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Adapted From:
2 (BIRZIESERIE) 14, 26

Lecture Notes



Propositional Logic (fpE0Zig)

~1.1 Propositional Logic — -

Step 2. Ask the computer
to solve the formula.
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Matching Problem I

P3 A —=(P1A P2)A—=(—=P1A P3)




Matching Problem I
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Tvq’:fg must drink milk.
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Matching Problem I

P3N —=(PLA P2) A=(—=P1A P3)

g un—

Tom andl Jerry cannot eat

chickewn at the some timee.
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Matching Problem I

P3 A —=(P1A P2)A—=(—=P1A P3)

(" Tom and Tuﬁfgcﬁwo?

drink millke at the same
tLme.
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Matching Problem Il

m P3 A —(P1A P2) A—=(=P1A P3)
=P3 N (-P1V -P2)A (P1V—P3)

t =P3 A (P1V =P3) A (-P1V —P2)
o .9

—=P3 A P1 A (=P1V —P2)
@===§ —pP3 A\ PlA(-P2)

) i

It Ls clear that P1=T,
PR2=F and P2=T.
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) J\ SAT Problem.
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" nstead of proving tautology or A

contradiction, sometimes we just
want to fino an nterpretation to
make a formula true.
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Satisfiability (Tl EE)
DEFINITION

If a proposition can be true under some interpretation, it is satisfiable.

RELATION

-
1) P is a tautology iff =P is a contradiction

2) P is satisfiable iff -P is not a tautology

\3) P is unsatisfiable iff P is a contradiction




Satisfiability (T EE)

-

\_

RELATION

1) P is a tautology iff =P is a contradiction

2) P is unsatisfiable iff P is a contradiction

-

So proving P Ls a tautology is to prove
that =P Ls unsatisfiable.

\_
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Example

(AV B) A (mAV —B) satisfiable, not tautology
(AV B) A (mAV —-B) A (A <+ B) unsatisfiable/contradiction
(PAN—-P)— (PN-P) tautology

AAN(A— B)— B tautology



Example

(AV B) A (mAV —B) satisfiable, not tautology
(AV B) A (mAV -B) A (A < B) unsatisfiable/contradiction
(PAN—-P)— (PN-P) tautology
AAN(A— B)— B tautology

e N D

TO prove Lt, we can prove

AN (A - B) A =B is unsatisfiable.
N y
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can computers solve these probLems
auto mat’waLLg ?

~N

-
Yes! qive me the formula,

4\ [ will tell you the answer
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SymPy 43‘

P3 A —(P1A P2)A—(—P1A P3)

l

from sympy.logic.inference import satisfj |
from sympy import *

Define propositional varinbles J
P1, P2, P3 = symbols("P1,P2,P3"

models = satisfiable( P3 & (~ (P1 & P2)) & (~(~P1 & P3)) ) ‘
if models:

print( models - ~ ﬁ Solve the WFF ]
\r Print the

\LVL‘CEY’P vetatLo l/\/)




SymPy "‘

P3N —(P1A P2)A—=(—P1A P3)

l

from sympy.logic.inference import satisfj |
from sympy import *

Define propositional varinbles J
P1, P2, P3 = symbols("P1,P2,P3"

models = satisfiable( P3 & (~ (P1 & P2)) & (~(~P1 & P3)) )
if models:

print( models y ) —~
>§’ Print the SAT solver will convert
\LVL’CEYPYC‘CWCLOV\/J Lt lnto CNF




what s the prwc?

A A valid formula.




Quick Recap
- INDUCTIVE DEFINITION of WFF ~
1). Every single proposition (symbol) is in WFF.

2). If Aand B are WFF, so are (-A), AAB), (AvB), (A- B), and
(A< B).

3). No expression is WFF unless forced by 1) or 2).
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Q)
PV Q)
P— Q)
P+ Q)



WFF

Recognize well-formed formulas

Inductive Definition (WFF) <:> Recursive Function

- Recursive Function

Operation for base elements.

Operation for elements built by elements-building operations.

\_




Recursion (3%!9)

Fibonacci sequence function

~(0) =1
=(1) = 1

~(n) = F(n-1) + F(n-2)
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Recognizing Well-formed Formulas

Input: a formula P; Output: true or false (indicating whether it is a WFF )
0. Begin with an initial tree T containing a single node labeled with P [((ﬁ(P vV Q)) R)]

1. If all leaves of T are labeled with propositional variables, return
true

2. Select a leaf labeled with an expression f which is not a [(ﬁ(’D v Q))
propositional variable l

3. If f does not begin with (, return false. If f does not end
with ),return false. (PV Q)

4. 1f f = (7Q), then add a child to the leaf labeled by f, label it with Q,
and goto 1

5.1Ff = (A © B) where O is one of {A, v, —, <}, then add two | Q | PERFECT
children to the leaf labeled by f, label them with A and B, and goto 1

6. Return false




Recognizing Well-formed Formulas

Input: a formula P; Output: true or false (indicating whether it is a WFF )
0. Begin with an initial tree T containing a single node labeled with P [((ﬁ(P VQ)) — (vR))]

1. If all leaves of T are labeled with propositional variables, return
true

2. Select a leaf labeled with an expression f which is not a
propositional variable

3. If f does not begin with ( , return false. If f does not end
with ),return false.

4. If f = (7Q), then add a child to the leaf labeled by f, label it with Q,

and goto 1

5.1ff= (A ® B) where O is one of {A, v, —, <}, then add two m
children to the leaf labeled by f, label them with A and B, and goto 1

6. Return false




Recognizing Well-formed Formulas

Input: a formula P; Output: true or false (indicating whether it is a WFF ) R ———
0. Begin with an initial tree T containing a single node labeled with P E ERROR
1. If all leaves of T are labeled with propositional variables, return "
true

2. Select a leaf labeled with an expression f which is not a ((—I(P \/ Q))) — R)
propositional variable

3. If f does not begin with ( , return false. If f does not end
with ),return false.

( , )
4. 1f f = (7Q), then add a child to the leaf labeled by f, label it with Q, [t s not a
and goto 1 logieal
5. Iff=(A O B)where O is one of {A, v, —, <}, then add two conmective

children to the leaf labeled by f, label them with A and B, and goto 1 \.
6. Return false




/4 4 Tvuth table?




Determining Satisfiability using Truth Tables

AN(BV-A)N(CV-B)

A|lB|CIlA N (B Vv =-A) AN (C VvV -=B))




Determining Satisfiability using Truth Tables

AN(BV-A)N(CV-B)

AlBlCJIIA N (B v -A) AN (C Vv =B))
FlF|F F T T T T T




Determining Satisfiability using Truth Tables

AN(BV-A)N(CV-B)

AlB|IC|I|A N (B v -A) AN (C VvV =B))




Determining Satisfiability using Truth Tables

AN(BV-A)N(CV-B)




Determining Satisfiability using Truth Tables

AN(BV-A)N(CV-B)




Determining Satisfiability using Truth Tables

4 A

Glven w variables, What is the complexity

of truth table?
\_ }




Determining Satisfiability using Truth Tables

4 A

Glven w variables, What is the complexity
of the truth table?
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SAT ( oliAE 0 )

(

DEFINITION

N
In computer science, the satisfiability problem (abbr. SAT) is the
problem of determining if there exists an interpretation that satisfies a
given formula.

N\ J

-

\_

(Cook—-Levin theoremt)

N

The first problem that was
proven to be NP-complete

J

NP (Nondeterministic Polynomial Time):
 a proposed solution can be verified as correct or
incorrect in polynomial time
NP-Complete:
« Any problem in NP can be reduced to it in
polynomial time.




SAT (alidE EI=)
- DEFINITION

In computer science, the satisfiability problem (abbr. SAT) is the

problem of determining if there exists an interpretation that satisfies a
given formula.
\

S. A. Cook.

The Complexity of Theorem Proving Procedures.

Proceedings of the Third Annual ACM Symposium on the
Theory of Computing, 151-158, 1971.

https://www.inf.unibz.it » teaching » material » co... ¥

The Complexity of Theorem-Proving Procedures

[
{E&: SA Cook l%}ﬁ% | FRER 10020F A method of measuring the complexity of proof 4
procedures for the predicate calculus is introduced and discussed. Throughout this paper, a se... Wg
70

Stephen Cook Leonid Levin



Normal Form (GExX{)

OBSERVATION

Given a WFF, you can build infinite formulas that are equivalent to it.

A— B,-AV B,-(AAN-B)

- /™

They are tn different form
but they are equivalent.

\- J




Normal Form (GExX{)

OBSERVATION

Given a WFF, you can build infinite formulas that are equivalent to it.

A— B,-AV B,-(AAN-B)

- A

If we can require a normal
form, Lt is good for desioning
algorithm for SAT problem.
\_ J




Normal Form (Ggz)
p DEFINITION N

Aliteral (3Z=¢) is a propositional variable or its negation.

A clause (#7HXT/FH]) is a disjunction of one or more literals.

A conjunctive clause (FENZ{) is a conjunction of one or more Iiterals.j

A literal
-B literal

AV B disjunctive clause
AN-B conjunctive clause




Conjunction Normal Form (SHGEIU)

-

DEFINITION

A formula is in conjunctive normal form (CNF) or clausal normal form if

~

it is a conjunction of one or more clauses. Otherwise put, it is an AND of

ORs.
g

J

4 N

Moolern SAT solvers use CNF.

. )

(AV-B)A(BV-A)A A
ANB



Converting to CNF

(" However, many problems are
not L CNF. How to convert
_ them to CNF?




Converting to CNF

P Q g(P,Q) &(P,Q)
FF T T

F T T T

T F F

T T T

-

Stept: find all false rows

.

4 N
Step2: generate a formula
for every row
\ J
( )
Step3: use “andd” to

connect these formulas

e J

g1(P, Q) = ((=P) vV Q) A ((=P) V (-Q))

r

&

/T—

It Ls L CNF! Truth table can
help convert formulas to CNF.

~N

J




Converting to CNF

P Q g(P,Q) &(P,Q)
FF T T

F T T T

T F F

T T T

-

Stept: find all false rows

.

4 N
Step2: generate a formula
for every row
\ J
( )
Step3: use “andd” to

connect these formulas

e J

g1(P, Q) = ((=P) vV Q) A ((=P) V (-Q))

/T

r

&

But if we can bulld the truth
toble, we dont need SAT solvers.

~N

J




Converting to CNF

-
May be we coan use propositional

equivalence Laws to do it.
\_ J




Converting to CNF

—(PVQ) < (PAQ) ﬁ Example




~

Stept: eliminate
me Lication and

blconditional
conmnectives,
~(PV Q) (PAQ) /\ Y,

=(=(PVQ)V(PAQ)AN(PVQ)V(PAQ))

Converting to CNF




(

Stepi: eliminate
Lmplication and
biconditional
conmnectives.

Converting to CNF

>

~(PVQ) & (PAQ)
(—=(PVQ)V(PAQ))AN=(PVQ)V(PA Q))jstepzz repeatedly use De
(PVQ)V (PAQ)A((=PA=Q)V (=P V-Q)) Morgaws Laws and
double negation Law to
move “not” tnstde

\_ J




(

Stept: eliminate
me Lication and

Converting to CNF

biconditional
conmectives,
~(PV Q)+ (PAQ) > <
=(—=(PVQ)V(PAQ)AN((PVQ)V-(PAQ)) Step: repeatedLg use e
=((PVQ)V(PAQ)A((=PA=Q)V (=P V=Q)) Morgan's laws andl

(PVQ)A (-PV-Q) double negation Law to

move “not” Lnsioe
(_/\ \_ )
\

Stepz: repeatedly use
distributive Law to get CNF

\_ J




Exercise

(AANB) < FE

(AANB) < FE
(AANB) - E)N(F — (AN B))
(—(AANB)VE)AN(-EV (AAB))
(—AV-BVE)AN(—~EV A)N (—EV B)



r

Ave there any other normal forms?

. J




Disjunction Normal Form (frfEezl)

- DEFINITION N

A formula is in disjunctive normal form (DNF) if it is a disjunction of one

or more conjunction clauses. Otherwise put, it is an OR of ANDs.
. J

AV B
(AAB)V (mAA-B)



Converting to DNF

N
—(PVQ) < (PANQ) ﬁsame example in CNF

J




~

Stept: eliminate
me Lication and

biconditional
(PVQ) < (PAQ) /\ CONWNECLLVES, Yy

=(=(PVQ)A-(PAQ))V (~(PVQ)AN(PAQ))

Converting to DNF




Converting to DNF

-(PVQ)«+ (PANQ)

(= (PVRIANA(PAQ))V ((PVQ)A(PAQ))
(PVQ)A(PV-Q))V (-PA-QAPANQ)

~

\_

Stepi: eliminate
Lmplication and
biconditional
conmnectives.

J

o

\_

Step: repeatedly use De

Morgawn's Llaws and
double negation Law to
move “not” tnstoe
J




Converting to DNF

~(PVQ) < (PAQ)

(F=(PVRIANA(PAQ))V (~(PVQ)A(PAQ))
(PVQ)A(PV-Q))V (-PA-QAPAQ)

(

\_

Stepi: eliminate
Lmplication and
biconditional
conmectives.,

J

(PA=P)V(QAN-P)V(PAN-Q)V(QAN-Q)V (-PAN-QANPANQ)

I~

Step3: repeatedtg use

\_

distributive Law to get DNF

~

J

-

\_

Step: repeatedLg use D

Morgawn's Laws and
double negation Law to
move “not” tnstole

A

J




Exercise

(ANB) < E

(AANB) < FE

(ANBANE)V (~(AANB)AN-E)
(ANBAE)V ((mAV-B)A-E)
(ANBANE)V (mAAN-E)V (B A-E)



4 A

Whg dloes SAT Solvers use
CNF tnstead of DNF?

If SAT solvers use DNF, what
will happen? A
\_




CNF v.s. DNF

AT NASANAS A NA,
A/ VA, VAV ...V A,

-

A formula bn DNF is true when one

of these conjunction clauses is true.

owe of them Ls true when P ang —P
don't exist at the same tinee.

\_ /




CNF v.s. DNF

AT NASANAS A NA,
A/ VA, VAV ...V A,

r N

Things become much easter when we
address DNF instead of CNF. why
SAT solvers use CNF?

\_ /




Disjunction Normal Form

(A1 V Byp)A (AL NAs AN N ALV

(Ag V Boy)A (Bi AAx N ..o AN ALV

(Az V B3)A @a=) (A ANByA...ANAL)V 2"
(A V By) (Bi A By A ...\ By)

/\

-

\_

You can convert a formula into DNF, but the

original formula—in fact, exponentially so.

resulting formula might be very much larger thaw the

J




WHY CNF?

But what about CNF?




WHY CNF?

(AL AN A2 N A3) V (B1 A B2 A\ B3)

4

[ l(Al\/Bl) A (A1 V B2) A (Al V B3)A
23X=2

(A2V B1) A (A2V B2) A (A2 V B3)A
(A3V B1) A (A3V B2) A (A3 V B3)

-
It seems to exponentially

explode, too.




Switch Variables

(ALNA2NA3)V (BLAB2A B3)

N
( Fd V4
The translation Ls ‘ The translation Ls not
(Z — A1 AN A2 N A3)A ,
{ _ent eaquivalent.
| equ satisfiable. Z s BLA BN B q )

r

We want to determine satistinbility. The

translation does not need to ensure equ’waLewce.
"




Switch Variables

(ALNA2NA3)V(BINB2AB3) =---»  AVRB
r —— 4
The translation Ls
(Z — A1 N A2 N\ A3)A

4’.-s Ve g L A /\ Z B
. equi-satisfiable. 7 BN BN B » (Z>ANAN(GZ-B)

p
wWhy are the two formulas

equi-satisfinble ?




Switch Variables

(Z->A)N(=Z—->B)
T
T
T

— 2

nder every case, we can
find a “Z" to make the

second formula to be true.
\ _/

whew the first formula is satisfiable,
the secona formula is also satisfiable.

A
T
T

F

—~ w3
~3
I RIEET (N

Possible cases where the
first formula is true.




Switch Variables

A B AVB

Z (Z->A)AN(—~Z->B)

F F F
F F F

|

M
F
They wmust always be f_l\

false.

\_

F
F

The second formula is

the truth value of Z.

~N

always false regardless of

p
whew the first formula is unsatisfiable, the
second formula is also unsatisfiable.




Switch Variables

AVEB
‘ , )
The translation Ls not
(Z > A)A(—~Z - B) equivatewt.
y
A B A AV B (Z > A) A (~Z > B)

T F F Iil Iil



Switch Variables

(ALNA2NA3)V (BLAB2A B3)

4

(Z — A1 N A2 N\ A3)A
(-nZ — B1 AN B2A B3)

-
Exerclse: convert Lt to CNF ansl

check Lf there Ls explosion.

\




Switch Variables

(ALNA2NA3)V (BLAB2A B3)

4

(Z — A1 N A2 N\ A3)A
(=Z — B1 A B2/ B3)

4

(Z = (A1 NA2N A3)) AN (—~Z — (B1 A B2A B3))
=(—ZV (AINA2NA3)) AN (ZV (B1 AN B2A B3))
(
(

» N
There s not
EXPLosLo .

[3+3L

—ZNV AL N (mZV A2) N (0Z V A3)N
ZN BL)YN(ZV B2) N\ (ZV B3)

J




Normal Form Theorem

THEOREM

Every formula can be converted to CNF and DNF.

4 )
We can use truth table to convert o

formula to CNF and DNF. A




(PVQ)N(-PV-Q)

—~(P P
( \/Q)H( /\Q) N (P\/Q)/\(_lp\/ﬁQ)/\(P\/—lP)

4 )
Although we can convert formulas to CNF,

we can still get many different formulas.

can we define a more precise form?




Principal Normal Form (ZE58x)
- DEFINITION )

Given n propositional variables, if every variable exists exactly once in a

conjunction clause, the clause is a minterm (fi/\ig) .
g J

Pl P2 mmp Pl A P2 -Pl1AP2 P1A-P2,-P1lA-P2 2"

T

4 )
Every minterm LS true uneleyr awtg ONE Lwtevpretatiow.

Any two minterms are not equivalent and the

conjunction of them is F.
\_ J




Principal Disjunction Normal Form (EiFEGER)

DEFINITION

[Principal Disjunction Normal Form(PDNF) is the disjunction of minterms.

P Q &f(P.Q) &i(P.Q) r Step1: find all true rows |
FF T = S
F T |T T Step2: generate a formula
T F é F . for every row ( \
T T F 3 1
(" Step=: wse “or to conmect || TYUEN table Ls all-purpose.
_lﬁforwms )| every formula can be

PDNT.

convertes to OVLLH ONE
go(P,Q) = ((-P)AN(=Q)) V((=P)AQ))V(PAQ) ﬂ
J




Principal Disjunction Normal Form (EiFEGER)

DEFINITION

[Principal Disjunction Normal Form(PDNF) is the disjunction of minterms.

"\

(P,Q) &(P,Q) i Step1: find all true rows

S

é )
Step2: generate a formula

Q
F
T
F for every row
T

4 47T

El~E-
nm— o

\. J

4 N\
step:«s use “or” to connect
these formulas

W ( f a PDNF includes all

(P, Q) = ((=P)A (=) V(=PI A Q) V (PAR) POSSibLB minterms, Lt
must be tautology.

J




Converting to PDNF

——PVQ
=(=PA(QV-Q))VQ
=(=PAQ)V (~PA-Q
=(—PAQ)V (-PAN-Q
=(-PAQ)V (-PA-Q
=(~PA-Q)V (~PAQ

=mo V. mi Vms = Vp.1.3



Exercise

(AANB) < FE
(AAB) < E
—=(AABAE)V (~(AAB)A—-E)
=(AABAE)V ((~AV =B) A —E)
—=(AABAE)V (=AA-E)V (=B A—E)
—=(AABAE)V(=AA-EA(BV=B))V(~BA-EA(AV-A4))
=(AANBAE)V (wAANBA-E)V (=AA-BA-E)V(AA-BA-E)V(~AA-BA-E)
(

—~AAN-BA-E)V(mAANBA-E)V(AAN-BA-E)V(AABAE)

=moV maVmyV ms = Vp.2.4.7



Principal Normal Form (ZE58x)
g DEFINITION N

Given n propositional variables, if every variable exists exactly once in a

disjunction clause, the clause is a maxterm (& AIn) .
\ J

Pl P2 mmy P1vV P2, -P1V P2, P1V —P2,=P1V —P2 on

TN

4 )
Every maxterm is false under only one Lnterpretation.

Eve@ two maxterms are not equi,va lent ansl the

disjunction of them s T.
\ /




Principal Conjunction Normal Form (ESHGEIU)

DEFINITION

[Principal Conjunction Normal Form(PCNF) is the conjunction of maxterms.

P Q &(P.Q) &(P.Q)
FF T T
F T T T
T F F ‘E
T T T

Stept: find all false rows

for every row

( )
Step2: generate a formula

J
~

\.
7

Step3: use “and” to
connect these formulas

J

ﬁ/ ﬂ converteo to only one

~

Truth table is all-purpose.
Bvery formula con be

PCNT.

/




Principal Conjunction Normal Form (ESHGEIU)

DEFINITION

[Principal Conjunction Normal Form(PCNF) is the conjunction of maxterms.

P Q g(P,Q) &P, Q) Step: find all false rows
FF T T - 3
F T T T Step2: generate a formula
T F F for every row
T T T > {
( )
Step3: use “and” to

connect these formulas ) !_f‘ a PCNTF Lncludes all )
ﬁ;l/ maxterms, tt must be

false.

81(P, Q) = ((=P)V Q) A ((=P) V (




Converting to PCNF

PAQ
=(PV(QAN=Q))AN(QV (PAN-P))
=(PVQ)N(PV-Q)N(QVP)A(QV~P)
=(=PVQ)A(PV-Q)A(PVQ)
=My A My A My = Aqa:3



Exercise

(AANB) < FE

(AANB) « E

(AANB = EYAN(E — AN B)

(~(AANB)VE)AN(-EV(AAB))

(mAV BV E)A(-EVA)A(-EV B)
(wAV-BVE)A(-EV AV (BA-B))A(=EV BV (AA-A))
(~AV-BVE)A(AVBV-E)A(AV-BV-E)A(AV BV -E)A(-=AV BV —E)
(wAV-BVE)A(—AV BV -E)A(AV-BV-E)A(AV BV -E)

My A My A My A Mg = A2.a6



PCNF vs. PDNF

P Q &(P.Q) &(P,Q) P Q g(P.Q) (P, Q)
F F FF T T
FoT F T T T
T F F F T F
T T F T T T
g(P.Q) = (GP)A Q) V(-P)AQ)V(PAQ) &P Q) =((=P)V Q)
&1(P.Q) = (-P) A (=Q)) V ((-P) A Q) g1(P, Q) = (-P)V Q) A ((-P) V (-Q))
r \ N
Can You find the relation between PCNF and
PDNTF according to truth table?
N y




SAT Solver

-

n practice, CNF Ls enough and wmore
convenlent for SAT Solver.

~N

N




e

Do gou enumerate all cases? L

.

\
J\ That is crazy.
2 Y,
S0, how? L
\ £ )]




DPLL (Davis-Putnam-Logemann-Loveland Algorithm)

r A
/ \ Solve SAT problem with
logical tnference.
/ )

/N

The backtracking DPLL algorithm is
the basis for most modern SAT solvers.




DPLL
- OVERVIEW ~

Iteratively process by following steps:

- Guess the truth value of an undefined literal
- Infer the truth value of other variables with inference rules

- |f a clause is false and there is a decision literal, backtrack and

re-guess a variable
7 Y,

DEFINITION
A literal is defined if its truth value has been guessed or inferred.




DPLL
- OVERVIEW ~

Iteratively process by following steps:

- Guess the truth value of an undefined literal
- Infer the truth value of other variables with inference rules

- |f a clause is false and there is a decision literal, backtrack and

re-guess a variable
7 Y,

DEFINITION
A literal is defined if its truth value has been guessed or inferred.




DPLL

-

A literal / is defined by "guessing”, then it is annotated as a “decision

DECIDE RULE

literal”. If all defined literals can not satisfy formula F, then =/ must be

considered.
\_

—B)AN(BV-C)AN(CV A)

A Ls an undefined Literal. We can guess A=F
temporarily which makes A to be a decision Literal.

J




DPLL
- OVERVIEW ~

Iteratively process by following steps:

- Guess the truth value of an undefined literal
- Infer the truth value of other variables with inference rules

- |f a clause is false and there is a decision literal, backtrack and

re-guess a variable
7 Y,

DEFINITION
A literal is defined if its truth value has been guessed or inferred.




DPLL

e UNITPROPAGATE RULE

To satisfy a CNF formula, all its clauses have to be true. Hence, if a
clause of F contains a literal / whose truth value is not defined by the

current assignment while all the remaining literals of the clause are false

| must be defined to be true.

)

J

o) eva

~ Because we guess A=F, then we can
Lnfer that B=F. Then we can infer
C=F accoroing to the second cLause.)




DPLL
- OVERVIEW ~

Iteratively process by following steps:

- Guess the truth value of an undefined literal
- Infer the truth value of other variables with inference rules

- |f a clause is false and there is a decision literal, backtrack and

re-guess a variable
- /

DEFINITION
A literal is defined if its truth value has been guessed or inferred.




DPLL
- BACKTRACK RULE <

If a conflicting clause C is detected and there is defined decision literal /, then the rule
backtracks by replacing the most recent decision literal / by =/ and removing any

subsequent literals in the current assignment. Note that =/ is annotated as a non-

decision literal, since the other possibility / has already been explored.

(AV=B)A(BV-=0) /\ { Because A=®B=C=F, thewn the )

last clause Ls F. Now we can

[ A cowﬂ’wt’mm backtrack and guess A=T. Now

A Ls not a dectsion Literal.
N - - Y




DPLL

- FAIL RULE

This rule detects a conflicting clause C and produces the FailState state whenever

there is no decision literals defined.
\_

(AV =B) A (BV -C)A[(C V A) We can backtrack because A Ls a )
decision Literal. tf there s no
[ A cowﬁictiwm deciston Literal, we can coneluole
_ the formula is unsatisfiable. y




DPLL
- OVERVIEW ~

lteratively try to

- Guess the truth value of an undefined literal

- Infer the truth value of other variables with inference rules

- If a clause is false and there is a decision literal, backtrack and reguess a variable

\_ _/
(AV-B)AN(BV-C)A(CV A) ~

Now A=T and we can repeat the
three steps to get the answer.




DPLL
PURELITERAL RULE

4 )
If a literal /is pure in F, i.e., it occurs in F while its negation does not,
then F is satisfiable only if it defines / to be true. Thus, we can define /
to be true.

N\ _/

ActuaLLH, we don't need to OUESS A here.\

(Elv ~B)A (BV -C) A (C VEI) Because A exists ane A doesn’t exist.
So we can directly determine A=T.

J




Example

@ || 1v2, 2v3, 1v3v4, 2v3v4, 1vd = (Decide)



Example

# | 1v2, 2v3, 1v3v4, 2v3v4, 1v4d = (Decide)
19 1v2, 2v3, 1v3v4, 2v3v4, 1v4d = (UnitPropagate)



Ivz, 2V 3, Iv§v4, 2v§v§, 1v4
1v2, 2v3, 1v3v4, 2v3v4, 1v4
1v2, 2v3, 1v3v4, 2v3v4, 1v4

=
=
=

(Decide)
(UnitPropagate)
(UnitPropagate)



|t |t | e |

2v3, 1v3v4, 2v3v4, 1v4d = (Decide)

2v3, 1v3v4, 2v3v4, 1vd = (UnitPropagate)
2v3, 1v3v4, 2v3v4, 1vd = (UnitPropagate)
2v3, 1v3v4, 2v3v4, 1vd = (UnitPropagate)



Example
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(Decide)
(UnitPropagate)
(UnitPropagate)
(UnitPropagate)
(Backtrack)



Example
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(UnitPropagate)



2V 3,
2V 3,
2V 3,
2V 3,
2V 3,

-
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2V 3,
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LEELLLY

(Decide)
(UnitPropagate)
(UnitPropagate)
(UnitPropagate)
(Backtrack)
(UnitPropagate)
(Decide)



el Il Bl Bl Bl Ml Ml Ml
< < < K< K K< < <L
DO B D] B B B I

D
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1Vv4

I

(Decide)
(UnitPropagate)
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(UnitPropagate)
(Decide)

(UnitPropagate)
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(Decide)
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(UnitPropagate)



1V 3 = (PureLiteral)

1Vv3 = (UnitProp)
1V3 = (UnitProp)

1v3



Exercise

1v2 1v2, 2Vv3 3Vv2 1Vv4



Exercise

1v2, 1v2 2v3 3Vv2 1Vv4
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UNSAT

P3N—(PLAP2)A=(P2AP3)A—(PLAP3)A—(—P1A-P2)
=P3 A (-P1V -P2) A (—~P2V -P3) A (—-P1V -P3)A(PlV P2)
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All in one




However, there are some requirements




However, there are some requirements

if Sandy attends,

SpongeBob must




Who should you invite?




Who should you invite?

=




Who should you invite?

=




Who should you invite?

=




Formalize the problem

-
Krabs and Plankton

cannot attend together.

—(P1 A P3)N
—(P2 N\ P4)A\
(—P4 — P2)A
(P4 — P3)




Formalize

the problem

-

N
Spongerob and Mrs. Puff

cannot attend together.

—(P1 A P3)A
—(P2 N P4)N
(—P4 — P2)A
(P4 — P3)



Formalize the problem

If Sandy attends,
SpongeBob must attend.

—(P1 A P3)N
—(P2 N\ P4)A\
(—P4 — P2)N\
(P4 — P3)




Formalize the problem

r N
If Mrs. Puff attends, Krabs

must attendl.




Determine if itis a WFF

—(P1 AN P3)A
—(P2 N\ P4)A\
(—P4 — P2)A\
(P4 — P3)



Convert it to CNF

—(P1A P3)A—(P2A P4) A (P4 — P2) A (P4 — P3)
(-P1V =P3) A (—P2V —P4) A (-=P4V P2) A (-P4V P3)
)A (=P2V =P4) A (P4V P2) A (~P4V P3)

(~P1V —P3



Solve it with DPLL

0l 1v3, 2v4, 2v4, 3v4

1| 1v3, 2v4, 2v4, 3Vv4

13| Tv3, 2v4, 2v4, 3vi4
13424 1v3, 2v4, 2v4, 3v4
1342974 1Tv3, 2v4d, 2v4, 3vi




Program Analysis with SAT solvers

truth table propositional equivalence SAT program analysis



Program Analysis with SAT solvers
What?

« SAT-based approach to program analysis

How?

* Program constructs - propositional logic constraints
* Inference - SAT solving

Why SAT?
* Program states naturally expressed as bits
* The theory for bits is SAT
« Efficient SAT solvers available



p
Let’s focus on a simple case firstly,

whieh has owtg bool variables.

\




Straight-Line Code

\

How to convert the program construct
to a propositional logic formula?

id bool& a, bool& b A
?{/01 suaplbooth 2, boolf B) We want to prove that the program
a=a”" b;
b o really swaps the value of a and b. )
a =a " b;
}
-



Straight-Line Code

\

Firstly we shouldl represent the value
of a and b ln propositional logic.

id bool& a, bool& b A
?{/01 suaplbooth 2, boolf B) We want to prove that the program
a=a”" b;
b o really swaps the value of a and b. )
a =a " b;
}
-



Straight-Line Code

void swap(bool& a, bool& b)
{
a ™ b;
b ~ a;
a ™ b;

a
b
a

Wwe wawnt to prove that the program
really swaps the value of a and b.

~N

Y,

[

\_

ln computer, a bool variable has two
values. A bool variable can be naturally N
represented by a propositional variable. } K4




Straight-Line Code

void swap(bool& a, bool& b)
{
a ™ b;
b ~ a;
a ™ b;

a
b
a

]- state0

The truth values of 2
propositional varinbles
construct the program state.

~N

-

\_

How to represewt opemtors

Ln the program?




Straight-Line Code

void swap(bool& a, bool& b)
{
a ™ b;
b ~ a;
a ™ b;

a
b
a

]- state0

The truth values of 2
propositional varinbles
construct the program state.

~N

-




Straight-Line Code

void swap(bool& a, bool& b) -m ]- stateO
{
} stter

QO O QL
(| I | I
O O W
> > 2
C o O
Ce Ve Lo




Straight-Line Code

void swap(bool& a, bool& b) -m m ]'
{
a=a’b;

|

state0

QO O QL
(| I | I
O O W
> > 2
C o O
Ce Ve Lo

statel

\. J




Straight-Line Code

void swap(bool& a, bool& b)
{
a =a " b;
b =Db " a;
a =a " b;
}
(

Flnal a and b can be represente

b in pre\/iws states.

\_

by formulas composed of a and

N

j




Straight-Line Code
} stateo (A1 5{(A0 A =B0) V (A0 A BO))A

a=anb;

]_ ctatel (B1 <+ BO)A
b=bAa;

]- state2
a=ahb;

]- state3



Straight-Line Code
]' state0

a=anb;

(

]- statel (B1 <+ BO)A
(
(

b=bn"a; AQ(-)A]_)/\

} state2 B2 (A1 A =B1) V (=AL A BL))A

a=anb;

]- state3




Straight-Line Code
]- state0

Al (A0 A =BO0) V (A0 A BO))A
a=anb;

]_ statel Bl « BO)/\

(
(
b=bAa: (A2 < A1)A
(
(
(

]‘ state2 B2 ¢ (AL A =B1) V (A1 A B1))A

2manh A3 4> A2\ =B2) V (=A2 A B2)|A

]- state3



Straight-Line Code
]- state0

Al (A0 A =BO0) V (A0 A BO))A
a=anb;

]_ statel Bl « BO)/\

(
(
b=bAa: (A2 < A1)A
(
(
(

]‘ state2 B2 ¢ (AL A =B1) V (A1 A B1))A

2manh A3 4> A2\ =B2) V (=A2 A B2)|A

]- state3

[ How to pProve a anol b B3 < B2)
are swam:ed?




Straight-Line Code
(A1 ©{(A40 A =BO0) v (=40 A BOJ)A
B1 < BO)A

A2 < A1)A 0
r Program

A3 <+ |(A2 A ~B2) V (A2 A B2)|A
B3 < B2) —

(
(
(B2 <+|(A1A=B1)V (A1 ABL)A |\
(
(
(

A3 <> BO) A (A0 <> B3) } Assertion




Straight-Line Code
(A1 ©{(A40 A =BO0) v (=40 A BOJ)A

B1 < BO)A 7

(
(A2 < A1)A

(B2 +|(A1 A =B1) V (=AL A BL))A
(

(

(

A3 <+ |(A2 A ~B2) V (A2 A B2)|A
B3 < B2) —
A3 < BO) A (A0 «+ B3) ]‘

r

How to prove ltis a
tautology?

~\

Program

Assertion




Straight-Line Code
- RECAP ~

Tautology is a proposition which is always true under any interpretation.

1) P is a tautology iff 7P is a contradiction

\2) —P is unsatisfiable iff 7P is a contradiction y

tautology )



Straight-Line Code

Al < (AOA—=B0) VvV (mA0A BO))A Al < (AOA—-B0) VvV (mA0A BO))A

( (
(B1 <» BO)A (B1 <» BO)A
(A2 <3 A1)A (A2 < A1)A
(B2 <> (A1 A —~B1) V (A1 A B1))A ) (B2 <> (A1 A =B1) V (A1 A B1))A
(A3 < (A2 A =~B2) V (A2 A B2))A (A3 < (A2 A =B2) V (=A2 A B2))A
(B3« B2)[] (B3 + B2 |

| (A3 < BO) A (A0 <> B3) | |-((A3 < B0) A (A0 < B3))]

tautology ) UNSAT



Straight-Line Code

(A1 < (A0 A =B0) V (=A0 A B0))A
(B1 <> BO)A

(A2 < A1)A

(B2 <> (A1 A ~B1) V (=A1 A B1))A
(A3 <> (A2 AN—=B2)V (mA2 A B2))A
(B3 <» B2)A

—((A3 <> B0) A (A0 <» B3))

-

—

If the formula is

Ls o counterexample.

~

satisfiable, SAT solver will
plve an assignment, which

/




Straight-Line Code

Al < (A0 A —B0) V (=A0 A B0))A
B1 < BO)A

A2 < AN

B2 <> (A1 A —~B1) V (~A1 A B1))A
A3 < (A2 N —-B2)V (mA2 A B2))A
B3 < B2)A

—((A3 <> B0) A (A0 <» B3))

(
(
(
(
(
(

-

—

But now the formula is
unsatisfiable. So a and b
are swapped.

~

/




Straight-Line Code

4 , . )
Some variables tn different

Al < (AO A —-B0)V (-A0 A BO))

M states ave the same because the
coole does wot change them.

A3 ¢ (A2 A =B2) V (~A2 A B2))A

(

(

(

(B2 ¢ (Al A=B1)V (=A1 A B1))A
(

(B3 <> B2)A

J

~N

—((A3 <> B0) A (A0 <» B3))

we can stmplify the
formula by merging
redundant variables.

J




Straight-Line Code

Al < (A0 A =B0) V (mA0 A B0))A
B1 < BO)A
A2 < AN

(

E (A1 +» (A0 A ~B0) V (=A0 A B0))A
(B2 <5 (A1 A ~B1) V (=A1 A B1)A -

(

(

(B2 < (A1 A =B0) V (=A1 A B0))A
(A3 < (A1 A —B2)V (Al A B2))A

A3 <5 (A2 A —B2) V (~A2 A B2))A ~((A3 < BO) A (A0 +» B2))

B3 < B2)A
—((A3 < B0) A (A0 <» B3))



Exercise

void f(bool x, bool y) 4 )
{ ,

bool z = x && y ; How to prove this?

z =z || x; <

assert(z == x);
} N y

(Z1 & (XAY))A (22 (Z1V X)) A—(Z22 & X)

[;M/t\his s MNSATJ







Control Flow

void f(bool a, bool b)
{
bool x, y;

if (a)

X = true;
else

x = false;
if (b)

y = true;
else

y = false;
assert(x || y);

-

N

How to determine Lf

~N

the assertion will fail?

J




Control Flow

void f(bool a, bool b)
{
bool x, y;

if (a)

X = true;
else

x = false;
if (b)

y = true;
else

y = false;
assert(x || y);

|

Program
state

stated
y = true

State
transition

state5
y = false




Control Flow




Control Flow




Control Flow

(G-amiz

J




Control Flow

J

J




Control Flow [

This can be represented tn
propositional Logic

void f(bool a, bool b) “\\\\\\\/
{
?:O%a))(’ Y5 X1IA=X2AY4N-Y5BA
X = true; (X3 (ANXT)V (mAANX2)))A
else Y6 (BAY4)V (=BAYH
‘ = false; -) ( (( )V ( )
if (b) I
y = true; (X3VY6)
else
y = false;
\ assert(x [| y); [ Prove it is a tautology.




Control Flow

void f(bool a, bool b)
{
bool x, y;
if (a) X1IAN-X2AY4AN-Y5HA
X = true; (X3 (AANXT)V(mANAX2)))A
E15ex  falses m) (60 (BAYA)V(BAYE))
if (b) A
y = true; ~(X3VY6)
else
y = false;
assert(x || y);
) [ Prove it s unsaticfiable




Control Flow

void f(bool a, bool b)
{
bool x, y;

if (a)

X = true;
else

x = false;
if (b)

y = true;
else

y = false;
assert(x || y);

N
A=F, B=F can satisty it.

So the assertion will fail.

J

X1INAN-X2AY4AN YDA

(X3 (ANX1)V (mANX2))A
(Y6 < (BAY4)V (—-BAYDH)))
A

-(X3VY6)



Integer

what about integers?




Integer

void swap(int& a, int& b)
{
a ™ b;
b ~ a;
a ™ b;

a
b
a

Wwe wawnt to prove that the program
really swaps the value of a and b.

~N

/

r

\

Firstly we should represent the value
of a and b in propositional Logic.




Integer

\-

In computer, an binteger Ls composed of 22 bits.
Bvery bit is 1 or 0. A bit can be naturally N
represented by a propositional variable. }

id int& a, int& b )
?{/01 uaplinth &, AmE We want to prove that the program
a =a " b;
NN really swaps the value of a and b. )
a=a”" b;
}
[



Integer

a3l

a0

\_

b31

b0

]- stateQ

The truth values of 64
variables construct the
program state.

void swap(int& a, int& b)
{
a =a " b;
b =Db " a;
a =a " b;
}
e




Integer

void swap(int& a, int& b) ]- state0
{

a=a”" b; a=anb;

b =Db " a;

a=a"b; a3l| ... | a0 b31| ... | b0 ]' statel
} ‘\

4 A

o = Pxor@Q =(PN-Q)V (-PAQ)

 mr




Integer

void swap(int& a, int& b)
{
a ™ b;
b ~ a;
a ™ b;

a
b
a

a=anb;

a3l

a0

b31

b0

-

b31

b0

]- stateQ

]- statel



Integer

{

¥

a
b
a

void swap(int& a, int& b)

a ™ b;
b ~ a;
a ™ b;

/z

inal a anol b can be)
represented by
formulas composed
of a andl b tn
\_ previous states.

/

a3l a0 b31 b0
a=anb;

a3l a0 b31 b0
b=bAa;

a3l a0 b31 b0
a=anb;

a3l a0 b31 b0

e e

state0

statel

state2

state3



Operators

-
what language operators can be

r&presew’ced b Y conmnectives?

\_




Operators

* Logical operators, bit operators

-

.




Operators

Arithmetic operator, such as + and -, can be implemented
with combinational circuit, which can be represented by

propositional formulas.

Al of operators can be represented
by connectives.

.




Loops

void f(unsigned a)
{
unsigned i = 3;
a = 0;
while(i > )
{
a =a+ 1;
i=1-1;
}
assert(a == 3);
}

p
what Uf there are some “while”? !

.




Loops

void f(unsigned a)
{
unsighed i = 3;
a = 0;
while(i > )
{
a =a+ 1;
i=1-1;
}
assert(a == 3);
}

we can unroll tt for 3 times.




Loops

void f(unsigned a)
{
unsignhed i = 3;
a = 0;
while(i > 0)
{
a =a+ 1;
i=1-1;
}
assert(a == 3);
}

(o

void f(unsigned a)

{
unsignhed i = 3;
a = 0;
a =a+ 1;
i=1-1;
a =a+ 1;
i=1-1;
a =a+ 1;
i=1-1;
assert(a == 3);
}

[stra’ag ht-Line Codle




Loops

s unrolling a master key?

void f(unsigned a) void f(unsigned a)
{ {
unsignhed i = 3; unsignhed i = 3;
a = 0; a = 0;
while(i > 9) a=a+1;
{ i=1-1;
a =a+ 1; a =a+ 1;
i=1-1; i=1-1;
} a=a+ 1;
assert(a == 3); i=1-1;
} ( ssert(a == 3);

B

(Pl
g e Code




Loops

void f(unsigned a)

{
unsigned i = 0; g How WL(ZV\/H LOD‘PS
while(i < a)
{ k shoulal we unloop?




Loops

void f(unsigned a)
{ r y
unsigned i = 0; (/U/\/YOLLLVL@ oloes not
while(i < a)
{ Work.
.
i=1+ 1;
}
}

 Unroll loops k times

 May miss errors that are deeply buried

« Simplicity



Summary

Every bit can be
represented by o

~

ropositional variable.
_Propositio 4 y




Summary

-> b31| .. | b0

e

Bvery variables tn
pProgram can be represented
by many bits.

\- J




b0

e

\_

Program state can be
represented by values of
many variables.

/o

J




m mp b31| .. | bO

Every operator can be

representes by connectives.
\.




m mp b31| .. | bO

-

G

Executing one code Ls to
prodluce a new state.
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The whole program can be
represented by a formula.
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Assertion can also be
represented by a formula.
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solves bg SAT
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SAT means

assertion may
fail.
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Thanks & Questions
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