2 ∧ 𝑃3) ∧ ¬(𝑃1 ∧ 𝑃3) ∧ ¬(¬𝑃1 ∧ ¬𝑃2)Contradiction is a proposition which is always false under any    

interpretation.

DEFINITION

𝑃3 ∧ ¬ 𝑃1 ∧ 𝑃2 ∧ ¬(𝑃2 ∧ 𝑃3) ∧ ¬(𝑃1 ∧ 𝑃3) ∧ ¬(¬𝑃1 ∧ ¬𝑃2)

The previous problem is to prove the 
formula is a contradiction.



Example

contradiction
contradiction
tautology

tautology

tautology
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